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An adaptive fuzzy sliding mode strategy is developed for the generalized projective synchronization of a fractional-
order chaotic system, where the slave system is not necessarily known in advance. Based on the designed adaptive update
laws and the linear feedback method, the adaptive fuzzy sliding controllers are proposed via the fuzzy design, and the
strength of the designed controllers can be adaptively adjusted according to the external disturbances. Based on the Lya-
punov stability theorem, the stability and the robustness of the controlled system are proved theoretically. Numerical simu-
lations further support the theoretical results of the paper and demonstrate the efficiency of the proposed method. Moreover,
it is revealed that the proposed method allows us to manipulate arbitrarily the response dynamics of the slave system by
adjusting the desired scaling factor A; and the desired translating factor 1;, which may be used in a channel-independent

chaotic secure communication.
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1. Introduction

Even though the fractional calculus has more than a 300-
year history of being regarded as a mathematical topic, its
application to physics and engineering has attracted great at-
tention only in recent years. The fractional-order differen-
tial equation refers to an equation with the fractional order
or any order, thus it is a generalization of the integer order
differential equation. The fractional-order differential equa-
tion not only provides a new mathematical tool but also al-
lows us to describe and model a real object more accurately
than the traditional integer-order differential equation. It has
been found that many systems or phenomena in the natural
and social science can be described by the fractional-order dif-
ferential equations, such as an economical system,“] a visco-
elastic medium,?! solid materials with memory,?! dielectric
polarization!*! and electrode—electrolyte polarization. >’

As is well known, the synchronization and the gener-
alized projective synchronization (GPS) of a fractional-order
chaotic system are more complicated than those of an integer-
order system due to the complexity of the fractional-order
differential dynamical system. Recently, the synchronization
and the GPS of the fractional-order chaotic system have be-
come an active research field, and the various control tech-
niques have been reported for the synchronization and the GPS
of a fractional-order chaotic system. For example, several
scholars!6-81 used the active control technique for synchroniz-
ing the fractional-order chaotic system. Zhou and Zhu!®! in-
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vestigated the function-projective synchronization and Zhou
et al."% studied the muti-drive-one response synchroniza-
tion for the fractional-order chaotic systems. Peng!'!l and
Matouk!'?! adopted a linear feedback control scheme to syn-
chronize two identical fractional-order chaotic systems. Zhang
and Yang,!'3 Zhou and Ding,'¥ and Odibat!!>) designed the
adaptive controllers for the synchronization of two chaotic
fractional-order systems, respectively. Xin et al.l'® pro-
posed a linear controller for the GPS of the fractional-order
In Refs. [17] and

[18], the state-observer-based approach was proposed to re-

energy resource demand-supply system.

alize the GPS of the fractional-order chaotic system. Fur-
thermore, a sliding model technique was also adopted to de-
sign a controller for the GPS of the fractional-order chaotic
system. (19-21]

Among these above-mentioned methods, the fractional-
order chaotic system is assumed to be fully known and the
external disturbance is neglected. Thus, the above-mentioned
methods can be used only to solve the problems of the known
fractional-order chaotic systems with no external disturbances.

5122241 have investigated

Despite the fact that several scholar
the synchronization or the GPS of the uncertain fractional-
order chaotic system with the external disturbances recently,
it should be worth noting that these studies are valid only on
condition that part of the parameters in the fractional-order
chaotic system are unknown. However, from a practical point
of view, the master system or the slave system is likely to be

entirely unknown. In addition, one important purpose of the
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synchronization or the GPS is to use the chaos for achieving

[25.26] Since the master system and

the secure communication.
the slave system are always in a varying environment and dis-
turbed by some unknown factors from the environment, any
small perturbation to the chaotic system may result in a dras-
tic change in the behavior of the master system or the slave
system. Thus, it is significant to consider the effects of the ex-
ternal disturbances on the synchronization or the GPS of the
fractional-order chaotic systems. However, as far as we know,
few reports are related to the GPS of the entirely unknown
fractional-order chaotic system with the external disturbances.
Therefore, it is still a great challenge to design a novel con-
troller for the GPS of the entirely unknown fractional-order
chaotic system.

