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Excitations of optomechanically driven Bose Einstein condensates in
a cavity: Photodetection measurements
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We present a detailed study to analyze the Dicke quantum phase transition within the thermodynamic limit for an
optomechanically driven Bose–Einstein condensate in a cavity. The photodetection-based quantum optical measurements
have been performed to study the dynamics and excitations of this optomechanical Dicke system. For this, we discuss
the eigenvalue analysis, fluorescence spectrum and the homodyne spectrum of the system. It has been shown that the
normal phase is negligibly affected by the mechanical mode of the mirror while it has a significant effect in the superradiant
phase. We have observed that the eigenvalues and the spectra both exhibit distinct features that can be identified with the
photonic, atomic and phononic branches. In the fluorescence spectra, we further observe an asymmetric coherent energy
exchange between the three degrees of freedom of the system in the superradiant phase arising as a result of optomechanical
interaction and Bloch–Siegert shift.
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1. Introduction
The field of optomechanics has undergone rapid de-

velopment over the last decade with application in a wide
variety of systems ranging from vibrating microtoroids,[1,2]

membranes,[3] nanomechanical cantilevers,[4–9] vibration of
the suspended mirror[10,11] and ultracold atoms.[12–17] The
classical optomechanics is a well developed field of optical
engineering. In this field, the microelectromechanical sys-
tems form a vital component in high technology ranging from
iPhones to sensors. Moreover, the quantum control of me-
chanical motion has also been achieved for the first time in ion
traps.[18] The significant goal of the field of optomechanics is
to cool the optomechanical systems to their ground state.[19–23]

Braginsky[24] and Caves[25] performed pioneering work in this
field, in which it was anticipated that the back-action arises
due to the radiation pressure force applied by the light field
on the movable mirror. The quantum back-action imposed on
a suspended mirror using a triangular optical cavity has also
been observed very recently,[26] providing the next step for the
achievement of a quantum optomechanics regime. This radi-
ation pressure force leads to the interaction between intensity
of the optical field and the displacement of the moving mirror.
This interaction of optical and mechanical degrees of freedom
through radiation pressure has been used in the field of grav-
itational wave detectors[27,28] and laser cooling.[29–31] An op-
tomechanical system containing a Bose–Einstein condensate
(BEC) has also been examined.[32] Furthermore, many other
flexible systems involving BEC have been proposed, which

include realization of BEC on an atom chip,[33] the quantum
backreaction of quantum fluctuations in dilute BECs,[34] Lan-
dau damping of a low-energy collective mode in a harmoni-
cally trapped BEC,[35] and the atomic population oscillations
between two coupled BECs with time-dependent nonlinear in-
teraction in a double-well potential.[36] The dynamics of dark
solitons in a BEC with a magnetic trap and an optical lattice
trap[37] and bright solitons in a BEC with time varying scat-
tering length in a time-dependent harmonic trap[38] have also
been investigated. Moreover, the ground-state properties of a
system consisting of interacting bosons in a two-dimensional
isotropic harmonic trap using variational Monte Carlo analysis
has also been studied.[39]

In recent years, the advancement in the field of cav-
ity optomechanical systems opens the door towards signifi-
cant applications in the areas of quantum communications and
quantum information processing.[40–43] Recently, the phonon–
photon translator has been realized using silicon optome-
chanical crystal technology which can be utilized in both
classical optical communication and quantum information
processing.[40] The quantum information processing needs
qubits to serve as quantum memories for long-term storage
and for many applications to serve as quantum transmitters for
long-distance communication.[44] Optical modes or photons
are the natural source for the communication of quantum in-
formation over long distances.[45,46] On the other hand, acous-
tic excitations (phonons) can store information for an extended
period.[47] Cold and localized individual atoms have also been

†Corresponding author. E-mail: sonammahajan1987@gmail.com
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

100305-1

http://dx.doi.org/10.1088/1674-1056/23/10/100305
mailto:sonammahajan1987@gmail.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 10 (2014) 100305

proven as the natural choice in qubit memories and sources of
local entanglement in quantum information processing.[44,48]

Moreover, the Dicke model has also grabbed consider-
able attention for decades which describes the two-level sys-
tems or spins uniformly interacting with light.[49–53] If the
atom–light interaction exceeds a critical value then the Dicke
model undergoes a continuous phase transition to a state with
a non-vanishing photon number and discrete parity symme-
try breaking. The Dicke model is reviewed with its applica-
tions in quantum optics in Ref. [54]. Furthermore, a direct
implementation of a Dicke model Hamiltonian without any
additional diamagnetic terms can also be provided in atomic
experiments.[55] Moreover, it was noted that a dynamic ver-
sion of the superradiance transition in the Dicke model is
equivalent to the self-organization transition.[56–58] The quan-
tum phase transitions induced by the optical cavity field me-
diate long-range interactions among the atoms which may al-
ter their behavior. Recently, it has also been predicted that
a cloud of atoms with an extra transverse pump undergoes a
self-organization transition to a spatially modulated phase.[59]

It was experimentally proved using thermal clouds in an opti-
cal cavity.[60] The phenomenon of self-organization has been
recently observed in an experiment using a BEC in an optical
cavity.[56,57] This experimental setup gives rise to a new kind
of supersolid which is formed due to the spontaneous sub-
lattice symmetry breaking, coexisting with superfluid phase
coherence.[61–64] It uses an optical cavity in which atomic
states were replaced by the momentum states. Hence, the split-
ting between the states can be controlled by the atomic recoil
energy. This enables the observation of Dicke model transition
using light with optical frequencies.

