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Conductivities tomography with the interactions of magnetic field, electrical field, and ultrasound field is presented
in this paper. We utilize a beam of ultrasound in scanning mode instead of the traditional ultrasound field generated by
point source. Many formulae for the reconstruction of conductivities are derived from the voltage signals detected by two
electrodes arranged somewhere on tissue’s surface. In a forward problem, the numerical solutions of ultrasound fields
generated by the piston transducer are calculated using the angular spectrum method and its Green’s function is designed
approximately in far fields. In an inverse problems, the magneto–acousto–electrical voltage signals are proved to satisfy the
wave equations if the voltage signals are extended to the whole region from the boundary locations of transducers. Thus
the time-reversal method is applied to reconstructing the curl of the reciprocal current density. In addition, a least square
iteration method of recovering conductivities from reciprocal current densities is discussed.
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1. Introduction

Magneto–acousto–electric tomography (MAET), as a

conductivity imaging method, has received much attention

from many researchers and is expected to have a clinical us-

age. In order to obtain the conductivities of tissues, the electri-

cal impedance tomography (EIT)[1,2] and magnetic induction

tomography (MIT)[3] could be used, though the resolutions

of EIT and MIT are much lower than that of the ultrasono-

graph. On the other hand, only when the density of tissues is

changed to a certain extent, will the ultrasonic methods be ef-

fective. MAET combines the advantages of electrical methods

in acquiring conductivities and the strong point of ultrasound

in high spatial resolution. It could help doctors to recognize

the tiny abnormal conductivity value as an indication of tu-

mour.

Ultrasound waves which are applied to tissues could gen-

erate vibrations of ions. When the moving ions are under the

action of homogeneous magnetic field, they can experience

a Lorenz force and form the source currents dispersed in the

area.

The voltage signals generated by the source currents

can be detected by two electrodes arbitrarily arranged in the
area.[4] On the other hand, if the two electrodes and magnetic
fields are kept unchanged, and the ultrasound field as input and
voltage signal as output are exchanged, the same tasks can be
performed. That is to say, if the currents are injected into the
medium by two electrodes, the Lorentz forces caused by the
currents in the magnetic field would create mechanical vibra-
tions. Thus, the ultrasound pressure signals can be detected
around the area. Reconstruction can also be achieved by the
ultrasound pressure signals, which is called magneto–acoustic
tomography (MAT).[5–7]

The forward and inverse problems of MAET are well
studied substantially by Elena et al.,[8] Leonid,[9] and Jensen
and Svendsen.[5] Furthermore, the different frequencies of ul-
trasound are used by Haider et al.[10] in DF-MAET for solv-
ing the problems of weak signals in the area of homogeneous
conductivities. Leonid[9] has reconstructed the conductivities
by curls of the reciprocal current densities. This is done by
the hypothesis that the ultrasound waves are similar to the δ

function and satisfy reciprocity theorem. Generally speaking,
in order to reconstruct the conductivities, the reconstruction
of the curls of reciprocal current densities is necessary. Most
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of the above methods are based on the Green’s function of

point source in infinite area and impulse function along time

axis. As the ultrasound waves originating from a point source

propagate in all directions, the electrodes will experience the

ultrasound waves and cause unexpectedly large MAE signals.

If we apply piston transducers or focused transducers in scan

mode, the ultrasound waves can be well controlled in certain

directions. However, the tomography for plane ultrasound in

MAET is seldom reported. In this paper, we first derive the

expressions of ultrasound field generated by piston transduc-

ers, and give a kind of Green’s function approximately in the

far field. Next, we show that the MAE voltage signals satisfy

the wave equations like ultrasound pressures.

Therefore, the time reversal algorithm with the Green’s

function mentioned above could be used for fast reconstruc-

tions. In the latter case, we introduce the algorithm of re-

covering current densities from curls of current densities by

Helmholtz theorem. After that, an iterative least square

method is formulated to reconstruct conductivities from cur-

rent densities. The results of numerical simulations in two di-

mensions show the effectiveness and higher resolutions of the

series algorithms.