Inspired by the above work, in this paper we investigate
the GPS between a known fractional-order system (defined
as the master system) and an entirely unknown fractional-
order system (defined as the slave system) with external dis-
turbances. The main difficulty in reaching this goal is how
to overcome the negative effects of little knowledge about the
slave system and the external disturbances on the GPS. An
adaptive fuzzy sliding mode controller is designed to cope
with the above difficulty and construct the GPS of the entirely
unknown fractional-order chaotic system. First, we propose
the novel fractional-order sliding mode surfaces. Then, based
on the fractional-order Lyapunov stability theory, an adaptive
fuzzy sliding mode control law is derived to guarantee the oc-
currence of the sliding motion. Numerical simulations demon-
strate the efficiency and the wider applicability of the proposed
method and support the theoretical results of the paper. The
main highlights of this paper are as follows: 1) investigating
the GPS for the fractional-order systems when the slave sys-
tem is entirely unknown and subjected to the external distur-
bances; 2) considering the effects of the scaling factor A; and
the translating factor 1; on the GPS; 3) manipulating arbitrar-
ily the response dynamics of the slave system by adjusting the
desired scaling factor and the translating factor, which can be
used to build a channel-independent chaotic secure communi-

27281 and 4) verifying the good robustness of

cation system;|
the closed-loop system for the time-varying complicated ex-
ternal disturbances.

The rest of this paper is organized as follows. At first,
some definitions and the main theoretical results are presented
in Section 2. Subsequently, the main simulation results and
discussion will be given in Section 3. Finally, the conclusions

are drawn from the present study in the last section.

2. Generalized projective synchronization prob-
lem formulation

2.1. Definitions of fractional derivatives

The fractional calculus plays an important role in mod-
ern science. Both the Reimann-Liouville and the Caputo frac-
tional operators are used as the main tools. The Caputo frac-

tional derivative is defined in this paper as!*’!

D%x(t) = J" %" (1), a € (0,1),

where m = [a], i.e. m is the smallest integer that is not less
than o, x{™) is the m-order derivative in the usual sense, and
JB (B > 0) is the B-order Reimann—Liouville integral operator
given by the following equation:

1 t
Py = 5 | =0 ywax B >o,
0
where I'(+) is a Gamma function.

2.2. Main results
2.2.1. Generalized projective synchronization error sys-
tem
Consider a class of fractional-order chaotic system de-
scribed by

Diz=f(z,1) xR, (1)

where = = (x1,x2,...,x,)T is the state vector of the sys-
tem. f(z,t) = [fi(z,1),fo(2,0),.... [ (wat)]T e R, q=
(91,92,---,qn)", 0<gi<1 (i=1,2,...,n).

Now we define the master system as Eq. (1), and the slave
system as follows:

Dly=g(y,t)+bu+d, yeR™, 2

where y = (y1,2,...,y2)T € R™! is the state vector of the
slave system. g (y,t) = [g1(y.1).82 (.1),....8n (y.1)] €
R w = (ug,uy,...,u,)T € R™! is a control input, b =
diag(b1,by,...,b,) is the coefficients matrix of the con-
trol input w. The diag(-) is a diagonal function. d =
(dy,da,... ,d,,)T € R™! is the external disturbance. It is as-
sumed that |d;| < d < oo for all ¢, where d is not necessarily
known in advance.

The GPS error between Eqs. (1) and (2) is defined as fol-
lows:

e=y—Axr—m, (3)

where e = (eq,e2,...,e,)" € R, X\ =diag(A1,42,...,4,) €
RV andn = (N1, M2,..., M) T € RV,

Then, from Eq. (3), we can obtain the error dynamic equa-
tion as follows:

Dle=g(y,t)— Af(z,t)+bu+d. 4)
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The object of this paper is that for any given chaotic sys-
tem with the same dimensions, such as Egs. (1) and (2), the
adaptive fuzzy sliding mode controllers are designed in spite
of external disturbances, so that the asymptotic stability of sys-
tem (4) can be achieved in the sense that

lim e=0 and lim Dfe =0. 5)
—>Foo t—+oo

2.2.2. Design of adaptive fuzzy slide mode controller

For the error variables e and D¥e, we need to design a
proper switching surface to ensure the stability of system (4)
in the sliding modes. To reach this goal, the switching sliding
surface is defined as

i) =4 () +a [ @(Ddr, (=120, ©)
0

where c; is a positive constant. Then the first derivative of s;(t)
with respect to time ¢ is

