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Er3+ ion concentration effect on transient and steady-state behavior
in Er3+:YAG crystal
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The effect of Er3+ ion concentration on transient and steady-state behavior in 45-nm Er3+:YAG crystal is investigated.
It is shown that by changing the signal field, the coherent field and the concentration of Er3+ ions in the crystal, the
absorption, dispersion, and group index of the weak probe field can be adjusted. Also, it is found that the probe absorption
occurs in the presence of population inversion and probe amplification is obtained in the absence of population inversion.
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1. Introduction
It is well known that quantum coherence and interfer-

ence can lead to many interesting phenomena in nonlin-
ear and quantum optics. Electromagnetically induced trans-
parency (EIT),[1,2] lasing without inversion (LWI),[3–5] four-
wave mixing (FWM),[6–10] large refractive index,[10–14] elec-
tron localization,[15–19] optical bistabilty (OB) and multistabil-
ity (OM),[20–29] and many other interesting phenomena[30–39]

have been studied theoretically and experimentally by many
research groups in recent years. More recently, it has been
shown that semiconductor quantum wells (SQWs) and quan-
tum dots (SQDs) have properties similar to atomic sys-
tems such as discrete energy levels and have many essen-
tial advantages that the atomic media do not have, such
as long dephasing times and large electric dipole moments
due to their small effective electron mass. Therefore, many
kinds of nonlinear quantum optical phenomena such as
EIT,[40–42] OB and OM,[43–55] Kerr nonlinearity,[56,57] and
other phenomena[58–60] based on the quantum coherence and
interference in SQWs and SQDs have also been investigated
recently.

Also recently, in an optically dense rare-earth solid crys-
tal, EIT has been analyzed.[61] EIT in solid crystals has po-
tential applications in lasing without inversion,[62] enhanced
FWM,[63] Kerr nonlinearity,[64] OB and OM,[54,65] and en-
hancing the refractive index.[14] Yttrium aluminum garnet
(YAG) is an excellent optical host material compared with
others. And Er+3-doped YAG crystal is an efficient active
medium for lasers operating in the middle infrared band, coin-
ciding with the telecommunications band. However, most ex-
periments and theoretical investigations in solid crystals have
been executed under the same doping concentration of ions.
But, in Ref. [66], Xu et al. reported their study of the effect
of Er3+ concentration on electromagnetically induced trans-

parency in two types of three-level schemes. In rare-earth-
doped crystals, both the decay rate of population and the elec-
tric dipole moment vary as a function of phonon decay and the
interaction among ions.[67]

Therefore, in this paper we examine the effect of the con-
centration of doped ion on the transient and steady state be-
haviors of absorption and dispersion, and on group index and
electron population in four-level Er3+:YAG crystal. Further-
more, our study is much more useful than the similar study
of gases, due to our flexible design and the widely modifi-
able parameters. Therefore, our schemes are very suitable for
building greater understanding experimentally.

2. Model and equations
Figure 1 shows a four-level Er3+ ionic system in 45-nm

Er3+-doped YAG crystal. The energy-level scheme is relevant
to the Er3+ ions in Er3+:YAG crystal, where levels |1〉, |2〉,
|3〉, and |4〉 correspond to Er3+ ion energy levels 4I15/2, 4I13/2,
4I9/2, and 4S3/2 respectively. The details of the level structure
and the corresponding transition wavelength can be found in
Ref. [68]. In this scheme, a strong coupling field with Rabi-
frequency Ωc drives the |3〉 ↔ |4〉 transition. A weak probe
field with Rabi-frequency Ωp couples the |2〉 → |3〉 transition.
While the signal field with Rabi-frequency Ωs drives the tran-
sition |1〉 → |3〉. In the interaction picture, the semi-classical
interaction Hamiltonian HI of this system under the dipole and
rotating wave approximation can be represented as:

HI = h̄


0 0 −Ωs 0
0 ∆s−∆p −Ωp 0
−Ωs −Ωp ∆s −Ωc

0 0 −Ωc ∆c +∆s

 , (1)

where the frequency detunings of these three optical fields are
defined as ∆c = ωc−ω34, ∆p = ωp−ω23, and ∆s = ωs−ω13

respectively.
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Fig. 1. The Er3+:YAG crystal interacts with three laser fields. Probe
field couples |2〉 ↔ |3〉 transition, control field drives |3〉 ↔ |4〉 transi-
tion, and signal field is acting on |1〉 ↔ |3〉 transition.