Motivated by these interesting developments in the field
of cavity optomechanics and ultracold gases, we propose an
optomechanical system consisting of a two-level BEC within
a high-finesse optomechanical cavity with one movable mir-
ror. This system is used to study the theoretical analysis of
the dissipative optomechanical Dicke model quantum phase
transition within the thermodynamic limit. It is based on the
linearized treatment of quantum fluctuations in the Holstein–
Primakoff representation of the collective atomic spin and the
standard input–output theory of open quantum-optical sys-
tems. We primarily study the effect of the mechanical mode
of the oscillating mirror on the system dynamics with the vari-
ation in atom–photon coupling. The imaginary and real parts
of the eigenvalues are analyzed which demonstrates the quan-
tum phase transition of the system. We further present the
results for the cavity fluorescence spectrum that accounts for
the quantum fluctuations and the homodyne spectra that mea-
sures the fluctuation variances (or quantum noise variances) of
the cavity output field quadrature amplitudes. Both of the cav-
ity output field spectra vividly illustrate the changing nature

of the system through the critical region of the quantum phase
transition.

2. The basic model
The basic optomechanical system investigated here con-

sists of a high-finesse Fabry–Perot optical cavity of length L
with one fixed mirror and another movable mirror of mass m,
which is free to oscillate at some mechanical frequency ωm.
Experimentally, a single vibrational mode of the movable mir-
ror can be considered by using a bandpass filter in the detec-
tion scheme such that the other mechanical degrees of freedom
arising from the radiation pressure can be neglected.[65] In ad-
dition, our model involves an elongated cigar-shaped gas of
N two-level 87Rb BEC atoms having mass M and transition
frequency ωa. The schematic representation of the system is
illustrated in Fig. 1. The BEC atoms are strongly coupled to a
single one-dimensional quantized cavity mode of frequency
ωc. The optical cavity is coherently driven by an external
pump laser of frequency ωp from a direction perpendicular to
the cavity axis by acting as a constant source of photons for
the cavity.[56] For simplicity, we will consider the dynamics of
the system along the axis of the cavity only. The radial mo-
tion of BEC is freezed out by a tight harmonic potential of fre-
quency ωR such that its spatial dimension along the cavity axis
is taken into consideration only. The atom–pump detuning
∆a(= ωp−ωa) is assumed to be very large in order to suppress
the spontaneous emission of photons by the atoms since this
is a source of heat which can eventually destroy the conden-
sate. Here, the electronically excited atomic state is adiabati-
cally eliminated, which is justified for large atom-laser detun-
ing. As a result, an effective two-level system is formed with
two stable states: the atomic zero momentum state |p〉 = |0〉
and the excited momentum state |p〉 = |± h̄k〉 which are cou-
pled through a pair of distinct Raman channels.[55,56] Here, p
denotes the momenta along the cavity axis and k represents
the wave vector of the pump laser field. The effective atomic
transition frequency ω0 is twice the atomic recoil frequency
ωr = h̄k2/2M, namely ω0 = 2ωr. In our case, the measurement
of the field quadratures of the cavity mode can be performed
by homodyning the cavity output field using a local oscillator
with an appropiate phase.[66,67]

The simplest model of the system, involving all
the condensate atoms with different momentum states to
be identically coupled with the single-mode cavity field,
is provided by the following Hamiltonian in the dipole
approximation:[14,55,56]

H = h̄ωcc†c+ h̄ωmb†b+ h̄ω0Sz + h̄
g√
N
(c+ c†)(S++S−)

+ h̄ωcη0c†c(b+b†). (1)

In Hamiltonian (1), the first term describes the energy of
the cavity mode where c (c†) is the annihilation (creation) op-
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erator of the cavity mode such that [c,c†] = 1. The second term
gives the energy of the single vibrational mode of the mechan-
ical mirror with b (b†) as the annihilation (creation) operator
such that [b,b†] = 1. The third term represents the energy of
the condensate atoms. Here, the ensemble of N BEC atoms
is described by using the picture of a collective spin which is
basically the sum of effective spins 1/2 that simply describe
the internal degrees of freedom of each atom. The collective
atomic operators are expressed as

Sz = ∑
n
(|± h̄k〉n n〈±h̄k|− |0〉n n〈0|)

and
S+ = S†

− = ∑
n
|± h̄k〉n n〈0|,

with the index n labelling the atoms. These operators satisfy
the angular momentum commutation relations [S+,S−] = 2Sz

and [S±,Sz] =∓S±.

fixed mirror
movable 

mirror

detection

local oscillator

laser

BEC

cantilever

Fig. 1. (color online) Schematic representation of the setup. Figure
1 shows an optomechanical system with the Bose–Einstein condensate
confined in a high-finesse optical cavity driven by a transverse pump
laser. A local oscillator is also provided using the beam splitter for the
homodyne measurement of the light reflected by the cavity. Here one
of the cavity mirrors is movable.