$i(t) = gi(y.t) — Aifi(z,1) + biu;
+ d; + cie;, (i:1,2,...,n). @)

As is well known, when the system operates in the sliding

mode, it satisfies the following equations: %!

si(t)=0 and s;(r) =0, (i=1,2,...,n).
Therefore, the equivalent controller is obtained by
MiZb;l(—g,'—F},,'f,'—C,'e,'—d,'), (i:1,2,...,n). (8)

However, in real-world applications, if both the slave sys-
tem and the external disturbance d; are unknown, the equiva-
lent controller (8) fails. To control and identify the unknown
slave system (2) and the unknown external disturbances, the
fuzzy systems g;(y,1), b;, and d; are used to approach the func-
tions g;(y,?), b;, and d;, respectively. To do so, the fuzzy rules
of the fuzzy systems are defined as follows:

R(j): If y; is AY) and D%y, is AV,

then g; is GY) and b; is BV,

If 5; is CY), then h; is HU).

Based on the singleton fuzzifier, the product inference,
and the weighted average defuzzifier,?!! the fuzzy systems
8i(yi, D¥y:), bi(yi, D¥y;), and h;(s;) are respectively described
by

g =o€ (yi,Df'y;), by =B ¢ (yi,DI'y;) , and by = v p(s1),

where a;, B;, and ~y; vary with the designed adaptive update
laws. Both £(-) and ¢(-) are the fuzzy vectors and defined
respectively as follows:

&(yi, D'yi)

= (6(1)(yiaD;]iyi)>£(2)(yivD?iyi)7' .- >£(N)(yi,D?i)’i))T

and

where
My Ok ) (D)

£<j)(yi7inyi) = ; )
t PR Ky )k 0 (D i)

Oci) (8i)

D(g) = TV
o) Y 0ci (si)

with My (vi)» M) (D{'y;), and @ ;) (s;) being respectively the
membership functions of y;, D?" vi, and s;, and N is the number
of the fuzzy rules.

Thus, according to the linear feedback method, the con-
troller is redesigned as follows:

wi=b " (—gi+Nifi—ciei—hi), (i=1,2,...,n). (9)

To describe the new design and analysis, the following
optimization parameters are needed

o/ = argmin Supléi[(yi,D?iyi)lai}g(y,t)l, (102)
0;EQ, Vi€R

B = argmin |sup |b;[(y;,Dfy:)|Bi] —bi] ) (10b)

Biey, | Yi€R

~; = argmin |sup |f;(s; |vi ) — (d +5)Sgn(sl‘)], (10c)

Yi€Qy Si€ER

where i = 1,2,...,n; Qg, £, and Q, are the sets of a;, B;,
and ~y;, respectively; & is a small positive number; sgn(-) is a
symbol function.

The minimum approaching error is defined as follows:

wi=gi— & + (bi — b} ) uj;,

where & = & [(vi, Df'yi) |0y | and b} = bi [(vi, D"yi) B ]
Then equation (7) can be rewritten as

$i = gi— Aifi+biui + (bi — b;) ui + di + cie;

= gi—&i+ (bi—Dbi) ui — hi+d;

= gi— &+ (bi— b)) ui+ & — g+ (bf —bi) u;
+ i —hi— B+ d;

= wi+ (0" — o) €0, D) + (B = B) € i DIy
+ (% =) plsi) — By + di

= wi+ & €, Df'y;) + B € (vi, D yiui
+ 7 p(si) —hi +di,

where & = o — o, B = B — B and 7 = 77 —i.
Theorem 1 When g;(y,f), b;, and d; are unknown,
and f;(si|v;) = (d + 8)sgn(s;), (6 >0) and |dj| < d, (i =

S;i€ER
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1,2,...,n), if the controllers are designed as Eq. (9) and the
adaptive update laws satisfy the following equations:
& = risi€ (yi, Df'yi) ,
Bi = pisi€ (vi: D{'y:) ui, (11)
Vi = Pisi (i),
then systems (1) and (2) will obtain the GPS.

