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In the implementation of CARS nanoscopy, signal strength decreases with focal volume size decreasing. A crucial
problem that remains to be solved is whether the reduced signal generated in the suppressed focal volume can be detected.
Here reported is a theoretical analysis of detection limit (DL) to time-resolved CARS (T-CARS) nanoscopy based on our
proposed additional probe-beam-induced phonon depletion (APIPD) method for the low concentration samples. In order
to acquire a detailed shot-noise limited signal-to-noise (SNR) and the involved parameters to evaluate DL, the T-CARS
process is described with full quantum theory to estimate the extreme power density levels of the pump and Stokes beams
determined by saturation behavior of coherent phonons, which are both actually on the order of ~ 10° W/ cm?. When the
pump and Stokes intensities reach such values and the total intensity of the excitation beams arrives at a maximum tolerable
by most biological samples in a certain suppressed focal volume (40-nm suppressed focal scale in APIPD method), the DL
correspondingly varies with exposure time, for example, DL values are 10> and 10> when exposure times are 20 ms and
200 ms respectively.
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1. Introduction

Coherent anti-Stokes Raman scattering (CARS) mi-
croscopy has proven to be a promising nonlinear optical tech-
nique that is capable of obtaining high-sensitivity and three-
dimensional images based on molecular vibrational spectrum
without labeling.!'3! As a nonlinear process, CARS enables
three-dimensional imaging with high spatial resolution, but it
is still limited by diffraction and thus cannot preferably visual-
ize the cellular interior. Several successful resolution enhance-
ment techniques in fluorescence microscopy open up possi-
bilities for imaging cells with spatial resolution significantly
beyond the diffraction limit.[*-% In comparison, even though
several schemes have been suggested recently for breaking
through the diffraction barrier in CARS microscopy, current
CARS implementations are yet unable to achieve nanoscale
resolution.”11 Among them, a theoretical approach termed
additional probe-beam-induced photon depletion (APIPD)!!!]
would make CARS microscopy extremely powerful, because
not only nanoscale resolution, but also broadband CARS spec-
tral signals of the interested molecules can be achieved simul-
taneously. However, APIPD method increases the resolution
by re-engineering the point spread function (PSF) of the sys-
tem, which implies that the useful signal photons correspond-
ingly decrease with the squeezed focal spot size decreasing.
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In other words, resolution enhancement is at the expense of
sensitivity. Besides, when CARS is used in biology, the in-
terested molecules are usually at a low concentration, which
makes the signal detection more difficult. For the low concen-
tration samples, the minimum concentration of an analyte that
can be identified, defined as the detection limit (DL), is a cru-
cial issue to be considered before the implementation of CARS
nanoscopy. To our knowledge, the analysis of DL for CARS
nanoscopy has not yet been discussed in publications, and so
far, the existing studies mainly aim at analyzing the sensitivity
about CARS and stimulated Raman scattering (SRS) for com-

(12-14] In this paper, we ana-

paring their sensitivity disparity.
lyze the detailed shot-noise limited signal-to-noise (SNR) and
several parameters relevant to evaluating the DL. We believe
that this analysis will be essential to the current development
of CARS nanoscopy.

In this work, we first analyze the shot-noise-limited SNR
for time-resolved CARS (T-CARS) nanoscopy based on the
proposed APIPD method, but signal strength in the suppressed
focal volume is still unknown. The semiclassical theory can
provide a concrete expression of the signal strength but fails
to define the intensity domains of the pump and Stokes beams.
Therefore, we turn to analyze the T-CARS process with full
quantum theory, which not only causes the CARS process
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to be remarkably simplified, but also successfully defines the
domains of the excitation intensities. Saturation of coherent
phonons imposes restrictions on the intensities of the pump
and Stokes beams, and the further increased intensities will not
generate any more coherent phonons. Photo-damage threshold
for living cells determines the total intensities of excitation
beams injected on the sample. In addition, the intensity re-
lation between the two probe beams determines the attainable
lateral resolution in APIPD. Besides the intensities of the exci-
tation beams, shot-noise-limited SNR is mainly determined by
the exposure time, the suppressed focal volume, and the con-
centration of the sample. Under the above conditions, DL of
T-CARS nanoscopy correspondingly varies with the exposure
time by taking an attainable resolution of about 40 nm in three
dimensions, for example. Theoretically speaking, longer ex-
posure time can progressively increase the shot-noise-limited
SNR. Nevertheless, longer exposure time leads to the face that
the SNR will not be shot-noise-limited, and application of
CARS in imaging biological samples restricts the employed
exposure time to a level of ten milliseconds, thus the DL in
such a nano-voxel will be thousands of target molecules.!!’]
If number of the interested molecules exceeds this limit, the
signal can be well detected from the noise fluctuation and the
construction of T-CARS nanoscopy will be certain.

