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Phase control of group-velocity-based biexciton coherence in
a multiple quantum well nanostructure
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A double cascade-type four-level multiple-quantum-well-based exciton–biexciton transitions are proposed. The study
is carried out on a 4.8-nm ZnSe single-quantum well which is embedded into ZnMgSSe cladding layers and pseudomor-
phically grown by molecular beam epitaxy on a (0 0 1) GaAs substrate. It is displayed that the exciton spin relaxation and
relative phases between applied fields can influence the transient and steady-state behaviors of absorption, dispersion, and
group velocity of two weak probe and signal fields. Also, transient behaviors of electron population of different levels are
discussed. It is found that the probe or signal amplification occurs in the absence of population inversion.
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1. Introduction
Due to the small effective electron mass, semiconductor

quantum wells have advantages of high nonlinear optical co-
efficients and large electric dipole moments. Also, they have
properties similar to atomic vapors such as the discrete lev-
els. This means that semiconductor quantum wells have re-
ceived significant attention to application in quantum optics.
The theory of quantum coherence phenomena in semiconduc-
tor quantum dot (QD) was introduced by Chow et al.[1] Re-
cently, several interesting phenomena such as electromagneti-
cally induced transparency (EIT),[2–6] lasing without inversion
(LWI),[7] four-wave mixing (FWM),[8–11] optical bistability
(OB),[12–27] slow light,[2] and many others[28–45] in atomic
systems, semiconductors, and solid states medium have been
discussed and demonstrated by different research groups. In
the EIT medium, the strong coherent laser fields provide the
atomic phase coherence that is responsible for transparency of
the medium. In fact, EIT is a technique for eliminating the ef-
fect of a medium on propagation beam of the electromagnetic
radiation. So, in the EIT medium not only the weak probe
field will not be absorbed but also a refractive index curve
with very steep gradient will appear.[46] EIT is also the mech-
anism underlying the recent experiments in ultra-slow group
velocity of a probe pulse and therefore greatly increases the
effective interaction time of the pulse with the medium.[47,48]

In LWI, it was found that if atomic coherence and interference
between certain atomic states is granted, different absorption
processes may interfere destructively, leading to the reduction
or even the cancelation of absorption. At the same time, stim-
ulated emission may remain intact, leading to the possibility
of gain even if only a small fraction of the population inver-
sion is in the excited state.[49] Note that the implementation of

EIT and LWI in semiconductor-based devices is very attrac-
tive from view point of applications. One of the most distin-
guished features in the coherent optical response of a semicon-
ductor arising from Coulomb-correlation effects is the spec-
tral signature of the bound-biexciton state. A signature of this
two-photon coherence may also occur in the optical response.
Under ultrashort-pulse excitation the coherent dynamics of the
optically generated electron–hole pairs is strongly governed by
correlation effects induced by the Coulomb interaction among
them.[50] With intersubband coherence between different con-
duction subbands[51–53] and different valance subbands,[54,55]

and with intervalence band coherence between the heavy-hole
(HH) and light-hole (LH) valance bands,[56–58] EIT processes
have also been observed. EIT may lead to great enhancement
in nonlinear effect and steep dispersion, as well as to the re-
duction of group velocity, the storage of optical pulses.[59,60]

The coherent control of exciton and exciton–biexciton transi-
tions for wave mixing signal generation in the SQWs was also
discussed.[61]

It is also known that the relative phase of the applied laser
fields as a method to study quantum coherent control and inter-
ference has been widely used in several important processes in
atomic, molecular, and solid-state systems.[62–67] But the tran-
sient behavior and group velocity of probe and signal fields in
a quantum well nanostructure via phase control of biexciton
coherence have not been investigated.

