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In this paper we study the higher-order differential variational principle and differential equations of motion for
mechanical systems in event space. Based on the higher-order d’ Alembert principle of the system, the higher-order velocity
energy and the higher-order acceleration energy of the system in event space are defined, the higher-order d’ Alembert—
Lagrange principle of the system in event space is established, and the parametric forms of Euler-Lagrange, Nielsen and
Appell for this principle are given. Finally, the higher-order differential equations of motion for holonomic systems in event

space are obtained.
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1. Introduction

It is of importance not only in geometry but also in me-
chanics to study the dynamics of mechanical systems in event
space. In 1960, Synge!!l established the parametric equa-
tions of holonomic conservative systems in event space. In
1983, Rumyantsev!?! gave the Lagrange equations with multi-
pliers for the conservative non-holonomic dynamical systems
in event space. In 1988-1990, Meil*>~7! studied the variational
principle, the parametric equations, and the method of their
integration for non-holonomic conservative systems and non-
holonomic non-conservative systems in event space. In 1990—
1993, Luo®'!l further studied the variational principle and
the parametric equations for non-holonomic non-conservative
systems in event space. In 2005, Zhang et al.l'?! gave the dis-
crete variational principle and the first integrals for holonomic
conservative systems in event space. In 2007, Zhang!!3! dis-
cussed various forms of the differential variational principles
of mechanical systems in event space. In 2008, Zhang!'*! stud-
ied the Pfaff-Birkhoff—d’ Alembert principle, Birkhoff’s para-
metric equations, and the first integrals for Birkhoffian sys-
tems in event space. In recent years, some important research
results of symmetries and conserved quantities of mechanical
systems in event space have been obtained. Mei!">~!"! studied
the Noether symmetry, the Lie symmetry, the Mei symmetry,
and the conserved quantities of holonomic or nonholonomic
systems in event space. Li er al.l'®20] studied the Noether
theory of mechanical systems with unilateral constraints in
event space. Xu et al.!*!l gave the symmetries and the Hojman
conserved quantity for a holonomic system in event space.
Zhang!??72%1 studied the perturbations of Lie symmetries and
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adiabatic invariance for holonomic systems, the various sym-
metries and the conserved quantities for holonomic systems
and Birkhoffian systems in event space. Jia et al.?’3!l and
Hou et al.3?>=34 studied the various symmetries and the con-
served quantities of nonholonomic systems of non-Chetaev’s
type with different conditions in event space. Zhang et al.!®!
studied the symmetry of Lagrangians and the conserved quan-
tity for the holonomic non-conservative system in event space.
But all of the above research results only reflect the laws of
motion of mechanical systems in event space under the ac-
tion of forces or generalized forces. Since the forces acting
on the actual mechanical systems are generally complex vari-
able forces, the research on the laws of motion of mechan-
ical systems in configuration space under the action of the
first-order or higher-order time rate of change of forces has
attracted more attention. Mei et al.!® first gave the third-order
Lagrange equations for holonomic systems. Ma e al.[3041]
studied the third-order Lagrange equations for different me-
chanical systems, the Lie symmetry and Noether symmetry
of the third-order Lagrange equations, and the third-order
Yang and Mal*?!
gave the third-order form invariance and conserved quantity.
Zhang!*3—¢1 and Shil*”! further studied the higher-order dif-
ferential equations of motion for different mechanical systems.
Zhao and Ma,!*® and Zhao er al.[*”! gave the higher-order
Hamilton’s principle and the higher-order Lagrangian equa-

pseudo-Hamilton’s canonical equations.

tions for holonomic systems. In the present paper, the laws of
motion of mechanical systems in event space under the action
of the higher-order time rate of change of forces will be further
studied. The higher-order d’ Alembert—Lagrange principle of
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mechanical systems and its parametric forms in event space
will be established, and the higher-order differential equations
of motion of holonomic systems in event space will be given.

