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Finite-time sliding mode synchronization of chaotic systems∗
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A new finite-time sliding mode control approach is presented for synchronizing two different topological structure
chaotic systems. With the help of the Lyapunov method, the convergence property of the proposed control strategy is
discussed in a rigorous manner. Furthermore, it is mathematically proved that our control strategy has a faster convergence
speed than the conventional finite-time sliding mode control scheme. In addition, the proposed control strategy can ensure
the finite-time synchronization between the master and the slave chaotic systems under internal uncertainties and external
disturbances. Simulation results are provided to show the speediness and robustness of the proposed scheme. It is worth
noticing that the proposed control scheme is applicable for secure communications.
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1. Introduction
In recent years, chaos synchronization, one of the hot top-

ics in nonlinear science, has attracted much attention from
scientists from the fields of mathematics, physics and en-
gineering due to its wide and powerful applications in se-
cure communication,[1] network synchronization,[2] ecologi-
cal systems,[3] the human system,[4] telecommunications,[5]

laser dynamics,[6] power converters,[7] permanent mag-
net synchronous motors,[8] information processing,[9] and
many other fields.[10] Since Pecora and Carroll[11] proved
that chaotic systems could be synchronized and realized
a synchronization between chaotic circuits, a wide vari-
ety of control strategies have been proposed to synchro-
nize different chaotic systems, such as active control,[12]

backstepping control,[13] impulsive control,[14] intermittent
control,[15] adaptive control,[16] H∞ control,[17] projective
synchronization,[18] linear matrix inequality techniques,[19]

feedback control,[20] fuzzy logic control,[21] state observer
control,[22] and passive control.[23]

However, in many control schemes, the convergence time
cannot be assigned in advance. In other words, the slave sys-
tem cannot synchronize with the master system within a pre-
specified convergence time. From a practical point of view,
it is more advisable to realize synchronization within a pre-
specified convergence time. Taking the secure communica-
tion for example, if the designers know the convergence time,
they can know when the encrypted information can be re-
covered completely; moreover, if the synchronization can be
achieved within a shorter time, more valuable information can

be recovered. The finite-time control can achieve synchro-
nization within a given finite time and minimize the conver-
gence time. These advantages attract many scientists to study
the applications of the finite-time control in chaos synchro-
nization. Chuang et al.[24] used a simple linear control to
achieve synchronization between generalized Lorenz systems
within a finite time. Cai et al.[25] proposed a finite-time con-
trol scheme to realize synchronization between chaotic sys-
tems with different orders. Liu[26] designed a robust finite-
time controller to stabilize unified chaotic systems with certain
and uncertain parameters. Gholizadeh et al.[27] reported an op-
timized finite-time control to stabilize the chaotic oscillation
in a power system and proved that the proposed controller has
a faster convergence rate than a nonlinear conventional con-
troller. Aghababa and Feizi[28] investigated finite-time syn-
chronization between chaotic systems with model uncertainty
and external disturbance. Vincent and Guo[29] used an adap-
tive feedback control to achieve the finite-time synchroniza-
tion for a class of chaotic and hyperchaotic systems.

Combining the finite-time control with the sliding mode
control can take the advantages of the finite-time control in
minimizing the synchronization time and the advantages of
the sliding mode control in robustness and disturbance rejec-
tion. Therefore, the finite-time sliding mode control has at-
tracted many scientists’ attention. Wang et al.[30] used only
one finite-time terminal sliding mode control input to get rid
of unmatched uncertainties and the input nonlinearity in Liu
chaotic system. Wang et al.[31] designed a new fractional
terminal sliding mode controller to ensure the occurrence of
sliding motion within a finite time. A nonsingular terminal
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sliding mode control[32] has been proposed to tackle the sin-
gularity in the finite-time terminal sliding mode control, and
the adaptive finite-time sliding mode control[33] has been used
to suppress uncertain parameters and unknown disturbances
in chaotic systems. Liu et al.[34] introduced a fuzzy basis
function network to estimate the bound of the parameter un-
certainty as well as the disturbance, and used a global sliding
mode controller to realize synchrony.