2. Shot-noise-limited SNR of T-CARS nano-
scopy

CARS is not background-free.
resonance severely restricts the detection sensitivity and

The inherent non-
complicates spectral assignment. To suppress the non-
resonant background signal, a time-resolved scheme can be
employed.!'%-1°1 Without the non-resonant background, and
omitting the intensity noise of the laser pulses, the SNR of
the T-CARS nanoscopy is closely related to various noise con-
tributions, including shot noise, dark current noise, read-out
noise, etc., and expressed as

Ne

2 2 '
\/Gshot + Gdark + Greadout

SNR. = 1)

Both dark current and read noise follow Poisson statistical dis-
tribution as

Odark = G- F - \/13At, ()
Oshot = G- F- \/ﬁe- (3)

Here, G is the gain coefficient of the EMCCD, F is the noise
factor, Iy is the dark current, and Ar is the integration time.
The anti-Stokes photons generated from the suppressed focal
volume hit the detector’s photoreactive surface that produces
photoelectrons. The number of photoelectrons 7., is given by

ne = ng - O - G, where ny; is the useful signal’s photon num-
ber generated from the suppressed focal volume and Qf is the
detector’s quantum efficiency. As a result, the SNR, ratio be-
tween the signal strength and the background noise, can be
written in the following form:

SNR. = Ve Ot @

2
\/F2~IdAt+F2~nsr-QE+ (%)

High-performance detectors are usually cooled to a tem-

perature at which dark current noise Oy, as well as read
NOiSe Oreadout 1S Negligible. Therefore, for the non-resonant
background-free T-CARS system, the only remaining noise
source is shot noise Oy, Which follows the Poisson statis-
tical distribution and is equivalent to square-root of the signal
strength

SNR, ~

1
f V Asr Ok. (5)

Here, the shot-noise limit is reached in the ideal situation in
which the other various noise sources are omitted and only
the inherent shot noise remains. Consequently, 7,4ise approxi-
mately equals the shot noise of the system and scales as /n,.
SNR. is the shot-noise-limited SNR, which can be used to es-
timate the detective ability of a T-CARS nanoscopy. Usually,
CARS signal lies in the visible region, where detectors with
Ok greater than 90% are available.!?"!

In order to achieve a concrete expression of SNR, and
the involved parameters, expression of the anti-Stokes signal
strength in the suppressed focus is desired. The semiclassical
theory treats the coupling of quantum-mechanical atoms with
the classical electromagnetic field. In a semiclassical picture
of CARS, the response originates from the third order nonlin-
ear susceptibility, which is the sum of a resonant contribution
and a non-resonant electronic component. The detected sig-
nal strength, given by I, o< | 3|21 Islp, is proportional to the
square modulus of the total nonlinear susceptibility ) and
depends nonlinearly on incident intensity. There are no re-
strictions on the adopted laser intensities and three excitation
beams play the same role in the signal generation process. So
the signal strength, as well as the sensitivity can infinitely in-
crease with the growth of laser intensities. In fact, the signal
strength of CARS is at a higher laser power density level. Ex-
cessively high power will not contribute to the effective signal
generation any more but introduce photo-damage to the sam-
ple. The semiclassical theory fails to define the intensity do-
mains of the three excitation beams. Accordingly, in order to
circumvent the above shortcomings of the semiclassical the-
ory description, the full quantum mechanism model, in which
both the radiation field and the molecular system are quantum-
quantized, is provided in T-CARS. It can cause T-CARS pro-
cess to have a remarkably simplified result and define the in-
tensity domains of the pump and Stokes beams at the same
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time. It must be pointed out that the full quantum mechanism
description is effective only in T-CARS, which can be divided
into two individual steps, and is not suitable for the other four-
wave mixing processes.

In the following section, we analyze the T-CARS process
under the full quantum picture to obtain a detailed expression
of SNR, and several parameters in it.