The fourth term illustrates the interaction between the
condensate field and the light field with g being the collective
atom–photon coupling strength, which can be tuned in exper-
iment by varying the pump laser power.[56] We are neglecting
the contact interactions between the atoms of the condensate.
The last term in the Hamiltonian represents the nonlinear dis-
persive coupling between the intensity of the cavity field and
the position quadrature of the oscillating mirror which arises
due to the radiation pressure force exerted by the intra-cavity
photons on the movable mirror. This force exerted by the elec-
tromagnetic field on the movable mirror shifts the phase of the
field by 2k0Lm, where k0 is the propagation wave vector of
the cavity field and Lm denotes the displacement of the mirror
from its equilibrium position. It basically depends upon the
number of photons in the cavity. Here η0 denotes the non-
linear dispersive coupling between the intensity of the cavity

field and the position quadrature of the movable mirror with
η0 � 1. For simplicity, we assume that the movable mirror
has perfect reflectivity such that the light transmission from
the cavity takes place through the fixed mirror only. More-
over, no direct coupling between the condensate atoms and
cantilever is considered, which can be achieved by assuming
that only a few lattice sites are appreciably populated near the
center of the cavity.

We now turn to discuss the dynamics arising from this
model. Starting from the Hamitonian equation (1), the cou-
pled equations of motion for the operators Sz, S−, b, and c are
given as follows:

Ṡz = i
g√
N
(c+ c†)(S−−S+), (2)

Ṡ− =−iω0S−+2i
g√
N
(c+ c†)Sz, (3)

ḃ =−(γm + iωm)b− iωcη0c†c, (4)

ċ =−(γc + iωc)c− iωcη0c(b+b†)− i
g√
N
(S++S−), (5)

where γc denotes the cavity loss rate which arises due to the
leakage of photons through the mirrors. Also, the movable
mirror is damped with decay constant γm due to its interaction
with the environment. The condensate atoms are robust, thus,
we can neglect the effects of atom loss during the experimen-
tal time.[56] In particular, the equations of motion (2)–(5) are
invariant under the parity transformation

S±→−S±, c→−c, (6)

as in the well-known Dicke model. This symmetry is sponta-
neously broken on passing from the normal phase to the su-
perradiant phase.[53,56,57] Our starting point is the mean-field
analysis of the system which can be demonstrated by intro-
ducing the c-number variables Z ≡ 〈Sz〉, α ≡ 〈S−〉, β ≡ 〈b〉,
and γ ≡ 〈c〉, where Z, α , β , and γ are the population inver-
sion, atomic polarization, mirror mode and complex cavity
field amplitudes, respectively. It has already been investigated
using the coupled equations of motion (2)–(5) in our previous
work,[68] which shows that the steady-state solution displays a
bifurcation point at

g = gc ≡
1
2

√
ω0(γ2

c +ω2
c )

ωc
. (7)

Here, gc denotes the critical value of atom–photon cou-
pling strength. The steady-state solutions are evaluated with
the constraint that the pseudo-angular momentum W 2+ |α|2 =
N2/4 is conserved. While Zss =−N/2 and αss = βss = γss = 0
are the trivial steady state solutions for all values of g, they
are only stable for g < gc. For g > gc, these solutions are no
longer stable and new sets of stable steady-state solutions Zss,
αss, βss, and γss appear, which can be obtained from:

Z3
ss

[
g2η2

0 ∆(1−2𝜖1)

Ng2
c

]
+Zss

[
1−

Ng2η2
0 ∆(1−2𝜖1)

4g2
c

]
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+
Ng2

c

2g2 = 0, (8)

αss =±
√

N2

4
−Z2

ss, (9)

βss =
−ωcη0 | γss |2 (ωm + iγm)

γ2
m +ω2

m
, (10)

| γss |=±
[

N(γ2
c +ω2

c )

4g2α2
ss
−

4η2
0 ωmωc𝜖1

(γ2
m +ω2

m)

]−1/2

, (11)

γss =
−2igαss√

N[γc + iωc(1+2η0Re[βss])]
, (12)

where 𝜖1 = ω2
c /(γ

2
c +ω2

c ) and ∆ = 2ωmω0/(γ
2
m +ω2

m). Here
Zss, αss, βss, | γss |, and γss are the steady state population inver-
sion, polarization amplitude, mirror mode amplitude, absolute
value of cavity-field amplitude and cavity-field amplitude re-
spectively.

In the next section, we are going to discuss the Holstein–
Primakoff representation to derive the effective Hamiltonian
in the normal phase and in the superradiant phase within the
thermodynamic limit.