In this paper, the effects of relative phase between applied
fields and exciton spin relaxation on the transient behaviors
of two weak probe and signal fields are discussed. Also it is
shown that under the various parametric conditions the group
velocities of the probe and signal fields can be controlled.
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2. Model and equations
The double-cascade four-level system in semiconductor

single-quantum well has exploited the usage of excitons spin
coherence. The study is carried out on a 4.8-nm ZnSe single-
quantum well which is embedded into ZnMgSSe cladding
layers and has pseudomorphically grown by molecular beam
epitaxy on a (0 0 1) GaAs substrate. As shown schemati-
cally in Fig. 1, the ground state |0〉, one-exciton states |1〉,
|2〉, and biexciton state |3〉 resemble a four-level cascade
configuration.[68–70] In the present system, two pulsed probe
fields (P,S) with angular frequencies ωp, ωS, one-half Rabi
frequencies Ωp, ΩS, and two continues wave coherent couple
fields (c1, c2) with angular frequency ωc1, ωc2, one-half Rabi
frequency Ωc1,c2, complete the respective excitation. Under
the rotating wave approximation and electric dipole approx-
imation, the time evolution of the system, expressed using
the density operator ρ , is governed by the Liouville equation
which leads to the following equations for the density matrix
elements:

ρ̇11 = iΩp(ρ01−ρ10)+ iΩc1(ρ31−ρ13)+ γaρ22

− (γb + γ4)ρ11 + γ2ρ33,

ρ̇22 = iΩs(ρ02−ρ20)+ iΩc2(e iφ
ρ32− e−iφ

ρ23)+ γ1ρ33

− (γ3 + γa)ρ22 + γbρ11,

ρ̇33 =+iΩc2(e−iφ
ρ23− e iφ

ρ32)+ iΩc1(ρ13−ρ31)

− (γ1 + γ2)ρ33,

ρ̇10 =−(1/2(γ4 + γb + γ
dph
10 )− i∆1)ρ10 + iΩp(ρ00−ρ11)

+ iΩc1ρ30− iΩsρ12,

ρ̇20 =−(1/2(γ3 + γa + γ
dph
20 )− i∆2)ρ20 + iΩs(ρ00−ρ22)

+ iΩc2 e iφ
ρ30− iΩpρ21,

ρ̇30 =−(1/2(γ1 + γ2 + γ
dph
30 )− i∆3)ρ30 + iΩc1ρ10

+ iΩc2 e−iφ
ρ20− iΩsρ32− iΩpρ31,

ρ̇32 =−(1/2(γ1 + γ2 + γ3 + γ
dph
32 )− i(∆3−∆1))ρ32

− iΩc2 e iφ (ρ33−ρ22)− iΩc1ρ21 + iΩsρ03,

ρ̇21 =−(1/2(γb + γ3 + γ4 + γa + γ
dph
21 )− i(∆1−∆2))ρ21

− iΩpρ20− iΩc1ρ23 + iΩc2 e iφ
ρ31 + iΩsρ01,

ρ̇31 =−(1/2(γ1 + γ2 + γ4 + γb + γ
dph
31 )− i(∆1−∆3))ρ31

+ iΩpρ03 + iΩc1(ρ33−ρ11)− iΩc2 e iφ
ρ12, (1)

where

ρi j = ρ
∗
i j, ∆ j = ωp(s)− (ω j−ω0) (J = 1,2),

∆3 = ωp(s)+ωc j− (ω3−ω0),

the latter, γ
dph
i j is the dephasing broadening linewidth, which

may originate from electron–electron scattering, electron–
phonon scattering as well as inhomogeneous broadening due
to scattering on interface roughness. Generally, γ

dph
i j is the

dominant mechanism in a semiconductor solid state system
in contrast to the atomic system.
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Fig. 1. Energy levels and transitions of the exciton–biexciton states. |0〉:
ground state, |1〉 and |2〉: one-exciton states, |3〉: biexciton state (or two-
exciton continuum state).

In the limit of the two-weak probe fields, all excitons will
stay in the level |0〉 and hence we assume that ρ00 = 1. Un-
der this assumption, the steady-state solution of Eq. (1) can be
obtained as follows:

Pp = ε0χpEp = Nµ10ρ10, (2)

PS = ε0χSES = Nµ20ρ20. (3)

Therefore, the susceptibilities of the two probe fields can be
written as

χP =
N |µ10|2

}ε0ΩP
ρ10 =

N |µ10|2

}ε0
χ
′
P, (4)

χS =
N |µ20|2

}ε0ΩS
ρ20 =

N |µ20|2

}ε0
χ
′
S, (5)

where N is the density of carriers and µ10 and µ20 are the
dipole matrix elements between |0〉 and |1〉, |2〉. Thus, we
can obtain

χ
′
P =

Ω 2
c2−b2b3−Ωc1Ωc2ΩS e iφ/Ωp

b1b2b3−b2(Ω 2
c2 +Ω 2

c1)
, (6)

χ
′
S =

Ω 2
c1−b2b3−Ωc1Ωc2ΩP e−iφ/ΩS

b1b2b3−b2(Ω 2
c2 +Ω 2

c1)
. (7)

Here, b1 = −(1/2(γ4 + γb + γ
dph
10 )− i∆1), b2 = −(1/2(γ3 +

γa + γ
dph
20 )− i∆2), and b3 =−(1/2(γ1 + γ2 + γ

dph
30 )− i∆3).