3. Full quantum description of T-CARS

The full quantum picture of T-CARS process is depicted
in Fig. 1(a).
cited state and ground state respectively. For simplicity of

le) and |g) correspond to the vibration ex-

analysis, a single frequency model is provided. The laser
fields-the pump, Stokes, probe, and phonons (or molecules)
are all quantized. The whole CARS process can be divided
into two individual steps. In the first step, a coherent phonon
population is directly created by coherent Raman scattering
when a pump beam at frequency @ and a Stokes beam at
frequency s, with their frequency difference wy, — @ws tuned
to a Raman-active molecular vibration ®, arrive at the sam-
ple simultaneously via a high numerical aperture objective.
The process induces impulsively stimulated Raman scatter-
ing (ISRS), which is considered as the main mechanism of
coherent phonon generation.?'??! The coherent phonons are
bosons and do not obey an exclusion principle. They are in a
non-equilibrium state and in phase. In the second step, the
coherent phonons interact with a time-delayed probe beam
at frequency wp to generate a blue-shift anti-Stokes signal at
Wps = Wp + m,, leading to the separation of the CARS sig-
nal from the incident laser beams conveniently and efficiently
rejecting fluorescence. Delay time between coherent phonons
and probe beam is certainly much shorter than the vibrational
dephasing time.

Fig. 1. (color online) Energy level diagram of the two individual steps in
time-resolved coherent anti-Stokes Raman scattering (T-CARS). Left,
the first step, two excitation beams at frequency @y, and @s interacting
with the molecules. A great number of coherent phonons are gener-
ated when @, — ws coincides with the frequency difference between
the molecular vibrational levels |¢) and |g). Right, the second step,
coherent phonons interacting with the time-delayed probe photons, re-
sulting in a strong directional anti-Stokes signal.

Considering a molecule with just a single vibrational tran-
sition, the coherent phonon number per time unit in the first
ISRS step can be written as 2]
_ IsusV

haxsc

where n, indicates the coherent phonon number; the interac-

-I.gl, (6)

ny

tion volume V, which contains N molecules, is defined by
the diffraction-limited focal spot area Az, and the interac-
tion length [ parallel to the beam propagation direction; s
is the frequency of the Stokes light; /1, and Is, in the form of
Gaussian distribution, are average intensities of the pump and
Stokes beams respectively; g is the gain coefficient; (g denotes
the refractive index; A is the Plank’s constant. For g o< Ny (Ny
denotes concentration of the interested molecules), it is appar-
ent that the coherent phonon number is linearly dependent on
Np.

The phonon number is subjected to a saturation effect and
will not increase infinitely with the growth of incident light
power.!?*l The maximal coherent phonon number per pulse is
the molecule number in the focal volume. In other words, all
of the molecules in the focus are excited to a vibrational state.
e — SEST 1 gT <. ™

pulse

Here, ny  is the coherent phonon number per pulse. The

magnitude of the spot is roughly estimated to be 10~° cm?,
corresponding to a focal volume V of 8 x 10~!% cm?. The gain
coefficient is g ~ Ny x 10731 cm/W. From Egq. (3), we see
that saturation of coherent phonons causes the product of the
pump and Stokes intensities not to exceed about 10'® W2 /cm*.
Therefore in the first step of a T-CARS process, the pump
power density and Stokes power density at focus are both on
the same order of ~ 10° W /cm?. In principle, if the pump in-
tensity and Stokes intensity exceed such an extreme value, the
further increase of intensity will not contribute to the genera-
tion of the coherent phonons any more. In practice, however,
energies of the pump laser and Stokes laser may be higher than
that theoretical estimation due to the spectral broadening of
femtosecond laser pulses.

Hereafter, we analyze the second step in T-CARS process.
In the spontaneous Raman anti-Stokes process, the involved
lattice vibrations called incoherent phonons are thermally ex-
cited with a density function n, given by the Bose—FEinstein
distribution. In this case, oscillatory phases of the phonons
are completely random. Thus, individual oscillatory motions
are canceled out by each other. Spontaneous Raman scatter-
ing is an incoherent linear process and the incoherent signal is
randomly scattered to 47 solid angle, then the collected signal

is [25]