2. Ultrasonic transducer analysis

Unfocused transducers in medical ultrasound imaging are

mostly piston transducers, which can be equivalent to the plane

ultrasound sources. The piston transducers are also the ba-

sic units for generating ultrasound of B mode. If the vibra-

tion velocity distribution on the surface of the plane is known

with certain angular frequency ω , the angular spectrum of the

source can be represented as follows:

S(ω,kx,ky) = (1/2π)
∫∫

w(ω,x′,y′)

× exp(−ikxx′− ikyy′)dx′dy′. (1)

Here w(ω,x′,y′) is the vibration velocity function of point

(x′,y′) on the surface of the plane source with z = 0. The kx

and ky are the numbers of waves along x and y axes. It is ob-

vious that the angular spectrum is the Fourier transform of the

velocity fields in two dimensions.

Therefore the ultrasound pressure field can be represented

by following the research result given by Lin et al.[12] as fol-

lows:

P(ω,x,y,z)

= (ωρ/2π)
∫∫

S(ω,kx,ky)

exp(ikxx+ ikyy+ ikzz)/kz dkx dky. (2)

Here ρ is the mass density of the medium. By apodization
technology, the vibration of piezoelectric crystal with Gaus-
sian distribution can be easily generated. The vibration veloc-
ity function on source plane could be expressed as follows:

w(r) = w(x′,y′)

= Aexp{−[(x′− x0)/xr]
2− [(y′− y0)/yr]

2}, (3)

where (x′,y′) represents the point on source plane and A rep-
resents the amplitude of vibration velocity. By substituting
Eq. (3) into Eqs. (2) and (1), we obtain the distributions of ul-
trasound pressures along x and y axes with different values of
propagating distance z.

For simplicity, considering the x–o–z plane with y = 0 in
two dimensions, figure 1 shows the ultrasound pressures with
the results calculated by Eqs. (1)–(3). We obtain the similar
results to those given by Jensen.[5] According to the features
of the ultrasound pressures, we demonstrate a kind of Green’s
function of velocity potential generated by plane source for a
certain angular frequency ω as follows:

g(r, t|r0,0) = exp{−[(x′− x0)/xr]
2

− [(y′− y0)/yr]
2} ·δ (t−|z− z0|/c). (4)

Here r0 represents the location of the center point on source
plane with coordinate (x0,y0,z0); xr and yr are variances of the
Gaussian distribution along each axis; c is the ultrasound prop-
agating velocity. It is worth noticing that the Green’s function
only satisfies the specific angular frequency ω approximately
in the far field. This is because the ultrasound pressures have
the features mentioned above only for single frequency ω . It
can be considered to be approximately suitable for piezoelec-
tric crystal with narrow frequency band.

Equation (4) satisfies the following equation with bound-
ary condition: gtt = c2∇2

ng, r ∈Ω ,
gt |t=0 = c2w(r)δ (r− rΣ ), r ∈Ω ,
g = 0, r ∈ ∂Ω .

(5)

Here, Ω is the region with the boundary ∂Ω , and is the area
that we are to reconstruct; rΣ represents the sources plane Σ ;
∇2

n is the Laplace operator along normal direction of source
plane.

The Green’s function g(r, t) represents the plane wave
propagating along the n direction, perpendicular to the source
plane, and is stimulated by Dirac function in a time domain.

If the plane wave travels along the axis z, ∇2
n would equal

∂ 2/∂ 2z. Thus equation (5) describes a plane wave generated
by piston transducer travelling along the z direction, which has
the distribution like w(x,y) along the x and y axes.
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Fig. 1. Ultrasound pressure distributions versus x for different values of propagating distance z when y equals 0. The parameters xr
and yr both equal 1 mm, x0 and y0 both equal 30 mm. The coefficient A in Eq. (3) equals one at a frequency of 1 MHz. The scope of
ultrasound changes little and the amplitude of pressure is nearly constant with propagating direction z.