With the usual phenomenological addition of relaxation
processes Λρ , the master equation of motion for the density
operator in the system in the interaction picture can be written
as:

∂ρ

∂ t
=−i[HI,ρ]+Λρ . (2)

By expanding Eq. (2), the density matrix equations of motion
for this system can be obtained:

ρ̇11 = Γ21ρ22 +Γ31ρ33 +Γ41ρ44− iΩs(ρ13−ρ31),

ρ̇22 =−Γ21ρ22 +Γ32ρ33 +Γ42ρ44− iΩp(ρ23−ρ32),

ρ̇33 =−(Γ31 +Γ32)ρ33 +Γ43ρ44 + iΩs(ρ13−ρ31)

+ iΩp(ρ23−ρ32)− iΩc(ρ34−ρ43),

ρ̇21 =−[γ21 + i(∆s−∆p)]ρ21 + iΩpρ31− iΩsρ23,

ρ̇31 =−(γ31 + i∆s)ρ31 + iΩs(ρ11−ρ33)+ iΩpρ21 + iΩcρ41,

ρ̇41 =−[γ41 + i(∆c +∆s)]ρ41− iΩsρ43 + iΩcρ31,

ρ̇32 =−(γ32 + i∆p)ρ32 + iΩp(ρ22−ρ33)+ iΩsρ12 + iΩcρ42,

ρ̇42 =−[γ42 + i(∆c +∆p)]ρ42 + iΩcρ32− iΩpρ43,

ρ̇43 =−(γ43 + i∆c)ρ43 + iΩc(ρ33−ρ44)− iΩsρ41− iΩpρ42,

ρ11 +ρ22 +ρ33 +ρ44 = 1,

ρi j = ρ
∗
ji, (3)

where Γi j (i, j = 1,2,3,4) is the spontaneous emission decay
rate from level |i〉 to level | j〉, ignoring the collision broaden-
ing effect, and

γ21 = Γ21 + γ
dph
21 /2, (4)

γ31 = (Γ31 +Γ32 + γ
dph
31 )/2, (5)

γ32 = (Γ31 +Γ32 +Γ21 + γ
dph
32 )/2, (6)

γ41 = (Γ41 +Γ42 +Γ43 + γ
dph
41 )/2, (7)

γ42 = (Γ41 +Γ42 +Γ43 +Γ21 + γ
dph
42 )/2, (8)

γ43 = (Γ41 +Γ42 +Γ43 +Γ31 +Γ32 + γ
dph
43 )/2, (9)

are the decay rates of the corresponding transitions. Here, γ
dph
i j

is the dephasing decay rate of the quantum coherence of the

|i〉 ↔ | j〉 transition and determined by electron–electron inter-
face roughness and phonon scattering processes. These pro-
cesses are the dominant contributors to the dephasing decay
rate and the major impediment to the observation of coherent
effects in solid materials. The set of Eqs. (1) and (3) can be
solved numerically to obtain the steady state response of the
medium. In fact, the response of the medium to the applied
field is determined by the linear susceptibility χ , which is de-
fined as

χ =
2Nµ23

ε0Ep
ρ32. (10)

The electric dipole moment between Er3+ ion levels |2〉 and
|3〉 is given by:[69,70]

µ
2
23 = e

∣∣〈ψ|r ∣∣ψ ′〉∣∣2
=

2
(2J+1)

2
(2J′+1)

e2

× ∑
λ=2,4,6

Ωλ

∣∣∣〈4 f N(αSL)J
∥∥∥Uλ

∥∥∥4 f N(α ′S′J′)
〉∣∣∣2, (11)

where the eigenvector ψ may be expressed as a linear combi-
nation of the unperturbed states corresponding to an arbitrary
coupling scheme.[70] The variable Ωλ is the phenomenologi-
cal intensity parameter, J and J′ are the quantum numbers of
angular momentum of levels |2〉, |3〉 respectively. The fac-
tor 2 in Eq. (11) arose from the Kramer degeneracy of the
Stark levels of the Er3+ ion. The squared reduced matrix
elements

∣∣〈4 f N(αSL)J
∥∥Uλ

∥∥4 f N(α ′S′J′)
〉∣∣2 can be obtained

from Ref. [71] and the spectral intensity parameters can be de-
scribed by the empirical formula[67]

Ωλ (10−20) = 1.25X1/4 exp[−0.4(X−A)2/3]+B, (12)

where X is the concentration of doped ions and A and B are
empirical parameters: A = 1.0, B = 0.33 for Ω2; A = 1.1,B =

0.72 for Ω4; and A = 1.4, B = 0.59 for Ω6. From Eqs. (11)
and (12), it can be seen that the concentration of doped ions
greatly affects Ωλ ; moreover it produces a dramatic influence
on µi j.[67] Based on the experimental results,[67] the spectral
intensity parameters for the five Er3+:YAG crystals contain-
ing Er3+ ion concentrations of 29.06, 20.57, 17.38, 0.79, and
0.52 at.% have been calculated and listed in Table 1.