3. Thermodynamic limit
In the thermodynamic limit of N� 1, the optomechanical

Dicke Hamiltonian exhibits a quantum phase transition (QPT)
at a critical value of the atom–cavity field coupling strength
gc, at which point the parity symmetry of the Hamiltonian is
broken under S± →−S±, c→−c. We shall now derive two
effective Hamiltonians in order to describe this QPT, one to
describe the system in the normal phase (g < gc) and another
to describe it in the broken symmtery, superradiant phase (g >

gc). In this analysis, we make extensive use of the Holstein–
Primakoff representation by expressing the atomic spin opera-
tors in terms of bosonic mode operators a and a† ([a,a†] = 1)
such that S+ = a†(

√
N−a†a), S− = S†

+ = (
√

N−a†a)a, and
Sz = (a†a−N/2).[53,69]

Making these substitutions into the Hamiltonian of
Eq. (1), we obtain the following three-mode bosonic Hami-
tonian:

H = h̄ωcc†c+ h̄ωmb†b+ h̄ω0

(
a†a− N

2

)
+ h̄g(c+ c†)

[
a†

(√
1− a†a

N

)
+

(√
1− a†a

N

)
a

]
+ h̄ωcη0c†c(b+b†). (13)

The goal is to achieve the linearization about the semi-
classical amplitudes mentioned in the previous section under
the assumption N� 1. In the thermodynamic limit, quantum
fluctuations are small and can be treated in a linearized ap-
proach.

In the normal phase (g < gc), the semiclassical steady
states αss, βss, and γss are zero, thus, the expansion is made
directly on the operators a, b, and c. This yields an effective

Hamiltonian by simply neglecting terms with N in the denom-
inator in the full Hamiltonian (Eq. (13)) which approximates
the square root in the Holstein–Primakoff mapping with unity
and is given as:

H1 = h̄ωcc†c+ h̄ωmb†b+ h̄ω0a†a+ h̄g(c+c†)(a+a†). (14)

Additionally, to obtain the above Hamiltonian, we have
omitted the constant terms and retained the terms that are bi-
linear in bosonic operators in the full Hamiltonian of Eq. (13).

In the superradiant phase (g > gc), the semiclassical
steady states αss, βss, and γss are nonzero and all the three
bosonic modes a, b, and c acquire macroscopic occupations.
To do this, we start with the Holstein–Primakoff transformed
Hamiltonian of Eq. (13) and displace the bosonic modes in the
following way:

a→ d +
αss√

N(1+µ)

2

, b→ e+βss, c→ f + γss. (15)

Here αss, βss, and γss are given in Eqs. (9), (10), and (12)
respectively with d, e, and f describing the quantum fluctua-
tions around the semiclassical amplitudes. Moreover, we have
defined µ = g2

c/g2 < 1. Making these transformations within
the thermodynamic limit, we obtain the following Hamitonian
(omitting constant terms):

H2 = h̄x1d†d + h̄ωme†e+ h̄ω1 f † f + h̄x2(d +d†)( f + f †)

+ h̄x3(e+ e†)( f + f †)+ h̄x4(d +d†)2

+ h̄x5(d +d†)+ h̄x6(e+ e†)+ h̄x7( f + f †), (16)

where ω1 = ωc(1+2η0βss). The expressions for x1, x2, x3, x4,
x5, x6, and x7 are given in Appendix A. We now eliminate the
terms in H2 that are linear in bosonic operators by choosing
x5 = x6 = x7 = 0. This yields the final effective Hamitonian in
the superradiant phase as:

H2 = h̄x1d†d + h̄ωme†e+ h̄ω1 f † f + h̄x2(d +d†)( f + f †)

+ h̄x3(e+ e†)( f + f †)+ h̄x4(d +d†)2. (17)

Having derived the two effective Hamiltonians that de-
scribe the system for all g in the thermodynamic limit, we now
study the system’s properties in each of its two phases.

4. Eigenvalue analysis
In the normal phase (g< gc), the effective bilinear Hamil-

tonian (14) leads to the following coupled equations of motion
for the expectation values of a, b, and c:

〈ȧ〉=−iω0〈a〉− ig(〈c〉+ 〈c†〉), (18)

〈ḃ〉=−(γm + iωm)〈b〉, (19)

〈ċ〉=−(γc + iωc)〈c〉− ig(〈a〉+ 〈a†〉). (20)

In matrix form, it can be written as u̇1 = M1u1, where
u1 ≡ (〈a〉,〈a†〉,〈b〉,〈b†〉,〈c〉,〈c†〉)T and M1 is a constant 6×6
matrix given as:
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M1 =


−iω0 0 0 0 −ig −ig

0 iω0 0 0 ig ig
0 0 (−iωm− γm) 0 0 0
0 0 0 (iωm− γm) 0 0
−ig −ig 0 0 (−iωc− γc) 0
ig ig 0 0 0 (iωc− γc)

 . (21)

Similarly, in the superradiant phase (g > gc), the coupled equations of motion for the expectation values of d, e and f ,
obtained by using the effective quadratic Hamiltonian (17), are:

〈ḋ〉=−ix1〈d〉− ix2(〈 f 〉+ 〈 f †〉)−2ix4(〈d〉+ 〈d†〉), (22)

〈ė〉=−(iωm + γm)〈e〉− ix3(〈 f 〉+ 〈 f †〉), (23)

〈 ḟ 〉=−(iω1 + γc)〈 f 〉− ix2(〈d〉+ 〈d†〉)− ix3(〈e〉+ 〈e†〉). (24)

Thus, we can write it in a matrix form as u̇2 = M2u2 with u2 ≡ (〈d〉,〈d†〉,〈e〉,〈e†〉,〈 f 〉,〈 f †〉)T and the constant 6×6 matrix
M2 becomes:

M2 =


−i(x1 +2x4) −2ix4 0 0 −ix2 −ix2

2ix4 i(x1 +2x4) 0 0 ix2 ix2
0 0 (−iωm− γm) 0 −ix3 −ix3
0 0 0 (iωm− γm) ix3 ix3
−ix2 −ix2 −ix3 −ix3 (−iω1− γc) 0
ix2 ix2 ix3 ix3 0 (iω1− γc)

 . (25)

The eigenvalues of M1 and M2 are evaluated with the help
of MATHEMATICA 9.0. They are plotted as a function of
dimensionless atom–cavity field coupling strength (g/ωm) in
Fig. 2 for ωc =ωm =ω0, with the six eigenvalues grouped into
pairs. One of the pairs is associated with the atomic branch

(dot–dashed lines), another with the photonic branch (solid
lines) and the remaining one with the phononic branch (dashed
lines). Figures 2(a) and 2(b) represent the real part and the
imaginary part of the eigenvalues in the linearized Holstein–
Primakoff representation respectively. Figures 2(c)
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Fig. 2. (color online) Plot of the eigenvalues as a function of dimensionless atom–photon coupling strength (g/ωm). Figures 2(a) and
2(b) represent the real and imaginary parts of the eigenvalues respectively as a function of g. Figures 2(c) and 2(d) show the magnified
views of respective real and imaginary parts around g = gc = 0.5099ωm. Solid lines associate with the photonic branch, dot–dashed
lines with the atomic branch, and dashed lines with the phononic branch. The parameters used are ωc = ω0 = ωm, γc = 0.2ωm,
γm = 10−5ωm, N = 10, and η0 = 0.01.
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and 2(d) depict the magnified views of the respective real
and imaginary parts around the quantum phase transition at
g = gc. The phononic branch eigenvalues take on the con-
stant and imaginary values ±iωm with almost zero real parts
for all values of g (see Figs. 2(a) and 2(b)). In addition to gc,
there are two other significant atom–photon coupling strengths
g1 = 0.5050ωm and g2 = 0.5124ωm for the dispersive cavity
case (non-zero cavity decay rate). Figure 2(c) illustrates that,
as g approaches g1, the real parts of the eigenvalues associated
with the photonic branch split such that the real part of one
of the eigenvalues goes to zero at the phase transition point
gc. However, the imaginary parts of the corresponding eigen-
values become zero as g→ g1 and remain zero in the interval
g1 < g < g2 (see Fig. 2(d)). Further, note that for g > g2, the
eigenvalues on the photonic branch take on the nonzero imag-
inary parts once again. For large g, photonic branch eigenval-
ues approach the value −γc± iωc. In the case of the atomic
branch, figure 2(a) shows that the real parts of the eigenval-
ues above the critical point decrease with the increase in g and
approach zero value for large g. In correspondence, the imagi-
nary parts of the eigenvalues move away from the ±iω0 value
with an increase in g (see Fig. 2(b)). Moreover, no splitting is
observed in the real parts of the atomic branch eigenvalues for
all the values of atom–light coupling, which can be seen from
Figs. 2(a) and 2(c).

Thus, the eigenvalue analysis provides a first outlook of
the quantum fluctuations with the atom–light field coupling
which we will see in detail in the next sections by monitoring
the photons that leak out of the cavity.

5. Input output theory

In the previous sections, the equations of motion describe
the internal dynamics of the system. From now onwards, we
consider measurements on the light leaving out the system
through the cavity output mirror in order to probe this dy-
namic. To this end, we make use of the standard input–output
formalism[70–72] by introducing the cavity input and output
field noise operators cin(t) and cout(t) such that: for g < gc

cout(t) = (
√

2γc)c(t)− cin(t), (26)

and for g > gc,

cout(t) = (
√

2γc)( f (t)+ γss)− cin(t). (27)

The correlation functions for the input noise operators
are given in Appendix B. With the help of these cavity in-
put field correlations, the cavity output field correlation func-
tions can be calculated from Eqs. (26) and (27). The quantum
Langevin equations of the system by considering position and
momentum quadratures of the oscillating mirror, defined as
q1(t) = [b(t)+b†(t)] and p1(t) = i[b†(t)−b(t)] respectively,
for g < gc are:

ȧ(t) =−iω0a(t)− ig(c(t)+ c†(t)), (28)

ċ(t) =−(γc + iωc)c(t)− ig(a(t)+a†(t))+
√

2γccin(t), (29)

q̇1(t) = ωm p1(t), (30)

ṗ1(t) =−ωmq1(t)− γm p1(t)+W (t). (31)

Here W (t) = i
√

γm[ξ
†
m(t)−ξm(t)] satisfies the correlation

given in Appendix B, with ξm(t) representing the Brownian
noise operator arising due to the mechanical motion of the
movable mirror.