do
Py=N (M)A 1yl Qcoltection (®)
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where Pa represents the anti-Stokes power; I, is the incident
laser intensity; Qgolrection 1S the effective collection angle, and
(do/dQ), is the spontaneous Raman differential scattering
cross section. The scattered signal is proportional to the in-
cident laser intensity and the occupation number of the upper
Raman level. Unlike the spontaneous anti-Stokes Raman scat-
tering, the second step in T-CARS is via introducing probe
photons to interact with the coherent phonons, which are in a
non-equilibrium state and in phase. Delay time between co-
herent phonons and probe beam is certainly much shorter than
the vibrational dephasing time. Therefore, the relaxation of the
phonons is omitted, that is, all phonons are considered to have
chances to interact with the probe photons and the influence
of the delay time on the signal strength as well as the SNR
can be readily omitted. An important advantage of CARS
microscopy over spontaneous Raman scattering microscopy is
the fact that CARS signal is emitted into a 10~ sr range com-
pared with spontaneous Raman signal randomly scattered into
47 solid angle, which provides an important information that
scattering cross section doc for the interaction between co-
herent phonons and probe photons is estimated to be enhanced
by about five orders of magnitude.?® In some sense, coherent
process is equivalent to increasing the scattering cross section.
The coherent anti-Stokes photons are confined to such a small
solid angle that a condenser can almost completely collect the
forward propagating signal. For low concentration samples,
the distance between adjacent solute molecules is so great that
the energy of the coherent phonons cannot effectively trans-
mit from one molecule to another. Accordingly, in the second
step, the anti-Stokes signal strength is exclusively proportional
to the number of coherent phonons and thus linearly depen-
dent on the concentration of solute molecules. By comparing
with incoherent (spherical) spontaneous Raman process, we
calculate the number of the detected photons for coherent (di-
rectional) CARS in the repetition mode as

n}?XRS = ngulse -np - L8(7(; - Al frep- 9)

Afoc
In contrast, for high concentration samples, the coherent
phonon energy can freely transmit among solute molecules in
the focal volume, therefore in the second step, anti-Stokes sig-
nal strength is not simply proportional to the coherent phonon
number but also concerns with the molecule number. The
overall T-CARS process depends quadratically on concentra-
tion, hence the anti-Stokes photon number in the repetition
mode is

high , 1
nears = N-ni g —00C Ay, (10)

foc

high :
where n{%:q and ngspe denote anti-Stokes photon numbers

in the low and high concentration samples, respectively; np is

the photon number of the probe beam per pulse; At is expo-
sure time; N is the molecule number in the foci. The three
pulsed near-infrared excitation beams are tightly focused with
a 1.2-NA water-dipping lens for deeper penetration depth to
the spot area Ao In short, for nl"™ o N, the anti-Stokes
signal strength is strictly linearly and quadratically dependent
on concentration in the low and high concentration samples
respectively, which conflicts with the popular statements of
CARS signal, i.e., the anti-Stokes signal strength is consis-
tent to be quadratically dependent on concentration. The lin-
ear concentration dependence is especially beneficial to the
quantitative analysis of low concentration samples.>’3% In
the cross area between the low concentration and the high
concentration, the observed concentration dependence from
the relative experiments is neither quadratic nor linear, i.e.,
ncars =< N%, where 1 < o0 < 2. An experimental proof in
Fig. 2 shows the dependence of T-CARS signal strength on
the concentration of alcohol in pure water at C—H stretch band
(2900 cm~1).31:321 We record the signal intensity at each vol-
ume fraction 20 times to exclude the influence of signal fluc-
tuation. When volume fraction of alcohol gradually increases,
concentration dependence transforms from strictly linear to
sub-quadratic, until quadratic manner. It is apparent that when
volume fraction of alcohol in water is lower than 20%, the
concentration dependence is strictly linear. We prepare the
aqueous solutions of alcohol with smaller volume fraction in-
tervals to obtain a more accurate fitting result. This experiment
result consists with the theoretical analysis, and further differ-
ent samples will be prepared to verify the universality of the
theoretical analysis.

m  experiment
" L.5¢ linear fit |
5
% 1.2l sub-quadratic fit
o —— quadratic fit
S 0.9}
Al
~
2
= 0.6
=
5}
2 0.3f |
- J’ T
0 -—r“""u.‘, L ! L ! L " L 1
0 0. 0.4 0.6 0.8 1.0

Concentration (V,1/V)
Fig. 2. (color online) T-CARS intensities for increasing volume frac-
tions of alcohol in water at different volume fractions from 7% to 100%.

4. Results and discussion

From Egs. (1) and (9), shot-noise-limited SNR of T-
CARS nanoscopy in a low concentration sample, SNRI°¥, is
expressed as

1 . 1
SNRY™ = F\/n%““’w-nff' 700 Mfiep- Oz, (1D
Sr
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1
where ny %

is the number of coherent phonons per pulse
in the suppressed focal volume Vi, which corresponds to a
squeezed spot area Ay ~ Ar? and axial resolution improve-
ment [ and ny is the probe photon number in Vi;. An approx-
imation is made that ny is proportional to product of the peak
intensity (twice the average intensity) and the squeezed spot
area. The starting point of the approximation is the squeezed
spot area located in the very center of Airy disk.