3. Ultrasonic and electromagnetic coupling
fields

3.1. Reciprocal theorem and reciprocal current density

When a beam of ultrasound is propagating in a conduc-
tive area under the homogenous magnetic field, the vibration
of ions V (r, t) would generate the source current

𝐽e = σ𝑉 (r, t)×𝐵. (6)

Therefore, the electric potential field can be represented
by the following formula:

∇ · (σ∇u−𝐽e) = 0. (7)

The field variable u between two specific points can be
measured at two locations of the electrodes. Alternatively, if
one ampere of current is injected through the two electrodes,
the reciprocal potential field u′ can be determined by the fol-
lowing equation:{

∇ ·σ∇u′ = δ (r− rA)δ (r− rB), r ∈Ω ,
∂u′/∂n = 0, r ∈ ∂Ω ,

(8)

where rA and rB are the location of the two electrodes and δ

represents the Dirac function of point source. According to re-

ciprocal theorem, the MAE signals can be represented by the

following spatial integral as mentioned in Leonoid’s paper:[9]

urd
A (t)−urd

B (t) = urd
AB(t) =

∫
Ω

𝐵 ·𝐽 ′(r)×𝑉 (r, t) dr. (9)

Here, 𝐽 ′(r) =−σ∇u′ is the reciprocal current density caused

by injecting 1 A of current from rA and rB, V (r, t) is the vibra-

tion velocity caused by the ultrasound, B is the static magnetic

field, ρ is the mass density of medium, and urd
AB(t)represents

the MAE voltage signal that is caused by the ultrasound trans-

ducer located at rd and detected by the electrodes at rA and

rB.

Introduce the velocity potential function φ (r, t) satisfy-

ing:

𝑉 (r, t) = ∇φ (r, t)/ρ, (10)
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and substituting Eq. (10) into Eq. (9), the resulting equation
can be rewritten as[9]

urd
AB(t) =

∫
Ω

𝐵 ·∇× J′(r)φ (r, t) dr/ρ. (11)

It is easy to prove that the velocity potential function sat-
isfies the same wave equation as ultrasound pressure func-
tion. Thus, the φ(r, t) can be represented by the convolution
of Green’s function and source functions

φ (r, t) = g(r, t|rd ,0)∗ f (t), (12)

where rd represents the location of ultrasound transducer,
symbol ∗ refers to the convolution of time, and f (t) is the
source function with independent time variable t. Substitut-
ing Eq. (12) into Eq. (11), we obtain[14–16]

urd
AB(t) = f (t)∗

[
𝐵 ·

∫
Ω

∇×𝐽 ′(r)g(r, t|rd ,0) dr/ρ

]
. (13)

It is common that the source function f (t) is known for
specific ultrasound transducer.

Thus the inner part of the brackets in Eq. (13) can be rep-
resented by the de-convolution of urd

AB(t) and f (t).

3.2. Time-reversal method of reconstructing the curl of re-
ciprocal current density

Now we focus on Eq. (13). If we extend the variable rd

to the whole region Ω and rewrite variable rd as r′, the spa-
tial integral [

∫
Ω
𝐵 ·∇×𝐽 ′(r)g(r, t|rd ,0) dr]/ρ is the integral

solutions of the following problem according to Leonid[9] u(r′, t)tt = c2∇2
nu(r′, t), r′ ∈Ω ,

u(r′, t)t |t=0+ = [c2B ·∇× J′(r′)]/ρ, r′ ∈Ω ,
u(r′,0) = 0, r′ ∈ ∂Ω .

(14)

If u(r′,0)t can be reconstructed, ∇× J′(r) will be recov-
ered to be pointwise. Thus, the problem of reconstructing
∇× J′(r) from the MAE signal is equivalent to the problem
of reconstructing the initial value u(r′,0)t from Eq. (14). We
do this by the boundary values urd

AB(t), which represent the
field variables u(r′, t) detected at the location rd imaginar-
ily. Whereas, in fact, urd

AB(t) is the voltage signals detected
by the electrodes located at rA and rB. If all rd values are lo-
cated at the boundary ∂Ω , encircling the entire region Ω , there
are many methods that can reconstruct u(r′,0)t from Eq. (14).
Equation (14) is the so-called initial value problem (IVP). The
time-reversal algorithm is one of the popular methods based
on the following statements.