In this paper, we propose a new finite-time sliding mode
control scheme to synchronize two different chaotic systems.
Compared with the conventional finite-time sliding mode con-
trol, which has the form ṡ = −k |s|α sign(s) as reported in
Refs. [28] and [35]–[38], our proposed control scheme has a
fast convergence rate as shown by theoretical derivation and
numerical simulation. The simulation results show the speed-
iness and the robustness of the proposed control strategy. Fi-
nally, we apply our control scheme to secure communications
and achieve satisfactory results.

The rest of this paper is organized as follows. The prob-
lem formulation and preliminaries are given in Section 2. In
Section 3, the finite-time sliding mode controller is designed
for synchronizing two chaotic systems. The simulation results
are presented to demonstrate the effectiveness of the approach
in Section 4. Section 5 contains the conclusion.

2. Problem formulation and preliminaries
Proposition 1 For any variable x with initial value x0 > 0,

if the dynamics of x satisfies

ẋ =−k1x− k2sign(x), k1,k2 > 0, (1)

or

ẋ =−k3 |x|α sign(x), k3 > 0,0 < α < 1, (2)

it will converge to the origin within a finite time.
Proof Defining a positive definite Lyapunov function as

V = 1
2 x2 and taking the time derivative of V along the trajecto-

ries of Eq. (1), we have

V̇ = xẋ =−k1x2− k2 |x| ≤ 0. (3)

Similarly, the derivative of V with respect to time along the
trajectories of Eq. (2) is

V̇ = xẋ =−k3 |x|α+1 =−k3(2V )(α+1)/2

= −cV (α+1)/2 ≤ 0, (4)

where c = k32(α+1)/2. Thus, the trajectories of x in Eqs. (1)
and (2) will converge to the origin within the finite time deter-
mined respectively by the following equations:

T1 =
1
k1

ln
(

k1x0 + k2

k2

)
, (5)

T2 =
|x0|1−α

k3(1−α)
. (6)

Proposition 2 For variable x with initial value x0 < e, if
k2 = k3 holds, the convergence time of x in Eq. (1) is shorter
than that in Eq. (2)

Proof From Eq. (5), we can obtain the following in-
equality:

T1 =
1
k1

ln
(

1+
k1x0

k2

)
<

1
k1

k1x0

k2
=

x0

k2
. (7)

Let T0 = x0/k2 and f (β ) = xβ

0 /β , then T0 and T2 can be ex-
pressed as

T0 =
f (1)
k2

, T2 =
f (1−α)

k3
. (8)

The differentiation of f (β ) is

d f
dβ

=
xβ

0 (β lnx0−1)
β 2 . (9)

When the initial condition satisfies x0 < e, for any β that sat-
isfies 0 < β < 1, the inequality d f/dβ < 0 holds.

When k2 = k3, the relationship between T0, T1, and T2 can
be obtained as T0 < T2 and T1 < T2.

Remark 1 Equation (4) is a common form of the finite-
time control; however, we prove that it does not take the least
time to reach the origin.

3. Synchronization of chaotic systems via a
finite-time sliding mode controller

3.1. Chaos synchronization under no disturbances or un-
certainties

Our goal is to design a finite-time sliding mode controller
for synchronizing different chaotic systems under no distur-
bances or uncertainties.

Consider two chaotic systems ẋ1 = A1𝑥+ f1(𝑥),
ẋ2 = A2𝑥+ f2(𝑥),
ẋ3 = A3𝑥+ f3(𝑥),

(10)

 ẏ1 = B1𝑦+g1(𝑦)+u1,
ẏ2 = B2𝑦+g2(𝑦)+u2,
ẏ3 = B3𝑦+g3(𝑦)+u3,

(11)

which are the master system and the slave system respec-
tively. Here xi ∈ 𝑥 and yi ∈ 𝑦 (i = 1,2,3) denote the system
states, and fi(𝑥) and gi(𝑦) (i = 1,2,3) are continuous nonlin-
ear smooth functions that satisfy the Lipschitz conditions:

| fi(x1)− fi(x2)| ≤ L1 |x1− x2|∀x1,x2 ∈ R for L1 > 0, (12)

|gi(y1)−gi(y2)| ≤ L2 |y1− y2|∀y1,y2 ∈ R for L2 > 0. (13)

Define the error between the master system and the slave sys-
tem as 𝑒= 𝑦−𝑥, then the error system can be described as ė1 = B1𝑦−A1𝑥+g1(𝑦)− f1(𝑥)+u1,

ė2 = B2𝑦−A2𝑥+g2(𝑦)− f2(𝑥)+u2,
ė3 = B3𝑦−A3𝑥+g3(𝑦)− f3(𝑥)+u3.