Proof Construct a Lyapunov error function in the fol-
lowing form:

V=YV, (12)

=1

where

V= %s +»; oy + AA—Bfﬁ, 7?% (13)

Then the first derivative of V; with respect to time ¢ is

. | 1 ~rx
Vi = S,'.S‘i-f—*(X?aj“r;ﬁ,Tﬁi

i

+ f?

= Si[Wi + 0 €(vi, Dfy;) +B-T€(yi,thiyi)Mi + 7 o(si)

1 o s
—a &+ Nﬂ+ ﬂ%

i

—/,’\l;k-f—d,']“r

~ . .
= siw;+ aiT {Sig()’hD?'Yi) + r_ai]

_ _ 1 = . 1.
+ B [sig(}’ithq[)’i)ui + p_ﬁi:| +7 {Siqb(si) T p%}
(4 8) Isil + disy

1
= swi+ & |5:£(vi, Di'y;) -G

_ _ . - 1.
+ B [&E (vi, D" yi)u; — pﬁl} +7 {Siﬂb(&') - p%}
— (di+8) |si| + disi, (14)
where &; = —d¢;, ﬁ; =B, and ¥ = — 7.

Substituting Eq. (11) into Eq. (14), we yield the following

equation:
(d_, + 5) |sil +disi < siw;+ (|di| —d; — 5) |si] -

311

Vi=siwi —

According to a fuzzy approaching theory,'”" an adaptive
update fuzzy system can accurately approach any unknown
system, so the minimum approaching error w; can approach
ZEero.

Therefore
V; < siwi+ (|di| —d;i — 8) |si| <0,

then

<
I
=
S.
IN
o

The V < 0 confirms the presence of the reaching
condition,*?! and means that s; approaches the switching sur-
face 5;, =0 (i = 1,2,...,n).
modes are asymptotically stable, it is clearly shown that the
[EIEme =0 and IETwae =0

Furthermore, since the sliding

error dynamic responses, i.e.

are satisfied.[>3] Hence, the proof is achieved completely.

3. Numerical simulations

In this section, in order to show the effectiveness of the
proposed scheme in the preceding section, the numerical ex-
amples about the GPS of the fractional-order chaotic sys-
tem will be provided. When numerically solving fractional-
order differential equations, we adopt the predictor—corrector
method. 34!

Five kinds of membership degree functions are used to
haze the error variables y; and D{y; (i = 1,2,...,n) and re-
spectively defined as follows:

() =exp - (+ 2)/ 23]
(@) =exp | (e 2)*/ 2.
b0 @) =exp |2/ 23],

s (2) =exp | (2 1’;)2/2’2} ,
b () = exp | <zg)2/;;} .

The membership degree functions of the switching slid-
ing surface s; (i = 1,2,3) are defined as follows:

ovm (z) =1/ [1+exp(5z+15)], @z0(z) =exp(—2?).,
and @py (z) = 1/[1+exp(5z—15)].

In the numerical simulations, o and B are both de-
fined as 25 x 1 vectors, and ¥ is defined as 3 x 1 vec-
tors, the initial values of a, 3, and vy are all set to be 0.1.
The initial conditions of the master system and the slave
(0.3,0.5,0.6)

respectively.

system are selected as (x;(0),x2(0),x3(0)) =
and (y1(0),y2(0),y3(0)) = (0.1,=0.1,-0.5),
(c1,¢2,¢3) = (2,5.5,4). The coefficient b is set as a unity ma-
trix, and the coefficients of the adaptive update laws are set
as (r1,r,r3) = (2,10,30), (p1, p2, p3) = (1000,200,30), and
(p1,p2,p3) = (1000,200,80), respectively.