2. Higher-order d’Alembert-Lagrange princi-
ple of mechanical system in event space

We consider an ideal mechanical system consisting of N
particles. Let m; be the mass of the i-th particle, r; the posi-
tion vector of the i-th particle, s the degrees of freedom of the
=1,2,...,s) spec-
ify the configuration of the system, i.e., 7; = 7;(qq,1), then we

system, and generalized coordinates ¢4 (&

will construct an (s + 1)-dimensional event space. The coordi-
nates of space point are g (ot = 1,2,...,s) and time ¢, which
may be regarded as independent variables. We introduce the

notation

X1 =1, Xq+l1={a, (azlazv"'vs)v (D

then, all the variables xg (B =1,2,...
a function of parameter 7. Let xg = xg(7) be some curves of
class C2, such that

,s+ 1) may be given as

s+ 1), )

and x;; B=1,2,...
then the expression for the position vector and the virtual dis-

,s+ 1) are not all zero simultaneously,

placement of the i-th particle will be given by

ri =71i(xg), 3)
s+1 or;

ori=Y — 6xz. )
Bgl 8xﬁ B

Let F; and R; be the active force and the constraint
force acted on the i-th particle respectively, then based on
the d’Alembert principle of the system, the higher-order
d’ Alembert principle of the system will be written as

(m+2) (m) (m)

-m ri +F+R =0, (i=1,2,....N;m=0,1,2,...).(5)

Scalar-multiplying both sides of Eq. (5) by 87;, and summing
over i, we obtain the result

N

Z (fm,' (m;‘EZ) +

i=1

(m)
F) 81 =0, (6)

where we suppose that the condition of ideal constraint is satis-

N (m)

fied,i.e., Z R;-87; =0. Equation (6) can be called the higher-

order d’ Alembert—Lagrange principle of mechanical system in
event space.

Now, we transform Eq. (6) into parametric form in event
space.

From the relation (3), by using successive derivative, the
m-th derivative of r; with respect to 7 can be expressed by

d’l"(m 1)

+
L

s+1 s+1 (927"

—|—mzz

r=1p=1
(m)

where the terms in r;

(m=1) 1 .
8xﬁ8xy SR 7

(m) (m—1)

which do not contain x, ’ nor Xp ,

are not listed here. Taking the partial derivative of Eq. (7) with
(m) (m—1)

respect to xg and xg T, we have
o™ o or™ or! ®
—— =, —— =me.
ng") dxg Bxg"—l) dxp

From the relation (3), by performing successive deriva-
tive, the m-th derivative of r; with respect to ¢ can be expressed
as follows:

m—1
(m) . d( T ) dr

dt dt
b m mm=1) X e
= (x/])mri ) (x/])erlri +
m—1 m—1
_mxg >,r(/ m(m+1) x{x g ) /
(x/l)m+1 ! 2 ( 1)m+2
(m)
x, ,
— T 9
(xll)m-H

() .
where the terms in r; which do not contain rl(m)

(m) (m—1)

(m—1)
, nor r; ,

nor x; ', MNOr Xx; , are not listed here. Taking the partial
derivative of Eq. (9) with respect to 7’5'") and ri(mfl), we ob-
tain
8(;:? 1 8(7@,') ~ om(m—1) x{ (10)
or™ ()™ gptm 2 (a)mt
l l

Taking the partial derivative of Eq. (9) with respect to x; ",

m m—1 1
Ex+>1’x§ ) andx(oc-t-l)

and (10), we have

respectively, then in view of Egs. (8)

8(;:? - (9(;%) 87“,('")_ r!
ox™ g™ gxlm (xq )t
1 Jr T
- on_ N 11
(x/l)m aX] (x/l)ln+1 ’ ( )
o AW a1 o
B o o, B I
(@=1,2,....9), (12)
oW m arl mm—1) ¥ am
W T Gan 2 @
m g mm+1)  xf /
_ / : 1
I A T
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p) ([;z? B p) (7”'11) ari(m) p) (”r".l) (97’5"171)
m—1) m m—1 (m—1) m—1
axaH bor z< axaﬂ : ar; 8x§x+1 )
_ om_ 9dri mm—1) x{ I
(xX))™ Oxgt1 2 (x] )1 Oxgpr’
(a=1,2,....5). (14)

Besides, the derivative of dr;/dxg with respect to T can
be written as
d or;, & 9, o

E% - dxg axyx7 - dxg’ (13)

r=1
By utilizing Eqgs. (4), (12), (14), and (15), the first term
on the left-hand side of Eq. (6) can be rewritten as