To evaluate the shot-noise-limited SNR of T-CARS
nanoscopy in the low concentration samples, there are several
major parameters that must be taken into account. The first one
is the coherent phonon number that is determined by intensi-
ties of the pump and Stokes beams. The second is the probe
photon number from intensity of the Gaussian probe beam,
and the third is the suppressed focal volume. The last one is
exposure time A¢f. On the basis of the above discussion, we
can work out these parameters easily. Theoretically speaking,
longer exposure time and higher excitation intensities could
increase the CARS signal strength, and hence its SNR. How-
ever, as discussed above, the phonon saturation defines the
maximum pump intensity and Stokes intensity. Furthermore,
photo-damage concerns brings with a practical restriction on
how much power can be applied to the sample. The ultimate
size of the suppressed focal volume decides the reduced level
of the useful anti-Stokes signal and plays an important role in
SNR of T-CARS nanoscopy. In our previous work, the APIPD
method is proposed to effectively suppress the extension of
the focal spot and the full width at half maximum (FWHM) of
PSF, denoted by Ar, is worked out as

A 0.9 A
ansinoy/3 1K V31K 2nsina’

Here, the effects of the differences in refractive index and in

Ar:\/i

12)

wavelength among the pump, Stokes, and probe beams are
negligible, and the wavelength and refractive index both are
uniformly expressed as A and n. K describes the size of the
doughnut probe beam. If K tends to large enough, extent
of the focal spot can be substantially reduced, even down to
Since CARS signal in-
tensity is proportional to the product of the three excitation

the size of a molecule dimension.

beam intensities, the lateral resolution is ~ /3 times better
than that of the linear optical microscopy. In practice, imag-
ing with a focal power of 10 mW from a near-infrared 80-
MHz excitation produces excellent CARS signal levels while
photo-damage effects are kept at a minimal level for biolog-
ical samples.?33* Taking K ~ 50 to obtain a lateral resolu-
tion of ~40 nm for example and considering the maximum
additional probe beam intensity tolerable by most biological
samples, the maximum intensity of the Gaussian probe beam
injected on the sample is approximately ~ 2 x 10'° W /cm?.
The pulse repetition rate frep is 80 MHz and pulse duration

7 is 100 fs. For the attainable spatial resolution of ~ 40 nm
in three dimensions, the spot area is roughly Ag ~ 107! cm?
under a tight focus condition, corresponding to a focal volume
Vg ~ 6.7 x 10717 ¢cm3. For the representative C—H stretch
vibration around 2900 cm~! in biological molecule, partic-
ularly in lipids, the spontaneous Raman differential scatter-
ing cross section is 2.5 x 1072 c¢m? /molecule - sr, and then
the coherent scattering cross section doc is estimated as
2.5 % 1072 ¢cm? /molecule. Clearly, when intensities of the
three excitation beams reach their maxima to guarantee a de-
tectable signal (SNR, > \/§QE ~ 90%) for C-H stretch band
at 2900 cm™!, the theoretical DLs of T-CARS nanoscopy with
a spatial resolution ~ 40 nm in three dimensions vary with
exposure time in different manners correspondingly, as listed
in Table 1. Theoretically speaking, longer exposure time can
progressively increase the shot-noise-limited SNR. Neverthe-
less, the dark current noise is proportional to the integration
time, and longer exposure time results in the SNR that will not
be shot-noise-limited. Meanwhile, much too long exposure
time not only induces the photo-damage to sample, but also
restricts the ability of CARS to follow the dynamics of live
cells. Thus, application of CARS restricts the exposure time
to a level of ten milliseconds and the DL will be thousands of
target molecules in such a squeezed volume. The signal can
be well detected from the noise fluctuation only if the number
of the interested molecules exceeds this limit.

Table 1. Relationship between DL with exposure time.

Exposure time/ms DL
20 ~ 10°
200 ~ 107

5. Conclusion

In this work, a theoretical analysis of the DL for T-CARS
nanoscopy is reported based on our proposed APIPD method.
Via analyzing the T-CARS process with full quantum theory,
the detailed shot-noise-limited SNR and several major param-
eters in T-CARS nanoscopy are obtained. While the intensities
of the three excitation beams reach their maxima and imag-
ing living cells and organism restricts the exposure time to a
level of ten milliseconds, the DL will be thousands of target
molecules in a squeezed focal volume with spatial resolution
~ 4 nm in three dimensions. The signal can be well detected
from the noise fluctuation only if the number of the molecules
of interest exceeds this limit. It is believed that this theoreti-
cal work will be essential to the current development of CARS
nanoscopy.
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