3.1. Generalized projective synchronization between two
identical chaotic oscillators

Both the known master system and the unknown slave
system are the fractional-order chaotic Lorenz systems,[*3
which are described by the following equations:

D{'x; = 10(x2 — x1),

100501-4
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D;]Z)CQ =4x; + 5xp — x1x3,
D;BXj, = xpx3 — 8/3x3. (15)
Through the numerical simulations, one can find that sys-

tem (15) will exhibit the chaotic behaviors when (g1, ¢2,¢3) =
(0.97,0.92,0.96), which is shown in Fig. 1.

Fig. 1. (color online) Chaotic attractor and projections of the fractional-
order Lorenz chaotic system with (¢1,¢2,¢3) = (0.97,0.92,0.96).

3.1.1. Effectiveness and robustness of the proposed
scheme

To illustrate the effectiveness of the proposed methods,
figure 2(a) shows the temporal evolution of the GPS errors be-
tween the known master system and the unknown slave sys-
tem. One can find that the GPS asymptotically approaches
zero, which implies that the GPS between the known master
system and the unknown slave system can be indeed realized
even though the slave system is fully unknown. The time re-
sponses of the sliding surfaces s; (i = 1,2,3) are plotted in
Fig. 2(b). It is seen that the sliding surfaces asymptotically
converge to zero. The temporal evolutions of the applied con-
trol inputs u; (i = 1,2,3) are depicted in Fig. 2(c). Obviously,
the control inputs are feasible in practical applications because
they do not nearly contain harmful and frequent oscillations as

chattering.
Assume the time-varying external disturbances to be as
follows:
di(t)
0, +€10,3.5)U[6,7)U[9,10)U[11,12],
520107t £ [3.56),
=) Ssin0.2r, r€17,9),
3, r€[10,11),
(i=1,2,3). (16)

To verify and demonstrate the robustness of the controlled
system for the external disturbances, the time-varying exter-
nal disturbances (16) (as shown in Fig. 3(b)) are used to dis-
turb the unknown slave system. The GPS errors between the

known master system and the unknown slave system are de-
picted in Fig. 3(a). By comparing Fig. 3(a) with Fig. 2(a), one
can find that the GPS errors are hardly affected by the exter-
nal disturbances and asymptotically converge to zero, which
implies that the GPS between the known Lorenz system and
the unknown Lorenz system can be well realized even though
the unknown slave system is subjected to complicated exter-
nal disturbances. The temporal evolutions of the applied con-
trol inputs are depicted in Fig. 3(c). Obviously, by comparing
Fig. 3(c) with Fig. 3(b), one can find that the control inputs
u; (i=1,2,3) can be adaptively adjusted with the external dis-
turbances (16). Therefore the designed controllers (9) and (11)
can resist all kinds of external disturbances and the GPS is well
achieved. By the way, the GPSs shown in Figs. 2 and 3 are in-

deed the synchronization.

1.5
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Fig. 2. (color online) Without external disturbances, the GPS errors
when X = (1,1,1)T and n = (0,0,0)T.

100501-5



Chin. Phys. B  Vol. 23, No. 10 (2014) 100501
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Fig. 3. (color online) With external disturbances, the GPS errors be-
tween the known master system and the unknown slave system when
A=(1,1,1)T and n = (0,0,0)T.

3.1.2. Effects of A and 1) on GPS

From Figs. 2 and 3, one can easily observe that the un-
known slave system efficiently synchronizes with the known
master system through the proposed controllers (9) and (11)
when A = (1,1,1)T and n = (0,0,0)T. Another natural prob-
lem is whether the GPS between the known master system and
the unknown slave system is well achieved if we set the scal-
ing factor A; and the translating factor n; to be other values.
Thus, one can obtain the results in Fig. 4 (transient evolu-
tion is not plotted here). Figure 4 shows two cases for two
identical fractional-order chaotic Lorenz systems, where the
GPS is controlled to the desired factors as A = (—2,—1,2)T
and 1 = (—4,0,—5)" in Fig. 4(a) and A = (—1,—1,1)T and
n = (0,0,0)T in Fig. 4(b), respectively. From Fig. 4, one can
see that the state vectors of two synchronized systems evolve
in the following rules: (i) the absolute value of the scaling fac-
tor A; implies the ratio of the amplitudes of the vector y; of the
slave system to the amplitudes of the vector x; of the master