N

~Ym "
i=1
s+1 <N (m+2) 81"[)
= — m; T '8 5)6/3
B=1 \i=1

Il

|
Sl
= ©“
il \olk
——
o
5=
2N
™=

3

33
V| U
5|3
~_

e dxg
1 s+1 d N (m+1) , or
= - y-1271
(xll)yﬁgl{df (ilm, ri +(x) oy
N m+1 !
— ml<;)-(Xﬁ)y_l%
i=1 xﬁ
N

(-1 Zmi (’nrt'l)'(xl)y_2 //37"1 }5)61

1 J d d 1Y (m+1) (m+1)
— m; (X))
wr &, { 0T 30D <2,-
1 0 1Y m m
3oy
m+1& 21 1
(m+1) ‘ 2 1 aT‘,
- —1+ Zm, ri -(x)) Xi5s Oxgy1. (16)
(X

Taking y = —m/2 + 1 and substituting Eqs. (11) and (13) into
Eq. (16), we have
m+2

7Zml T -oT;
= —(Zm, "?;2 °

1
!/
i) Ox1 — () /2

s+1 d 1Y (m+1) (m+1)
2 Z . /2+1
. { dt a m+1 <21 lml i x m >

B=1

1 (m+1) 241 (

m+19 < Zm, ()™ Sxp. (17)
Definition 1 We define the m-order velocity energy of

the system in event space by

(m+1) . m+1) m
th i - n/2+l T :(x/l) /2+1Sm> (18)

where

N1 (m+1) (m+l)
szzimi rTi - T

is the m-order velocity energy of the system in configuration
space.[#3!

If m = 0, equation (18) can be written as
1 N
De = 5 Zmifi~x/1fi = )CllT,
i=1

which is the kinetic energy of the system in event space. [®!
In accordance with Definition 1, equation (17) can be
simplified into

(m+2)

*th ri -or;

(m+2) 1
Ty (Z’” Ti §> 5XI—W

il d ope 1 oD¢
x Y < — (mfl) - <:f> Sxg. (19
o dt axB m+1 ‘9)‘5

The second term on the left-hand side of Eq. (6) can be
written as

M=
5
&
3

Il
=

Il
= Y
il aoka
< N
1=
QJ.Q)
5|3
~—
4
=

I
-

N (m) Jp; s (N (m) Jp

= e | Oxy + ; 18

(BR ) £ (B8 20 )

&, (m) ar; 5 m

= (; l'ax1> 5x1—|—aZ:‘1 O 0xp+1, (20)

where

N (m) Op N (m) Jp.

= -F'l - = i’ d o= 1727 N

¢ ; axonrl ; aCIa ( )

are the m-order time rates of change of the generalized active

forces in configuration space. 43
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Scalar-multiplying both sides of Eq. (5) by 7/, and then

summing over i, by using Eq. (7) and the property of ideal
N (m)

constraint Y R;- rl’. = (0, we obtain
i=1

N " (m)
5 <_ K +2)+F>

m s+1 (m) .
:—Zml 7J':2.7'£+Z<Z i.arl)xbo. 21

From Eq. (21), we have

( 81", —m/2 /
axl == m/2+l Z / aon—l

Pﬁ

1 (m+2)

*WZ% w2

Substituting Eq. (22) into Eq. (20), we obtain

N (rn) s

1 —m/2
Z{Fi'ariz(x/)_m/zﬂ(—z‘,( /ana+1
+Zm, m;':z - (x ’"/2 >5x1

m/2+1 Z

Definition 2 We define the m-order time rates of change

) X 1. (23)

of generalized active forces in event space by

1
o= ()T n (a=1,2,...,5).  (24)

If m = 0, equation (24) can be written as P} =
N

- Zlan:er]’ POHrl :xllQa ((X = 1,2,...,
o=

eralized active forces in event space. !

s), these are gen-

In accordance with Definition 2, equation (23) can be
written as

=1

(m) m
Y F -6r = (Zm, ;2 : ,’) 8x1
1 s+1

4+ ——— Pgloxg. (25)
() m/ ﬁz::l BB

Substituting Eqgs. (19) and (25) into Eq. (6), we obtain

s d D¢ 1 oD¢
= %m m o pm Sy =0. (26
ﬁz=:1 de gyt - m+1 o) oy 1 (0% =0 (0

Equation (26) is the parametric form of Euler-Lagrange for
the higher-order d’ Alembert—Lagrange principle of mechani-
cal system in event space.