Similarly, for g> gc, the quantum Langevin equations are
given as:

ḋ(t)=−ix1d(t)− ix2( f (t)+ f †(t))−2ix4(d(t)+d†(t)),(32)

ḟ (t)=−(iω1 + γc) f (t)− ix2(d(t)+d†(t))

− ix3(e(t)+ e†(t))+
√

2γccin(t), (33)

q̇2(t)=ωm p2(t), (34)

ṗ2(t)=−ωmq2(t)− γm p2(t)−2x3( f (t)+ f †(t))+W (t), (35)

where q2(t) = [e(t)+ e†(t)] and p2(t) = i[e†(t)− e(t)] are the
respective postion and momentum quadratures of the movable
mirror. Now, we compute the quantum Langevin equations in
the Fourier space by using the following definitions of Fourier
transforms:

F(ω) =
1√
2π

∫
∞

−∞

e iωtF(t)dt, (36)

F†(−ω) =
1√
2π

∫
∞

−∞

e iωtF†(t)dt, (37)

where, F represents any of the operators a, b, c, d, e, f , cin or
W . Thus, the system operators in the frequency space take the
following form: for g < gc,

a(ω) =
−g

(ω0−ω)
[c(ω)+ c†(−ω)], (38)

c(ω) =

√
2γc

{[
{γc− i(ω +ωc)}(ω2−ω2

0 )−2iω0g2
]

cin(ω)−2iω0g2c†
in(−ω)

}
{γc− i(ω +ωc)}{γc− i(ω−ωc)}(ω2−ω2

0 )+4ω2
0 g2 , (39)

q1(ω) =
−ωmW (ω)

(ω2−ω2
m + iωγm)

, (40)

p1(ω) =
ωmq1(ω)−W (ω)

(iω− γm)
, (41)
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whereas for g > gc,

d(ω) =
−x2(x1 +ω)

[
f (ω)+ f †(−ω)

]
(x2

1 +4x1x4−ω2)
, (42)

f (ω) =

[
W (ω){2A4(ω)A3(ω)+ iA4(ω)A2(ω)}+

√
2γcA5(ω)A2(ω)cin(ω)+2i

√
2γcA5(ω)A3(ω)c†

in(−ω)
]

(A1(ω)A2(ω)−4A2
3(ω))

, (43)

q2(ω) =
ωm

(ω2−ω2
m + iωγm)

×
[
2x3
{

f (ω)+ f †(−ω)
}
−W (ω)

]
, (44)

p2(ω) =
ωmq2(ω)+2x3

{
f (ω)+ f †(−ω)

}
−W (ω)

(iω− γm)
. (45)

The expressions for A1(ω), A2(ω), A3(ω), A4(ω), and
A5(ω) are given in Appendix C. In the next section, we study
the fluorescence spectrum of the cavity output field in each of
the two phases, namely, the normal phase and the superradiant
phase.

6. Fluorescence spectrum
Fluorescence spectrum (or power spectrum) is propor-

tional to the probability of detecting a photon of frequency ω

at the cavity output. It basically consists of an incoherent part
that accounts for quantum fluctuations, a coherent part that
represents the mean excitation of the intracavity field and the
semiclassical steady state amplitude γss. The photon flux mea-

sured outside the cavity can be expressed as 〈c†
out(t)cout(t)〉.

Thus, the incoherent part of the cavity fluorescence spectrum
can be defined as:

S(ω)2πδ (ω +ω
′) = 〈c†

out(−ω),cout(ω
′)〉. (46)

It can be computed using the solutions to the quantum
Langevin equations (39) and (43) and the input–output rela-
tions

cout(ω) = (
√

2γc)c(ω)− cin(ω), (47)

g < gc, and

cout(ω) =
(√

2γc

)
[ f (ω)+

√
2πγssδ (ω)]− cin(ω), (48)

g > gc. Thus, using the correlations given in Appendix B, the
incoherent part of the cavity fluorescence spectrum in the nor-
mal phase (g < gc) becomes:

S(1)(ω) =
32πγ2

c g4ω2
0

2πB1(ω)B†
1(ω)

. (49)

Similarly, in the superradiant phase (g > gc), it is given
as:

S(2)(ω) =
2γc[B2(ω)+B3(ω)+B4(ω)+B5(ω)+B6(ω)]

2π [A1(−ω)A2(−ω)−4(A3(−ω))2]
[
A†

1(−ω)A†
2(−ω)−4(A†

3(−ω))2
] . (50)

The values of B1(ω), B2(ω), B3(ω), B4(ω), B5(ω), and
B6(ω) are mentioned in Appendix C. The incoherent part of
the fluorescence spectrum is plotted in Fig. 3 for four different
values of atom–photon coupling strength g = 0.4ωm (plot (a)),
g = gc (plot (b)), g = 0.6ωm (plot (c)), and g = 0.7ωm (plot
(d)). For a particular value of g, the positions and widths of
the spectral peaks are determined by the eigenvalues discussed
in Section 4, which can be clearly seen from Figs. 2 and 3.
Below the transition point, the central and outer doublets are
observed which are associated with the photonic and atomic
branch eigenvalues respectively (see Fig. 3(a)). As g→ gc,
figure 3(b) illustrates that the spectral peaks corresponding
to the photonic branch doublet merge and form a single nar-
row peak at ω = 0. The intensity under this peak diverges at
g = gc. Above the transition point, a pair of photonic branch
doublets appears again (see Figs. 3(c) and 3(d)). In this case,
the spectrum exhibits another pair of doublets associated with
the phononic branch appearing in between the photonic and
atomic doublets. The presence of the three pairs of doublets
in the fluoresence spectra of the cavity output field above the
critical point is due to the coupling between the cavity field
fluctuations, condensate fluctuations (Bogoliubov mode) and