By this model, we can also determine the light group ve-
locity, according to Ref. [71], as follows:

vg ≡
dω

dk
=

c
n+ω(dn/dω)

, (8)

where n' 1+2πχ , and then

c
vg

= 1+2πRe(χ(ω))+2πωRe(dχ/dω). (9)

It is found that from Eq. (9), when Reχ(ω) is zero and the
dispersion is very steep and positive, the group velocity is re-
duced and then

c
vg
−1 = 2πωRe(dχ/dω). (10)
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3. Results and discussion
Now, based on the various physical parameters of the sys-

tem, the two-weak probe absorption, dispersion, and group ve-
locity of the incident pulses are displayed. The transient be-
haviors of the absorption, dispersion, and exciton population
at various levels are also discussed. The curves of absorption,
dispersion, and group velocity versus probe and signal field
detuning for different situations of coupling fields are shown
in parts (a) and (b) of Fig. 2. The solid line corresponds to
the case Ωc1 = Ωc2, dashed line refers to the case Ωc1� Ωc2

and dotted line denotes the case Ωc1 � Ωc2. It can be seen
that for Ωc1 = Ωc2 and Ωc1� Ωc2, the probe absorption cor-
responds to a negative slope dispersion. In this case group
velocity has a negative value which corresponds to superlu-
minal light propagation. Also, from the dashed line it can
be concluded that the large refractive index corresponds to a
high absorptive peak which is called electromagnetically in-
duced absorption (EIA).[72] However, for Ωc1 � Ωc2 (dotted
line), the absorption spectrum is essentially negative (gain) for
a wide range of ∆p. It is clearly seen that the slope of disper-
sion becomes positive, corresponding to the subluminal light
propagation. The curve of corresponding group velocity ver-
sus probe field detuning is also shown. This is in good agree-
ment with previous result. The curves of signal absorption,

dispersion, and group velocity versus signal field detuning for
different ratios between Rabi frequencies of two control field
are shown in part (b) of Fig. 2. By comparing the obtained
results with previous results in part (a), it can be seen that the
normal dispersion and subluminal light propagation are am-
plified for Ωc1 � Ωc2 (dashed line). However, sharp peak
absorption (EIA) with large refractive index and superlumi-
nal light propagation occurs for Ωc1 � Ωc2 (dotted line). In
Fig. 3, for Ωc1�Ωc2, the variations of absorption (a), disper-
sion (b), and group velocity (c) of the probe field with probe
detuning ∆p for different values of the signal field detuning
are displayed. From panel (a) of Fig. 3, it can be seen that the
probe amplification occurs for any value of signal field detun-
ing. The behaviors of probe dispersion spectrum versus probe
detuning are shown in panel (b) of Fig. 3. In this case, for
∆s = −∆p/2 the slope of dispersion changes from positive to
negative value. The variations of the corresponding group ve-
locity with probe field detuning are also shown in panel (c) of
Fig. 3. It can be seen that the switching from subluminal to
superluminal light propagation or vice versa can be obtained.
In Fig. 4, for Ωc1�Ωc2, the properties of absorption (a), dis-
persion (b), and group velocity (c) of the signal field versus
the signal detuning ∆s for different values of the probe field
detuning are displayed. These results are the
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Fig. 2. (color online) Variations of absorption, dispersion, and group velocity with field detuning for probe field (a) and signal field (b). The
solid line corresponds to the case Ωc1 = Ωc2, dashed line the case Ωc1 � Ωc2, and dotted line the case Ωc1 � Ωc2. The selected parameters
are γ1 = γ2 = γ3 = γ4 = 2,γdph

i j = 1,γa = γb = 0,φ = 0,∆3 = 0.
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Fig. 4. (color online) Variations of absorption (a), dispersion (b), and group velocity (c) with signal field detuning for Ωc1 � Ωc2. The solid
line corresponds to ∆p = 0, and dashed line the ∆p =−∆s/2. Other parameters are same as those in Fig. 2.