Applying Egs. (11)—(14) and Definition 1 to the first term
on the left-hand side of Eq. (6), we have

(m+2)
_Zmz ri -or;
1
1 s+l i d(m’r‘t' ) 8r,~
= —— ; - —_ X
Y \S dr dxg b
m+1
_ ! im d(n;ri) ori Ox
X \&g dr ox !
(m+1)
1 N d T 8r,~
2 ~ 5
X, Ogl ;m, dt  Oxgi1 o+l

0 (mrtn 7! s 1
g Gy [0

(m+1) (m+1)

s N

d 7 o0 7

X Z Z mi dTl ' <x1 )m/2+l (mil) OXt1
o=1 i=1 axa+1

m+2 m2

N m m
m+2 J (1 mi(;l_l) (x/l)m/zH(;il)) 61

m+1 5, m \ 2 &4
. i N (m';rZ 5 1
Y i:lml l n (o)) ~m/241
s+1 © e
<y (QH) dD;  m+2 81(),,1) 5. 7
fo axﬁm dtr m+1 8xﬁm

Substituting Egs. (27) and (25) into Eq. (6), we obtain

s+1 D¢ 2 9Dt
Yy {- <i+1)d m M a(’:,) +Py b8xp=0. (28)
fo 8xﬁ dt  m+1 Oxﬁ

Equation (28) is the parametric form of Nielsen for the higher-
order d’ Alembert—Lagrange principle of mechanical system in
event space.

Using Egs. (11) and (12), the first term on the left-hand
side of Eq. (6) can also be written as

(m+2)

_Zml ri -or;

< N (m+2) 37“, >
= — m; T - ox]
et oxi

=
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d (m1°+,~2> T 5 1
o TGy | [N Gy

) PR
X Z Zmi T (x )m/2+3 (m—:—2) 6x0!+1
a=1 \i=1 Xy

1 (& mr2) 5 1
= —— m; v T |0X|— ———p—
xll P ! (xll) m/2+1

(m+2)

Zmz T

Deﬁnltlon 3 We define the m-order acceleration energy

(m+2)
m/2+3 + >5XB (29)

of the system in event space by

(m+2)

Z'nz T

m—+2
w23 U s, (30

where

(m+2)

(m+2)
Smt1 = Z ~mi i - T

is the (m + 1)-order velocny energy of the system in configu-

ration space.[*3)

If m = 0, equation (30) can be written as
1 3 3
. 12 . 12
= EZmirf(xl) #i = (x])’S,
i=1

which is the acceleration energy of the system in event
space.[!3]

In accordance with Definition 3, equation (29) can be
simplified as follows:

61"‘,' = — (Zml m7:r,2 )5)61

1 s+1 e

(m+2)

—th Ti

( =T Z ﬁ Sxg. (3D
Substituting Egs. (31) and (25) into Eq. (6), one obtains
s+1 9.5¢
—W +PB 5xl; =0 (32)
B=1 X

Equation (32) is the parametric form of Appell for the higher-
order d’ Alembert-Lagrange principle of mechanical system in
event space.

From Definition 1 and Definition 3, we can see that the m-
order acceleration energy of the system is equal to the (m+1)-
order velocity energy of the system in configuration space, but
this is not always true in event space. Therefore, it is necessary
in event space to introduce not only the higher-order velocity
energy but also the higher-order acceleration energy.

3. Higher-order differential equations of motion
for holonomic system in event space

Since oxg (B =1,2,...,5+
other for the holonomic system, thus each coefficient of 5xﬁ

1) are independent of each

(B=1,2,...,s+1) in Eq. (26) vanishes by itself. We then
obtain
d oD;, 1 8Dfn: "
dt axgm+l) m—+1 3x§3m) B>
(B=12,...s+1:m=0,12,...). (33)

Equation (33) is the higher-order Lagrange equation of motion
for the holonomic system in event space.