the mechanical mode fluctuations. This coupling between the
three modes leads to the splitting of the normal mode into three
modes (normal mode splitting (NMS)) on both the positive fre-
quency side and the negative frequency side, which is clearly
indicated by the presence of six spectral peaks in Figs. 3(c)
and 3(d). Normal mode basically refers to the mode character-
izing a small deviation of the field from its steady state. NMS
involves driving three parametrically coupled nondegenerate
modes out of equilibrium which further indicates the coherent
energy exchange between the mechanical mode, cavity mode
and the Bogoliubov mode. This energy exchange should take
place on a time scale faster than the decoherence of each mode.
Another vital observation apparent from Figs. 3(c) and 3(d) is
the asymmetric coherent energy exchange between the three
bosonic modes (mechanical mode, cavity mode and the Bo-
goliubov mode) with the change in sign of ω in the superra-
diant phase (g > gc). As the atom–photon coupling increases,
the effect of counter-rotating components for the atomic sys-
tem becomes perceptible. When the counter-rotating com-
ponents are taken into consideration, a driving field resonant
with the two-level transition is no longer resonant due to the
Bloch–Siegert effect.[73–75] Moreover, the motion of the me-
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chanical resonator via radiation pressure also changes the cav-
ity’s resonance frequency. Such an off-resonant field results
in asymmetric Autler–Townes splitting in the presence of op-
tomechanical coupling, which can be clearly seen in Figs. 3(c)
and 3(d). This asymmetry increases with the increase in atom–
cavity coupling. This is the most important result that we have
observed in this paper. However, in the absence of optome-
chanical interaction, symmetric Autler–Townes splitting ap-
pears for all values of g.[55]

Figures 3(c) and 3(d) further show that the positions of
the phononic branch peaks do not change with the increase in
atom–cavity coupling. It is because of the fact that the eigen-

values associated with the phononic branch remain constant at
±iωm for all values of g. Moreover, it is observed that the
atomic branch peaks move linearly apart and become increas-
ingly sharp with the increase in atom–cavity coupling. Far
above the critical point, the photonic branch peaks approach
the cavity mode resonance frequency ω =±ωc =±ωm. Also
note that, below the critical point, the nonexistence of the
peaks of the phononic branch doublet is due to the absence of
the optomechanical coupling in the normal phase. In the next
section, we investigate the homodyne spectrum of the cavity
output field in both the phases, i.e. normal phase and superra-
diant phase.
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Fig. 3. Plot of the incoherent part of the fluorescence spectrum S(ω) for different values of atom–cavity field coupling strength g = 0.4ωm (plot
(a)), g = gc = 0.5099ωm (plot (b)), g = 0.6ωm (plot (c)), and g = 0.7ωm (plot (d)). The other parameters used are ωc = ω0 = ωm, γc = 0.2ωm,
γm = 10−5ωm, N = 10, kBT/h̄ωm = 104, and η0 = 0.01.

7. Homodyne spectrum

Homodyne spectrum basically measures the quadrature
noise (fluctuation) variances in the Fourier space of the out-
put field quadrature amplitudes. The output field quadrature
operator in time space can be given as:

Qout,θ (t) =

[
cout(t)e−iθ + c†

out(t)e iθ
]

2
, (51)

where θ represents the quadrature phase. In the Fourier space,
it becomes:

Qout,θ (ω) =

[
cout(ω)e−iθ + c†

out(−ω)e iθ
]

2
. (52)

The homodyne spectrum for the output cavity field
(Sout,θ (ω)) in the normally ordered form can be defined
as:[70,72]

Sout,θ (ω)2πδ (ω +ω
′) = 〈Qout,θ (ω),Qout,θ (ω

′)〉, (53)

which can be evaluated by using the solutions for the intracav-
ity fields (39) and (43) and the input–output relations (47) and
(48).

Hence, with the help of correlations given in Appendix B,
the homodyne spectra in the normal phase becomes:

S(1)out,θ (ω) =
e−2iθC1(ω)+C2(ω)+C3(ω)+ e2iθC4(ω)

4×2π
.

(54)

100305-8



Chin. Phys. B Vol. 23, No. 10 (2014) 100305

Similarly, the expression for the homodyne spectra in the
superradiant phase becomes:

S(2)out,θ (ω) =
e−2iθ D1(ω)+D2(ω)+D3(ω)+ e2iθ D4(ω)

4×2π
.