Table 1. Spectral intensity parameters of Er3+:YAG crystals containing
different concentrations of Er3+ ions at room temperature.[67]

Concentration of Er3+ Spectral intensity parameters/10−20 cm2

ion crystal/at.% Ω2 Ω4 Ω6

0.52 1.16 1.52 1.33
0.79 1.35 1.70 1.47
17.38 0.52 0.92 0.79
20.57 0.47 0.87 0.74
29.06 0.40 0.79 0.66

Also the population spontaneous emission probability Γi j

of the Er3+:YAG crystals and electrical dipole moments under
different concentrations are listed in Table 2.[67]
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Table 2. Radiative transition probabilities and electric dipole momentum of Er3+:YAG crystals with different concentrations
of Er3+ ions.[67]

Concentration of Er3+ Transition probabilities/s−1 Electric dipole
moments/10−32 cm

ion crystal/at.% Γ21 Γ31 Γ32 Γ41 Γ42 Γ43 µ23

0.52 239.1 206.5 68.3 1727.7 676.6 80.7 2.662
0.79 258.8 211.0 76.6 1952.2 767.5 90.0 2.799

17.38 184.6 127.4 46.7 1181.9 462.9 53.6 2.052
20.57 187.8 152.4 48.0 1212.2 474.8 57.5 1.986
29.06 175.4 85.0 44.6 1132.7 442.8 46.7 1.876

Here, we can estimate the dephasing decay rate as γ
dph
i j =

15Γ21 according to Refs. [67] and [72].

3. Result and discussion
The numerical results for the steady state and transient

behavior with different corresponding parameters are given
in (Figs. 2–8). The transient behavior of the probe absorp-
tion (a), dispersion (b), and electron population (c) in different
levels for 0.52% Er3+ ion concentration is shown in Fig. 2.
It is assumed that the system is initially at the level |1〉, so
ρ11(0) = 1, ρi j(0) = 0 (i, j = 1,2,3,4). At time t = 0, the ab-
sorption is zero, and once the time increases, the absorption
oscillates and finally reaches the steady state value (Fig. 2(a)).
The dispersion properties of the probe field are also shown
in Fig. 2(b). The investigation of the dispersion is important
due to its application in controlling the group velocity of the
light pulse from subluminal to superluminal. It can be seen
that the positive dispersion increases from zero and reaches
the steady state values as time increases. The time evolution
of populations in the Er3+:YAG crystal is presented in part (c)
of Fig. 2. It can be seen that the maximum value is reached for
electron population transfer from level |3〉 to level |1〉. How-
ever, the steady-state value of electron population in level |3〉
is greater than that in level |2〉. Therefore population inver-
sion occurs between levels |3〉 and |2〉. The transient behavior
of the absorption (a), dispersion (b), and electron population
(c) for the large value of the coupling field and a fixed Er3+

ion concentration is illustrated in Fig. 3. It can be seen from
Fig. 3(a) that the probe laser exhibits periodic amplification
and as time passes it reaches to its steady-state value. The dis-
persion also has oscillatory behavior, but it still has a positive
steady-state value (Fig. 3(b)). Thus subluminal light propaga-
tion corresponds to probe amplification in the medium. The
time evolution of populations in the Er3+:YAG crystal is pre-
sented in part (c) of Fig. 3. It can be seen that the electron
population in level |2〉 is enhanced, and simultaneously, it de-
creases in level |3〉. Compared with Fig. 2(c), most electron
populations transfer to level |2〉, which cancels the population
inversion between levels |3〉 and |2〉. Therefore, the probe am-
plification is obtained in the absence of population inversion
which suggests LWI. The steady-state behavior of the above
results is displayed in Fig. 4. From Fig. 4(a) we can see that