same as those shown in Fig. 3. The effects of relative phase
between applied fields on the probe and signal absorption, dis-
persion, and group velocity are discussed in Fig. 5. It is clearly
seen that for Ωc1� Ωc2, by changing the relative phase from
0 to π , the probe amplification is converted into the probe ab-
sorption, and the positive slope of dispersion changes into the
negative slope of dispersion. In this case, the switching from
subluminal to superluminal speed in group velocity of prop-
agated light is present. Here, subluminal light corresponds
to probe amplification and superluminal light corresponds to
probe absorption. However, in the signal field case, by chang-
ing the relative phase from 0 to π , the signal absorption is en-
hanced which is accompanied with no change in slope of dis-
persion and with the increase of the value of refractive index
as well. Thus a large refractive index corresponds to a high ab-
sorptive peak which corresponds to EIA in the medium. Also,
the negative value of group velocity is relevant to superlumi-
nal light propagation in the medium. As shown in Fig. 6, the
behaviors of absorption, dispersion, and group velocity in the

case of Ωc1� Ωc2, for the probe field (a) and signal field (b)
are analyzed. In Fig. 8(a), it can be seen that the absorption,
dispersion, and group velocity all seem to be periodic. Fur-
thermore, a large index of refraction with high absorption peak
and superluminal light propagation is observed. Figure 8(b)
shows the absorption, dispersion, and group velocity of the
signal field in the case of Ωc1� Ωc2. From absorption spec-
trum it can be seen that the amplification can be achieved for
a large range of phase φ . By the consideration of dispersion
spectrum, it is found that a large refractive index of refraction
with zero absorption can be obtained by changing the relative
phase. It is well known that for optical communication a large
index of refraction with zero absorption is useful and appli-
cable. Furthermore, by changing the relative phase between
applied fields, the switching between subluminal light propa-
gation and superluminal light propagation occurs. In this case,
subluminal light propagation corresponds to signal amplifica-
tion and superluminal light propagation corresponds to a weak
absorption. Comparing Fig. 6(a) for the probe field with
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Fig. 6(b) for the signal field, it can be seen that for the probe
field, a large index of refraction corresponds to a high absorp-
tion, and for signal field a large index of refraction with zero
absorption is located at different values of the relative phase.
Shown in Fig. 7(a) is the transient behavior of the absorption–
dispersion for probe field. For the weak probe field, when we
set Ωc1 = Ωc2 (solid line), the absorption is equal to zero and
starts to increase as the time increases, and finally reaches a
steady state value. By increasing the Rabi frequency Ωc2 and
for Ωc1 � Ωc2 (dashed line), the absorption is enhanced as
the time increases and finally reaches a large absorption at a
steady state. For Ωc1 � Ωc2 (dotted line), the probe absorp-
tion changes to probe gain. The corresponding dispersions for
different Rabi-frequencies for coupling fields are also plotted.
It is found that for Ωc1 = Ωc2 (solid line), the dispersion is
negative and the light pulse is accompanied with absorption.
By increasing the Rabi frequency Ωc2 and for Ωc1 � Ωc2

(dashed line), the negative value of dispersion is enhanced.
However, for Ωc1�Ωc2 (dotted line), the dispersion changes
from negative to positive value and the light pulse is accompa-
nied with negative absorption (gain). The transient behavior of
the absorption–dispersion for signal field is shown in Fig. 7(b).
It can be seen that for Ωc1 =Ωc2 (solid line), the similar results
to those shown in Fig. 7(a) are obtained. But for Ωc1 � Ωc2