According to the Helmholtz–Kirchhoff integral equation,
the time-reversal equation can be represented by Yuan et al.[17]

as

u(r′, t) =−2
∫ t+

T0

dt0
∫

[urd (t0)∂g(r′, t|rd , t0)/∂nn]dsd . (15)

Substituting Eq. (4) into Eq. (15) and taking the derivative
of the terms on both sides of the resulting equation at t = 0 s,
we can obtain the following equation for time-reversal recon-
structing:

∂u(r′,0)
∂ t

= −(2/c)
∫

exp{−[(x′− x0)/xr]
2

− [(y′− y0)/yr]
2}urd

AB
′′
(|z− zd |/c)dsd . (16)

Here, u′′rd
AB(t) is the second derivative with respect to time t.

The second derivatives of all MAE signals are necessary for
reconstructing field variable’s first derivatives u(r′,0)t , which
are determined by u(r′,0)t = c2𝐵 ·∇×𝐽 ′(r)/ρ in Eq. (14).
By each scan, the contributions of the u′′rd

AB(t) to u(r′,0)t in
Eq. (16) are influenced by the factor

exp{−[(x′− x0)/xr]
2− [(y′− y0)/yr]

2},

which is an exponential function of the distance between the
center line of the scanning area and the field point.

3.3. Reconstruction of reciprocal current density

Generally speaking, the reciprocal current density has no
divergence. If the curls of current density and the boundary
conditions are known, the current density can be reconstructed
at each point. Supposing that the curl of current density is re-
constructed as 𝐾(r) = ∇×𝐽 ′(r) by the method mentioned
above, 𝐽 ′(r) is well determined by the following formula ac-
cording to Hemholz theorem:

∇×𝐽 ′(r) = K(r), r ∈Ω ,
∇ ·𝐽 ′(r) = 0, r ∈Ω ,
𝐽 ′ (r) ·n = 0, r ∈ ∂Ω/(rA and rB),
𝐽 ′ (rA) ·𝑛= δ (r− rA) ,
𝐽 ′ (rB) ·𝑛=−δ (r− rB) .

(17)

For simplicity, the following discussion is mainly about
two-dimensional (2D) rectangular region. Thus J′(r) has the x

component and the z component, and ∇× J′(r) is along the y

axis. Therefore, the detailed expressions of Eq. (17) are given
as follows:

∂ 2J′x/∂x2 +∂ 2J′x/∂ z2 =−∂K/∂ z, (x,z) ∈Ω ,
∂ 2J′z/∂x2 +∂ 2J′z/∂ z2 = ∂K/∂x, (x,z) ∈Ω ,
J′x = 0, (x,z) ∈ ∂ΩLR /(A and B),
∂J′x/∂ z =−K, (x,z) ∈ ∂ΩUD /(A and B),
J′z = 0, (x,z) ∈ ∂ΩUD /(A and B),
∂J′z/∂x = K, (x,z) ∈ ∂ΩLR /(A and B),
J′x(xA,zA) = δ (x− xA,z− zA), if (xA,zA) ∈ ∂ΩLR,
J′x(xB,zB) =−δ (x− xB,z− zB), if (xB,zB) ∈ ∂ΩLR,
J′z(xA,zA) = δ (x− xA,z− zA), if (xA,zA) ∈ ∂ΩUD,
J′z(xB,zB) =−δ (x− xB,z− zB), if (xB,zB) ∈ ∂ΩUD.

(18)

Here, (xA,zA) and (xB,zB) represent the locations of the two
electrodes respectively; ∂ΩLR represents the left and right
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boundary along the x axis; and ∂ΩUD represents the upper
and lower boundary along the z axis; δ is Dirac function in
two dimensions. Therefore, J′x and J′z can be well recovered by
solving Eq. (17).