for different values of Rabi frequencies the absorption behav-
ior differs. For Ωc = Ωs = 5, the probe absorption has a peak
(solid line), and for Ωc = Ωs = 10, the probe absorption con-
verts into probe gain. The steady-state of probe dispersion and
group index is also shown in parts (b) and (c) of Fig. 4. It
is found that the slope of dispersion can be changed by alter-
ing the Rabi frequencies of applied fields. In this case, slope
of dispersion is always positive and weak probe light corre-
sponds to subluminal light propagation. These results agree
well with previously published results. The transient behavior
of absorption (a), dispersion (b), and electron population (c)
for Er3+ ion concentration 29.06%, while other controllable
parameters are fixed, is displayed in Fig. 5. It can be seen
that the probe absorption becomes negative as the Er3+ con-
centration changes from 0.52% to 29.06%. This is to say that
the probe absorption changes to probe gain by enhancing the
concentration of Er3+ ions. However, the behavior of probe
dispersion is same as in Fig. 2(b), while the electron popula-
tions in different levels contrast with those in Fig. 2(c). It can
be seen clearly that the electron population is greater in level
|2〉 than in level |3〉. Therefore, changing Er3+ ion concentra-
tion changes the behavior of electron population in Er3+:YAG
crystal levels. Thus, the population inversion between levels
|3〉 and |2〉 cannot happen, and probe gain is obtained in the
absence of population inversion which suggests LWI. Thus,
Er3+ ion concentration along with the Rabi-frequency of the
applied field has an essential role in controlling probe absorp-
tion and electron population. The steady-state behavior of the
above results is also presented in Fig. 6. It can be seen that the
probe absorption (a) is negative and the slope of dispersion is
positive. The corresponding group index is also shown in part
(c) of Fig. 6. These results show that subluminal light propa-
gation corresponds with probe gain in the medium. The effect
of Er3+ ion concentration on transient behavior of absorption
(a), dispersion (b), and population inversion (c) for Ωs � Ωc

is displayed in Fig. 7. In Fig. 7(a), it is found that the modifi-
cation of Er3+ concentration can lead to absorption modifica-
tion. Here by increasing the Er3+ concentration from 0.52% to
29.06%, the absorption of the probe field is reduced. The be-
havior of probe dispersion is related to Er3+ ion concentration.
It can be seen clearly that by changing the Er3+ concentration
from 0.52% to 29.06%, the positive dispersion is converted to
negative dispersion. Therefore, the group velocity of the light
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pulse switches from subluminal to superluminal. At last the
effect of Er3+ concentration on transient electron population
inversion ρ33−ρ22 is depicted in part (c) of Fig. 7. One can
see that the transient electron population inversion oscillates
rapidly to steady state values and by enhancing the concen-
tration of Er3+ ions, the value of population inversion is in-
creased. This means that most electrons are trapped in state
|3〉.

The effect of Er3+ ion concentration on the transient be-
havior of absorption (a), dispersion (b), and population in-
version (c) for Ωc � Ωs is displayed in Fig. 8. It is easily
seen from Fig. 8(a) that the steady-state value of absorption
for the probe field is enhanced for 0.79 at.% Er3+ ion concen-
tration. However, by enhancing the Er3+-doped ion concen-
tration from 0.79% to 29.06%, the probe absorption converts

to probe amplification. The dispersion behavior is also ana-
lyzed and it is found that the steady-state value of dispersion
for the probe field is altered by changing the concentration of
Er3+ ions. However, the steady-state values are always pos-
itive for any ion concentration (Fig. 8(b)). At last the effect
of Er3+ concentration on transient electron population inver-
sion ρ33−ρ22 is displayed in part (c) of Fig. 8. By enhancing
the concentration of Er3+, the population inversion is reduced
and finally reaches a negative value. Thus by changing the
values of Er3+ concentration from 0.52% to 29.06% the pop-
ulation inversion between levels |3〉 and |2〉 is canceled. Thus,
the probe amplification occurs in the absence of population in-
version. This shows that the Er3+ ion concentration plays an
essential role in producing gain without population inversion
(GWI) in the Ωc�Ωs limit.
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Fig. 2. (color online) Transient behavior of absorption (a), dispersion (b), and electron population (c) in different levels for 0.52% Er3+ ion concentration.
The selected parameters are Ωc = Ωs = 5, ∆p = ∆c = ∆s = 0.
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Fig. 3. (color online) Transient behavior of absorption (a), dispersion (b), and electron population (c) in different levels at 0.52% Er3+ ion concentration.
The selected parameters are Ωc = Ωs = 10, ∆p = ∆c = ∆s = 0.
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Fig. 8. (color online) Transient behavior of absorption (a), dispersion (b), and population inversion (c) for different values of Er3+ ion concentration.
The selected parameters are Ωc�Ωs, ∆p = ∆c = ∆s = 0.

4. Conclusion

In summary, the effect of Er3+ ion concentration on tran-
sient and steady-state behavior of four-level Er3+:YAG crystal
is discussed. It is found that by changing the concentration
of Er3+-doped ions in the crystal the probe absorption, disper-

sion, and electron population can be manipulated. It is found

that subluminal and superluminal light propagations, lasing

without inversion and absorption with inversion can be ob-

tained by simultaneous adjustment of applied fields and Er3+-

ion concentration.
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