(14)

100504-2



Chin. Phys. B Vol. 23, No. 10 (2014) 100504

To stabilize the error system within a finite time, the sliding
surface can be constructed as

si(t) = ei(t)+ k1

∫ t

0
sign(ei(τ))dτ + k2

∫ t

0
ei(τ)dτ. (15)

Theorem 1 System (14) will converge to zero within a
finite time in the sliding motion.

Proof When system (14) is in the sliding motion, its
motion is confined to the sliding surface

S(t) = {e|s(e) = 0}, (16)

and satisfies the following condition:

ṡ(e) = 0, (17)

that is,

ėi =−k2ei− k1sign(ei), (18)

which can guarantee that the state trajectory ei stays on the
sliding manifold S(t) continuously. According to Proposi-
tion 1, the error system state variable ei(t) will converge to
zero within a finite time.

Theorem 2 Let the sliding surface be Eq. (15) and the
control input be

ui = Ai𝑥−Bi𝑦+ fi(𝑥)−gi(𝑦)

−k1sign(ei)− k2ei− k3sign(si)− k4si, (19)

then the state of error system (14) will reach the sliding surface
within a finite time.

Proof Taking the time derivative of si(t) yields

ṡi = ėi + k1sign(ei)+ k2ei =−k4si− k3sign(si). (20)

On the basis of Proposition 1, the error system state will
reach the sliding surface si(t) within a finite time.

3.2. Chaos synchronization under uncertainties and dis-
turbances

Adding internal uncertainties ∆ fi(x), ∆gi(y) and external
disturbances ds

i , dm
i to each term of the master system and the

slave system yields ẋ1 = A1𝑥+ f1(𝑥)+∆ f1(𝑥)+dm
1 ,

ẋ2 = A2𝑥+ f2(𝑥)+∆ f2(𝑥)+dm
2 ,

ẋ3 = A3𝑥+ f3(𝑥)+∆ f3(𝑥)+dm
3 ,

(21)

 ẏ1 = B1𝑦+g1(𝑦)+∆g1(𝑦)+ds
1 +u1,

ẏ2 = B2𝑦+g2(𝑦)+∆g2(𝑦)+ds
2 +u2,

ẏ3 = B3𝑦+g3(𝑦)+∆g3(𝑦)+ds
3 +u3.

(22)

Assumption 1 We assume that positive constants αi and
βi exist such that the internal uncertainties are bounded as fol-
lows:

|∆ fi(𝑥)| ≤ αi |xi| , |∆gi(𝑦)| ≤ βi |yi| . (23)

Assumption 2 We assume that the external disturbances
are bounded as follows:

|ds
i | ≤ Ds

i , |dm
i | ≤ Dm

i . (24)

The dynamics of the error system can be obtained by sub-
tracting Eq. (21) from Eq. (22)

ė1 = B1𝑦−A1𝑥+g1(𝑦)− f1(𝑥)+∆g1(𝑦)

−∆ f1(𝑥)+ds
1−dm

1 +u1,

ė2 = B2𝑦−A2𝑥+g2(𝑦)− f2(𝑥)+∆g2(𝑦)

−∆ f2(𝑥)+ds
2−dm

2 +u2,

ė3 = B3𝑦−A3𝑥+g3(𝑦)− f3(𝑥)+∆g3(𝑦)

−∆ f3(𝑥)+ds
3−dm

3 +u3.

(25)

To synchronize the systems within a finite time, we select
Eq. (15) as the sliding surface.

When system (25) is in the sliding motion, its motion sat-
isfies the following condition:

ėi =−k2ei− k1sign(ei), (26)

which can guarantee that the state trajectory ei stays on the
sliding manifold S(t)continuously. Consequently, by utilizing
Proposition 1, we can conclude that the error system state vari-
able ei(t) will be stabilized to zero within a finite time.