3.4. Reconstruction of conductivities

Reconstructing σ from 𝐽 ′(r) is a work of iteration by
least square method. If the area is divided into n small square
regions and the conductivity σ is constant in each small re-
gion, the objective functional can be established as follows:

Q(σ) =
n

∑
i=1

∫
Ω

∣∣𝐽M (r)−𝐽 ′(r)
∣∣2 dr, (19)

where 𝐽 ′(r) is the numerical result of the forward process of
calculating Eq. (8) and 𝐽M (r) is the reciprocal current density
reconstructed by Eq. (17). In order to minimize the objective
functional, σi can be obtained by the following equation in
each square region Ωi:[18]

σi =−
∫

Ωi

𝐽M (r) ·∇u′dΩ

/∫
Ωi

∇u′ ·∇u′dΩ

i = 1,2,3, . . . ,n. (20)

Therefore, the steps of iterations should be taken as follows.
Step 1 Solve the boundary value problem Eq. (8) with

any given distribution of conductivity σi by FD or FE method,
and then work out the result of Eq. (19). If the result of
Eq. (19) is less than predefined errors, the iterations should
stop, otherwise go to Step 2.

Step 2 Substitute ∇u into Eq. (20) and refresh σi in each
small region. Go back to Eq. (8) with new σi for refreshing
∇u and 𝐽 ′(r).

Step 3 Calculate Eq. (19) and compare the obtained re-
sult with predefined errors. If Q(σ) < error, iteration should
be terminated, otherwise go to Step 2.

4. Methods and numerical experiments
The numerical experiments are performed in the 0.03 m×

0.06 m rectangular model of xoz plane. The ultrasonic velocity
potential function has the form of the first derivative of Gaus-
sian function with a frequency of 1 MHz and the spatial reso-
lution along the propagation direction is about 1.5 mm, which
is as short as the wave length. The distribution of velocity
on source plane follows Eq. (3), where xr equals 0.005 m, x0

equals k∆x and y equals y0. For each scan of time k, the cen-
ter point of source plane holds the same coordinate y0, moves
along the x axis in length steps of ∆x = 1 mm and keep a 5-
mm distance from the surface of the target area. In practice,
because the diameter of source plane is about 5 mm, much

larger than the step length along the x axis, the values of σi in
a certain small region i of many adjacent scans can all make
contributions to MAE signal. We assume that the experimental
area is filled with homogenous ultrasonic medium with mass
density 1000 kg/m3 and sound velocity 1500 m/s, which is
similar to human tissue-like water. The static homogenous
magnetic induction intensity 𝐵 is 0.2-T along the y direction.
The sketch map of the experiment is demonstrated as Fig. 2.
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Fig. 2. Sketch map of ultrasound scanning.

The forward process for MAE signals lies in calculating
Eqs. (5)–(7), which include the ultrasonic field problem and
the electromagnetic fields problem.

Generally speaking, if the forward problem and inverse
problem share the same algorithm theoretically, the recon-
structing results are hard to be persuasive.

Thus, we choose COMSOL MULTIPHYSCS as the soft-
ware of finite element method for calculating the MAE signals.

In order to recover the conductivities, the whole area in
two dimensions is divided into 30× 60 small square regions
and each region covers 1 mm2. The conductivity is considered
to be invariable within each of the small square regions.

5. Results
5.1. Smooth conductivity distribution

The curls of current density are reconstructed first by
time-reversal method. We focus on the formula: ∇×𝐽 ′(r) =
−∇σ ×∇u′. The curl of current: ∇×𝐽 ′(r) will be singular if
σ is unsmooth. Thus, we choose the smooth conductivities as
the target for reconstruction firstly. Even so, the information
about ∇σ along the direction of ∇u′ is lost. In order to avoid
the loss of ∇σ , we should use two pairs of electrodes at differ-
ent locations to recover the whole information. For simplicity,

104303-5



Chin. Phys. B Vol. 23, No. 10 (2014) 104303

despite the absence of specific information along the direction
of ∇u′, we can still reconstruct the conductivities only with
one pair of electrodes in our simulations.[21]

Figure 3 shows the real values of conductivities, and fig-
ure 4 shows the corresponding MAE signals. These signals
are stimulated by the ultrasound transducers located at differ-
ent positions of x from 0 m to 0.06 m. The scanning points are
within the same plane of the dashed rectangle in Fig. 2.
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Fig. 3. (color online) Original conductivities from 0.1 S to 1 S with
distribution of Eq. (21) in the plane of dashed box in Fig. 2.