(dashed line) and Ωc1 � Ωc2 (dotted line), the obtained re-
sults are opposite to those shown in Fig. 7(a). The effects of
exciton spin relaxation on transient behaviors of absorption
and dispersion for probe field are displayed in Fig. 8(a). It is
found that by enhancing the exciton spin relaxation between
exciton levels, the probe gain decreases, but increases in the
medium. Moreover, the dispersion values of the probe light
are negative for the different values of the exciton spin relax-
ation. In Fig. 8(b), the effect of exciton spin relaxation on
transient behavior of the signal field is discussed. It can be
seen that by enhancing the exciton spin relaxation the signal
absorption reduces its minimum value. However, the disper-
sion value of the signal is also negative. Thus the superluminal
light propagation can be obtained in the weak signal absorp-
tion. The transient behaviors of the absorption and dispersion
of the probe field for the various values of the relative phase
are shown in Fig. 9(a). For φ = 0, at time t = 0 the absorption
is a positive value; as time increases, it starts to oscillate and
finally reaches a negative steady state value. In this case, at
time t = 0, the absorption is zero; as time increases, it starts to
oscillate and finally reaches a positive steady state, so sublu-
minal group velocity is accompanied with amplification. For
φ = π/2 and φ = π , the absorption becomes positive and dis-
persion becomes negative, so superluminal light is accompa-
nied with an absorption. However, for φ = π/2, the values of
absorption is less than φ = π . In Fig. 9(b), the effect of relative
phase on transient behavior of the signal field is discussed.

(a)

(b)

0 5 10 15 20 25 30

-12

-8

-4

0

4

 P
ro

b
e 

d
is

p
er

si
o
n
/
1
0

-
5

0 5 10 15 20 25 30
-2

0

2

4

6

8

10

12

P
ro

b
e 

a
b
so

rp
ti

o
n
/
1
0

-
3

0 5 10 15 20 25 30
-2

0

2

4

6

8

10

12

 S
ig

n
a
l 
a
b
so

rp
ti

o
n
/
1
0

-
3

0 5 10 15 20 25 30

-12

-8

-4

0

4

 S
ig

n
a
l 
d
is

p
er

si
o
n
/
1
0

-
5

Ωc/Ωc

Ωc  Ωc

Ωc  Ωc

Ωc/Ωc

Ωc  Ωc

Ωc  Ωc

γt

γt γt

γt

Fig. 7. (color online) Time evolutions of the absorption, dispersion for
probe field (a) and signal field (b). The solid line corresponds to the
case Ωc1 = Ωc2, dashed line the case Ωc1 � Ωc2 and dotted line the case
Ωc1�Ωc2. The selected parameters are same as those in Fig. 2.
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It can be seen that for φ = 0, at time t = 0, the absorption
and dispersion are zero; As time increases, they start to os-
cillate and finally reach a steady state value. The steady state
value is positive for signal absorption and is negative for dis-
persion. Thus, the superluminal light is corresponding to a
little absorption. By changing the relative phase from φ = 0
to φ = π/2, the absorption increases and negative dispersion
changes into positive dispersion. Thus subluminal light is cor-
responding to the high absorption. By enhancing the relative
phase to φ = π , the dispersion becomes negative and the value
of absorption also increases. The transient behaviors of pop-
ulation inversion between different levels for different ratios
of Rabi frequencies are displayed in Fig. 10. It can be seen
that for Ωc1 = Ωc2 (a), the population inversion between dif-
ferent levels cannot occur. However, for Ωc2 � Ωc1 (b), and
Ωc1 � Ωc2 (c) population inversions between levels |3〉, |2〉
and |3〉, |1〉 occur respectively, and those between other lev-
els cannot occur. Physically, when Ωc2�Ωc1 or Ωc1�Ωc2,
most excitons transfer between levels |3〉, |2〉 and |3〉, |1〉, thus
most excitons are trapped in level |3〉.
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Fig. 10. (color online) Time evolutions of population inversion for the cases:
Ωc1 = Ωc2 (a), Ωc1�Ωc2 (b), and Ωc1�Ωc2 (c). The selected parameters
are same as those in Fig. 2.

4. Conclusion
In this paper, the transient and steady-state optical prop-

erties of two weak probe light beams in an exciton–biexciton
system are studied. The results show that amplifications, dis-

persions, and group indexes of the probe and signal fields can
be adjusted by the relative phase between applied fields and
the intensity of the coupling field. It is also shown that the
exciton spin relaxation can affect the transient behavior of the
medium. Our proposed model with flexible design and widely
adjustable parameters can provide a new possibility of techno-
logical applications in the light amplification and light prop-
agation between subluminal and superluminal speed in the
solid-state materials.
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