Accordingly, the control input can be formulated as

ui = Ai𝑥−Bi𝑦+ fi(𝑥)−gi(𝑦)

−(αi |xi|+βi |yi|+Ds
i +Dm

i )sign(si)

−k1sign(ei)− k2ei− k3sign(si)− k4si. (27)

Consider candidate Lyapunov function V = 1
2 s2

i . The deriva-
tive of V along the trajectory of system (25) can be calculated
as

V̇ = siṡi = si(ėi + k1sign(ei)+ k2ei)

= si(∆gi(𝑦)−∆ fi(x)+ds
i −dm

i

−(αi |xi|+βi |yi|+Ds
i +Dm

i )sign(si)

−k3sign(si)− k4si)

= si(∆gi(y)−∆ fi(x)+ds
i −dm

i )

− |si|(αi |xi|+βi |yi|+Ds
i +Dm

i )

−(k3 |si|+ k4s2
i )≤−(k3 |si|+ k4s2

i )≤ 0, (28)

which has the same form as that of Eq. (3). Therefore, we
prove that the state of system (25) will reach the sliding sur-
face and converge to the origin within a finite time.

Remark 2 Since the control law contains a discontinu-
ous sign function, it may induce a chattering phenomenon. In
order to avoid chattering, we replace sign function sign(x) by
continuous function x/(|x|+ ε), where ε is a sufficiently small
positive constant.[39] In the following simulations, we choose
ε = 0.001.
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4. Numerical simulations
In this section, three illustrative examples are given to val-

idate the speediness, robustness and feasibility of the proposed
finite-time sliding mode control scheme in synchronizing two
different chaotic systems. The simulations are performed us-
ing Matlab/simulink and ode45 solver that employs variable
step fourth and fifth order Runge–Kutta method.

4.1. Example 1: Synchronize chaotic systems with no dis-
turbances or uncertainties

In Ref. [40], Liu developed a new three-dimensional au-
tonomous chaotic system containing a quadratic term, which
evolved from Liu chaotic system.[41] In this example, we as-
sume the new chaotic system to be the master system and a
Lorenz system[42] to be the slave system.

The master system is given by
ẋ1 = 0.5(−x1)+ x2

2 ,

ẋ2 = 2.5x2− x1x3,
ẋ3 = x2−4x3.

(29)

The slave system is given by
ẏ1 = 10(y2− y1),
ẏ2 = 30y1− y2− y1y3,

ẏ3 =−
8
3

y3 + y1y2.

(30)

The initial values of the new chaotic system are selected
as (x1(0),x2(0),x3(0)) = (1.4,1.6,1.3), and the initial states
of the Lorenz system are chosen as (y1(0),y2(0),y3(0)) =
(1.8,1.9,1.5). The phase portraits of the two chaotic systems
are depicted in Figs. 1 and 2, respectively.
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Fig. 1. (color online) Phase portraits of the new chaotic system.
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Fig. 2. (color online) Phase portraits of the Lorenz chaotic system.

Subsequently, the sliding surface of the proposed finite-
time sliding mode control can be chosen as

si(t) = ei(t)+5
∫ t

0

ei(τ)

|ei(τ)|+ ε
dτ +10

∫ t

0
ei(τ)dτ,

(i = 1,2,3), (31)

and the control law can be derived as follows:

ui = Ai𝑥−Bi𝑦+ fi(𝑥)−gi(𝑦)−5
ei

|ei|+ ε

−10ei−5
si

|si|+ ε
−10si, (i = 1,2,3). (32)

The evolution of the synchronization errors of the pro-
posed finite-time sliding mode control strategy is illustrated
in Fig. 3. It can be observed that the synchronization errors
converge to zero rapidly, indicating that the trajectories of the
slave system rapidly track the trajectories of the master sys-
tem.

0 0.2 0.4 0.6 0.8 1.0
-0.2

0

0.2

0.4

0.6

t/s

e
1
↪ 

e
2
↪ 

e
3 e1 in conventional control scheme

e2 in conventional control scheme

e3 in conventional control scheme
e3 in proposed control scheme

e2 in proposed control scheme
e1 in proposed control scheme

Fig. 3. (color online) Evolutions of the synchronization errors be-
tween the new system and the Lorenz system in the conventional control
scheme (dashed lines) and the proposed control scheme (solid lines).