The original 2D conductivity distribution function with
two abnormal areas of different shapes and positions is de-
scribed as

σ = 0.1+ exp{−[(x− x1)cosϕ +(y− y1)sinφ/3]2/c2
1

+[−(x− x1)sinφ +(y− y1)cosϕ/3]2/c2
1}

+ exp{−[(x− x2)cosϕ +(y− y2)sinφ/3]2/c2
2

+[−(x− x2)sinφ +(y− y2)cosϕ]2/3/c2
2}. (21)

Each abnormal body follows the Gaussian distribution
with variance of c1 = c2 = 0.0009 m, center points x1 =

0.02 m, y1 = 0.045 m, and x2 = 0.01 m, y2 = 0.02 m respec-
tively. Equation (21) also indicates that the distribution is of
coordinate rotation through an angle ϕ = 45◦ in counterclock-
wise sense.

The MAE signals in Fig. 4 are detected by plate elec-
trodes placed at the top and bottom surfaces of the model.
Here we take into consideration the plate electrodes instead
of point electrodes, thereby avoiding the unexpected large sig-
nals resulting from the singularity of point source-like Dirac
function. It is obvious that the abnormal conductivity regions

are consistent with the signal’s changes in Fig. 4. At the same
time, the signals have some noises with high frequency, which
come from the numerical algorithm of FEM.
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values of channel i are added by fixing a bias at 10−4× i V.
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Fig. 5. (color online) Reconstructing results of conductivities, showing
the results of 10 (a) and 20 (b) iterations.
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We can find in Fig. 5(a) that the abnormal conductivity re-
gions can be clearly displayed and the values of reconstructed
conductivities are equal to real values approximately. On the
other hand, there are artifacts near the abnormal conductivity
areas. With the increase of iteration times, the images quality
could be improved and the reconstructed values of conductiv-
ities will approach to the real ones.

5.2. Unsmooth conductivities

If the σ is unsmooth, that is, the conductivities in space
change more quickly than the wave length of ultrasound, the
curls of current will be singular. Thus the absolute values of
conductivities are mostly dependent on the scale of mesh grid
in inverse problem and cannot be recovered. While in fact,
if we project ultrasound waves from the left boundary of the
whole regions, the ultrasound vibration directions are all per-
pendicular to the left and right edges of each small square re-
gion. In this case, parts of the edges of different conductivity
regions are perpendicular to the directions of the ultrasound
vibrations. We will demonstrate the results that the relative
distribution of conductivities can also be reconstructed by us-
ing our algorithm.
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Fig. 6. (color online) Original unsmooth conductivity distribution.

In order to verify the conclusion, we give a real distri-
bution of conductivity as shown in Fig. 6. The reconstructed
conductivities are shown in Fig. 7.

Because the absolute values of conductivity cannot be re-
covered, the normalized conductivities are displayed in Fig. 7.
Although the singularity of the curl of current density creates
the unexpected large artifacts around the abnormal bodies (es-
pecially around the circular abnormal conductivity areas), the

abnormal bodies are also easy to distinguish from the back-

ground.
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Fig. 7. (color online) Reconstructed conductivities.

6. Conclusions

The MAET is a newly developed method for imaging

conductivities, which has both the advantage of high resolu-

tion of ultrasound and the advantage of functional tomogra-

phy of electrical method. In the hypothesis of homogenous

ultrasonic medium, the conductivities can be reconstructed by

the magneto–acousto–electrical signals of different ultrasonic

scannings at different positions around the object or on one

side of the object. If the ultrasounds are generated by piston

transducers, the specific Green’s function is used to calculate

the ultrasound fields. Thus the time-reversal method is effec-

tive for reconstructing the curl of reciprocal current density.

The next work is to reconstruct the conductivities from the

curl of current pointwise by using the method derived from

Helmholtz theorem and least square iteration.

In order to generate a plane wave, the diameter of piston

transducer is much larger than both the wave length of ultra-

sound and the step length of each scan. Thus the adjacent

scans share many same points along x axis, and will result in

inaccuracy of the conductivity images. By using the Green’s

function with Gauss distribution along the direction perpendic-

ular to the vibration, the interference between adjacent scans

can be reduced to some extent. Further study should be car-

ried out for inhomogeneous ultrasonic medium using different

Green’s functions.
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