If some of the higher-order time rates of change of the
generalized active force Q) are non-potential, say Q7", and
the others,
cording to the definition for the potential of the higher-order

", are derivable from a potential function V,,, ac-

time rate of change of the generalized active force,[**! we can
write
AV N AV N
0y =——~+0 + 04 (34)
(m) (m)
dqa d X g1
where
(m)
Vin = Vin | X1, X a+1
(m) (m)
X mx| m—1) Xy ’
v, atl _ Ll . N
1 ( @y Gy e T G e

is the potential function of Q7. We can then find the following

expressions easily:

Ny 1V,
axfxm-gl (X )m (r)?)a+1

an - i 8Vm a .on_l
N (m)

o By, o
1 SV,
_ AL Z = Xot1- (35)
=19 X o1
Substituting Eqs. (34) and (35) into the higher-order time rate
of change of generalized active force P{" and Py, |, we have
V,,
le — (x )m/2+1 +P1m*,
axl
i m/2+1_YVYm 8V pr
OH-l: ( ) ( ) + o+1> (a:1727"'75)7 (36)
aon—l
where
3 2
P =— Z ()~ Q6" Xot15

a=1
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= ()T g 37)

Definition 4 We define the m-order Lagrange function of
the system in event space by

A =DS, — (m+ 1) ()" >V, = ()4 L, (38)

where L, = S, — (m+ 1)V, is the m-order Lagrange function
of the system in configuration space.[**]

If m =0, equation (38) can be writtenas A = x| (T —V) =
x|L, which is the Lagrange function of the system in event
space. [®]

Substituting Eq. (36) into Eq. (33), and in accordance
with Definition 4, another form of the higher-order Lagrange

equations (33) can be shown as follows:

d A, 1 A .
dil- (m+1) o +1 (m) — B>
8xﬁ m 8xﬁ

B=1,2,....s+1;m=0,1,2,...). (39)

Similarly, from Eq. (28), we can obtain the higher-order
Nielsen equations of motion for the holonomic system in event
space as follows:

J dD; m+20D;, .
axl(;n+l) dt m+1 axgm) B>
(B=1,2,....s+1;m=0,1,2,...). (40)

Substituting Eq. (36) into Eq. (40), considering

dv,, an , ’ S an (m+1)
—_—= x1—|—x127 X a1,
dt oxy = 3%)(”1

and noting Definition 4 and Eq. (35), another form of the
higher-order Nielsen equations (40) can be written as
1115

0 dA,  m+2 0An
axgm+1) dt m+lax;3m) — B

)

B=12,....s+1:m=0,1,2,...). 1)

In the same way, from Eq. (32), we can easily obtain the
higher-order Appell equations of motion for the holonomic
system in event space

S =P, (B=1,2 +Lm=0,1,2,...). (42)
o) 1B =1,2,...;s+1;m=0,1,2,...).
B
The higher-order Appell equations (42) can also be written as
&i — —(x/ )m/2+1% 4+ p
ax(m+2) ax(m) ’
B B
B=12,....s+1;m=0,1,2,...). (43)

If the holonomic system is conservative, i.e., Q3" =0
or Pg’* = 0, then from the higher-order differential equa-
tions (39), (41), and (43), the higher-order Lagrange equa-
tions, Nielsen equations, and Appell equations of the holo-
nomic conservative system in event space can also be obtained

respectively as

i dA, 1 0An
dt 3x;3m+1> m+1 axg"> o
B=1,2,....s+1;m=0,1,2,...), (44)
d dA, m+2dA,
(m+t1) d7  m41 3.0m)
8xﬁ 8xﬁ
(B=1,2,....s+1;m=0,1,2,...), (45)
aSs¢ av,
m :_(x/ )m/2+] m ’
axgmu) 1 8xg")
B=1,2,....s+1;m=0,1,2,...). (46)

If m = 0, equations (44), (45), and (46) can be written as

aon aa . oar joa
d‘L'ax;3 8x/3_ 8x;3 dt axﬁ_’

(&)

0 _ VBt st1). (47)

Wlé _xlav

These are the parametric equations of holonomic conservative
system in event space. !

4. Conclusions

In this paper, we have established the higher-order
d’ Alembert-Lagrange principle of mechanical systems and its
parametric forms in event space, obtained the higher-order La-
grange equations, higher-order Nielsen equations, and higher-
order Appell equations for the holonomic system in event
space.

The research results indicate that if m = 0, then the results
of this paper are consistent with those from the theory of tradi-
tional analytical mechanics; if m > 1, the results of this paper
reflect the laws of motion of the system under the action of the
higher-order time rate of change of forces, they are a benefi-
cial supplement for the results from the theory of traditional
analytical mechanics. Also, if T =1, then the results in event
space will become the ones in configuration space. Therefore,
the research results in this paper are of general significance.
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