In order to show the advantage of the proposed control
scheme in the convergence rate, we compare our approach
with the conventional finite-time sliding mode synchroniza-
tion.

The sliding surface of the conventional finite-time sliding
mode control can be designed as

si(t) = ei(t)+σ

∫ t

0
|ei(τ)|µ

ei(τ)

|ei(τ)|+ ε
dτ,

(i = 1,2,3), 0 < µ < 1, (33)

and the control law can be defined as

ui = Ai𝑥−Bi𝑦+ fi(𝑥)−gi(𝑦)−σ |ei|µ
ei

|ei|+ ε

−σ |si|µ
si

|si|+ ε
, (i = 1,2,3). (34)

The parameter can be selected as σ = 5 and µ = 0.6.
Remark 3 When the trajectories are on the sliding sur-

face, the dynamic evolution of the error system states satisfies

ėi ≈−σ |ei|µ sign(ei). (35)

The differentiation of si(t) is

ṡi ≈−σ |si|µ sign(si). (36)
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According to Proposition 1, it follows that the error system
states will be attracted to the sliding surface and stabilized to
zero within a finite time.

The dashed lines in Fig. 3 show the synchronization er-
rors between the new chaotic system and the Lorenz system.
It is clear that our proposed control strategy can stabilize the
error system faster than the conventional control scheme. The
simulation results confirm the theoretical results.

4.2. Example 2: Synchronize chaotic systems under dis-
turbances

In order to show the robustness of the proposed control
scheme, we turn to the new chaotic system and the Lorenz
system under internal uncertainties and external disturbances.

The uncertain and perturbed new chaotic system is given
by 

ẋ1 = 0.5(−x1)+ x2
2 +∆ f1(𝑥)+dm

1 ,

ẋ2 = 2.5x2− x1x3 +∆ f2(𝑥)+dm
2 ,

ẋ3 = x2−4x3 +∆ f3(𝑥)+dm
3 ;

(37)

and the uncertain and perturbed Lorenz chaotic system is
ẏ1 = 10(y2− y1)+∆g1(y)+ds

1,
ẏ2 = 30y1− y2− y1y3 +∆g2(y)+ds

2,
ẏ3 =− 8

3 y3 + y1y2 +∆g3(y)+ds
3,

(38)

where ∆ fi(𝑥) and ∆gi(𝑥) are the internal uncertainties,
∆ f1(𝑥) = 0.15sin(t)x1, ∆ f2(𝑥) = 0.2sin(t)x2, ∆ f3(𝑥) =

0.25sin(t)x3, ∆g1(𝑦) = 0.1cos(t)y1, ∆g2(𝑦) = 0.15cos(t)y2,
∆g3(𝑦) = 0.1cos(t)y3; dm

i and ds
i are the external distur-

bances, dm
1 ,dm

2 , and dm
3 are uniformly distributed random

noises with an amplitude of 0.3 as illustrated in Fig. 4, ds
1,d

s
2,

and ds
3 are uniformly distributed random noises with an ampli-

tude of 0.5 as shown in Fig. 5.
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Fig. 4. (color online) Uniformly distributed random noises with an am-
plitude of 0.3.
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Fig. 5. (color online) Uniformly distributed random noises with an am-
plitude of 0.5.

By using Eq. (31) as the sliding surface, the control law
can be obtained as

ui = Ai𝑥−Bi𝑦+ fi(𝑥)−gi(𝑦)

−(αi |xi|+βi |yi|+Ds
i +Dm

i )
si

|si|+ ε

−5
ei

|ei|+ ε
−10ei−5

si

|si|+ ε
−10si, (39)

where α1 = 0.15, α2 = 0.2, α3 = 0.25, β1 = 0.1, β2 = 0.15,
β3 = 0.1, Ds

1
= Ds

2 = Ds
3 = 0.5, and Dm

1
= Dm

2 = Dm
3 = 0.3.