system; (ii) the state vector y; of the slave system and the state
vector x; of the master system evolve in the same (or opposite)
direction for the case A; > 0 (or A; < 0); and (iii) the absolute
value of the translating factor 1; implies the displacement of
the slave system relative to the master system in the positive
(or negative) direction of y; for ; > 0 (or m; < 0). Inciden-
tally, the GPS between the vector y; of the slave system and
the vector x; of the master system actually is synchronization
(or anti-synchronization) when A; =1 and 1; =0 (or 4; = —1
and 1; = 0), which is shown in Fig. 4(b). Since the scaling fac-
tor A; is independent of the translating factor 1;, the proposed
method allows us to manipulate arbitrarily the response dy-
namics of the unknown slave system by adjusting the desired
scaling factor A; and the desired translating factor 7;. There-
fore, this feature can be used to build a channel-independent
chaotic secure communication system. [27-28]

—20 10 Y

Fig. 4. (color online) Without external disturbances, chaotic attractors
and projections of the unknown slave system: (a) A = (=2, —1,2)T and
n= (74~0,75)T5 (b) A= (71771~, I)T and n= (070>0)T‘

3.2. Generalized projective synchronization between two
different chaotic oscillators
In order to illustrate further the effectiveness of the
proposed scheme, in this subsection, we consider the GPS
To do so, the
fractional-order chaotic Rossler system![*®! is introduced,

between two different chaotic oscillators.

which is described by the following equations:
DI'x; = —(x2 —x3),
DPxy = x1 +0.4x, a7
DFx3 = —10x3 +x1x3 +0.2.
Through the numerical simulations, one can find that sys-

tem (17) will exhibit the chaotic behaviors when (¢1,42,¢3) =
(0.97,0.92,0.96), which is shown in Fig. 5.

100501-6



Chin. Phys. B  Vol. 23, No. 10 (2014) 100501

0
—20 _920 1

Fig. 5. (color online) Chaotic attractor and projections of the fractional-
order Rossler chaotic system with (g1,42,¢3) = (0.97,0.92,0.96).

Figure 6 shows two cases with the different adjusting
factors (transient evolution is not plotted here), where the
known master system is defined as the fractional-order chaotic
Rossler system (17) and the slave system is defined as the en-
tirely unknown fractional-order chaotic Lorenz system (15).
One can easily observe that the GPS is controlled to the desired
adjusting factors as A = (—0.5,—1,2)Tand p = (2,3,—~1)Tin
Fig. 6(a)and A = (—1,—1,1)T and n = (0,0,0)" in Fig. 6(b),
respectively. These results show that the proposed method
in this paper is also valid for the GPS between two different
fractional-order chaotic systems, which implies the wider ap-
plication scope of the proposed method.

0
Yo —20_20 Y1

Fig. 6. (color online) Without external disturbances, chaotic attractors
and projections of the unknown slave system: (a) A = (—0.5,—1,2)T
andn = (2,3,-1)T; () A= (—1,-1,1)T and 5 = (0,0,0)T.

4. Conclusions

In this paper, we studied the GPS of the fractional-order
chaotic system, where the slave system is not necessarily
known in advance. Based on the designed adaptive update
laws, the fuzzy system and the sliding mode strategy have been
combined into an adaptive fuzzy sliding mode control strategy.
Based on the Lyapunov stability theorem, the stability and the

robustness of the controlled system were proved theoretically.
To illustrate further the effectiveness and feasibility of the pro-
posed method, we applied it to the fractional-order Lorenz sys-
tem and the fractional-order Rossler system. In comparison
with the previous methods, the proposed scheme in this paper
is remarkable. It is valid for the GPS of the fractional-order
systems even though the fractional-order slave system is en-
tirely unknown. Besides, it allows us to manipulate arbitrarily
the response dynamics of the slave system by adjusting the de-
sired scaling factors and the desired translating factors. These
prominent features can be used to build a channel-independent
chaotic secure communication system. Therefore, the results
of this paper are also very applicable and representative. We
hope our work can contribute to the GPS of the unknown
fractional-order chaotic system. As for a terminal technol-
ogy applied to the GPS of the fully unknown fractional-order
chaotic systems, we will discuss elsewhere.
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