The proposed finite-time sliding mode control scheme is
used to synchronize the uncertain and disturbed new chaotic
system and Lorenz chaotic system. The evolution of the syn-
chronization errors are shown in Fig. 6. As can be seen
from Fig. 6, our proposed finite-time sliding mode control
scheme can suppress the disturbances and uncertainties effec-
tively and achieve the synchronization rapidly, which shows
the robustness of the proposed finite-time sliding mode con-
troller against internal uncertainties and external disturbances.

0 0.2 0.4 0.6 0.8 1.0
-0.2

0

0.2

0.4

0.6

0.8

t/s

e
1
, 
e

2
, 
e

3 e1
e2
e3

Fig. 6. Evolution of the synchronization errors between an uncertain
and disturbed new chaotic system and Lorenz chaotic system.

4.3. Example 3: Application in secure communication

In order to show that our control scheme can decrypt the
masked signal effectively, we consider three different gener-
ated signals with the same amplitude of one and the same fre-
quency of 0.1, i.e. sine-wave m1(t), square wave m2(t) and
triangular wave m3(t). These message signals are added to the
second state of the master system to produce noise-like signals
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shown in Figs. 8, 10, and 12, respectively. The resulting mes-
sage is transmitted to the receiver through an additive white
Gaussian noise communication channel with a signal-to-noise
ratio (SNR) of 40 dB. At the receiving location, there is a con-
troller to realize synchronization between the master system
and the slave system. The second state of the slave system is
subtracted from the resulting message and the message signal
can be recovered as shown in Figs. 9, 11, and 13, respectively.
The whole process is depicted in Fig. 7. The equations of the
sender are

ẋ1 = 0.5(−x1)+ x2
2 +∆ f1(𝑥)+(x2 +m(t)),

ẋ2 = 2.5x2− x1x3 +∆ f2(𝑥),
ẋ3 = x2−4x3 +∆ f3(𝑥);

(40)

and those of the receiver are
ẏ1 = 10(y2− y1)+∆g1(𝑦)+(x2 +m(t)+n(t))+u1,
ẏ2 = 30y1− y2− y1y3 +∆g2(𝑦)+u2,
ẏ3 =− 8

3 y3 + y1y2 +∆g3(𝑦)+u3,
(41)

where m(t) denotes the message signal and n(t) represents the
white Gaussian noise.
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Fig. 7. Block diagram of secure communication.
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Fig. 8. (color online) Time evolution of masked sine-wave signal.
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Fig. 9. (color online) Recovered sine-wave signal.
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Fig. 10. (color online) Time evolution of masked square-wave signal.
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Fig. 11. (color online) Recovered square-wave signal.
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Fig. 12. (color online) Time evolution of masked triangular-wave signal.
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Fig. 13. (color online) Recovered triangular-wave signal.

As can be seen from Figs. 9, 11, and 13, although the
recovered signals are slightly distorted due to the white Gaus-
sian noise interference, the information can still be decoded
from the recovered signals correctly. To compare the commu-
nication performances of the proposed control scheme and the
conventional control scheme in the context of channel noise,
we compute the bit error rates (BERs) for different SNRs. Fig-
ure 14 shows the results. It can be observed that the BER de-
creases monotonically with the increase of the SNR and the
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BER reaches zero at an SNR of about 10 dB for the proposed
control scheme. In comparison with the conventional finite-
time sliding mode control scheme, our scheme shows a good
BER performance. It follows that our control scheme achieves
satisfactory outcomes when applied to the secure communica-
tion.
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Fig. 14. (color online) BER versus SNR for the two schemes.

5. Conclusion
Optimizing the synchronization time is a challenging task

for the real applications of control theory. In this paper, we
propose a finite-time sliding mode control to realize the syn-
chronization between two different chaotic systems. We prove
that our control scheme has a faster convergence rate than con-
ventional finite-time sliding mode control which has the form
ṡ = −k |s|α sign(s). In order to show the effectiveness of our
control scheme, we first show that our control scheme takes
less time to synchronize a new chaotic system evolved from
the Liu system and a Lorenz chaotic system than the conven-
tional finite-time sliding mode control. Next, we synchronize
the new chaotic system and the Lorenz chaotic system with in-
ternal uncertainties as well as external disturbances and show
that our control scheme has strong robustness against internal
uncertainties and external disturbances. Finally, we apply our
control scheme to secure communications and achieve satis-
factory results.
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