(55)
The expressions for C1(ω), C2(ω), C3(ω), C4(ω),

D1(ω), D2(ω), D3(ω), and D4(ω) are illustrated in Ap-
pendix D. Figure 4 represents the homodyne spectrum (or
quadrature noise spectrum) Sout,θ (ω) for four different values
of atom–photon coupling strength g = 0.4ωm (plot (a)), g = gc

(plot (b)), g = 0.6ωm (plot (c)), and g = 0.7ωm (plot (d)) with
θ = 0 (solid line) and θ = π/2 (dashed line). Here also, we
have chosen the same set of values of atom–photon coupling
strength to correspond to Fig. 3. The numerical results for
the quadrature phase θ = 0 and θ = π/2 are well presented
in the figure. For θ = 0, some of the observations in the ho-

modyne spectra as a function of g are the same as those dis-
played in the fluorescence spectra. The lower frequency peaks
are associated with the photonic branch, the higher frequency
peaks with the atomic branch and the intermediate frequency
peaks with the phononic branch. As the atom–photon coupling
strength approaches its critical value gc, the phase transition is
signaled by a divergence of the quadrature amplitude fluctu-
ations at ω = 0 for both of the quadrature phases θ = 0 and
θ = π/2 (shown in Fig. 4(b)). Figure 4 further shows that
the photonic and atomic spectral peaks in the noise spectrum
get inverted at the θ + π/2 quadrature phase. However, the
spectral peaks corresponding to the phononic branch overlap
for both of the quadrature phases θ = 0 and θ = π/2. Thus,
the quantum noise variances or the fluctuation variances of the
output field quadrature amplitudes can be effectively measured
with the help of the homodyne spectra.
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Fig. 4. (color online) Plot of the homodyne spectrum Sout,θ (ω) for different values of atom–photon coupling strength g = 0.4ωm (plot
(a)), g = gc = 0.5099ωm (plot (b)), g = 0.6ωm (plot (c)), and g = 0.7ωm (plot (d)) with θ = 0 (solid line) and θ = π/2 (dashed line).
The other parameters used are ωc = ω0 = ωm = 1, γc = 0.2ωm, γm = 10−5ωm, kBT/h̄ωm = 104, N = 10, and η0 = 0.01.

Further note from Fig. 4 that Sout,θ (ω) = 0.25 cor-
responds to the shot-noise limit, which is frequency-
independent. Thus, it can be clearly inferred from the figure
that Sout,0(ω) exhibits squeezing (i.e. < 0.25) on the atomic
branch while Sout,π/2(ω) exhibits squeezing on the photonic
branch. Hence, the homodyne spectra of the output cavity
field can be used to determine the variance-based measures of
atom–cavity field entanglement, which has been shown briefly

in a recent paper.[55] Note that the symmetry of the homodyne
spectra is ensured by the energy conservation such that the
values of S(1)out,θ (ω) and S(2)out,θ (ω) remain unaffected with the
change in the sign of ω .

Now, the experimentally realizable parameters used in
the main paper to demonstrate the dynamics of the sys-
tem are illustrated as follows. The mechanical frequency of
the mirror in an optomechanical system can be varied from
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2π × 100 Hz,[76] 2π × 10 kHz,[77] to 2π × 73.5 MHz[78]

with the corresponding damping rate from 2π × 10−3 Hz,[76]

2π × 3.22 Hz,[77] to 2π × 1.3 kHz.[78] The cavity field can
have damping rate 2π × 1.3 MHz[12] (2π × 0.66 MHz[13]).
A cloud of BEC interacting with the light field of a high-
finesse Fabry–Perot cavity may have a coherent coupling
strength of 2π × 10.9 MHz[12] (2π × 14.4 MHz[13]), which
is significantly larger than the cavity decay rate. It thus
places the system firmly in a regime where the Hamilto-
nian dynamics dominate. The high-finesse optical cavity
is used to minimize the loss of photons through the cav-
ity mirrors in order to have strong atom–cavity field cou-
pling. The mirror–photon coupling rate is 2π × 2.0 MHz.
In fact kBT/h̄ ' 1011 s−1 even at cryogenic temperatures,
thus, it is always much larger than all the other parameters.
Hence, even for high values of ω , one can safely approximate
(γmω/ωm){1+ coth[(h̄ω)/(2kBT )]} ' (2γmkBT )/(h̄ωm). In
typical optomechanical experiments, the limit h̄γm� h̄ωm�
kBT is always taken into account.[79–82] Also, in a regime of
strong-coupling cavity quantum electrodynamics, the critical
regime of the Dicke model can be realized with just a few
atoms.[83–85]

8. Conclusion
In conclusion, we have analyzed a dissipative optome-

chanical Dicke model in the thermodynamic limit for the de-
tailed study of quantum phase transition involving a collec-
tive atomic pseudospin, a single quantized mode of the elec-
tromagnetic field and a single quantized mechanical mode of
the movable mirror. In the eigenvalue analysis of the system,
six eigenvalues have been obtained which are grouped into
three pairs, associated with the photonic, atomic and phononic
branches. The phononic mode eigenvalues remain constant
and imaginary for all the values of atom–photon coupling
strength. For the parameter regime we have considered the
fluorescence spectra and the homodyne spectra, which exhibit
normal mode splitting and therefore shows the coherent en-
ergy exchange between the different modes (photonic mode,
Bogoliubov mode and the mechanical mode) of the system.
Such a scheme provides potential applications in optical com-
munication and quantum information processing. Moreover,
both the spectra display striking behavior in the vicinity of
the critical point. The most interesting observation in the
fluorescence spectrum is the asymmetric coherent energy ex-
change between the three modes of the system in the super-
radiant phase. Such an asymmetry arises in the presence of
optomechanical interaction as a result of the Bloch–Siegert
shift and this asymmetry increases as the atom–photon cou-
pling strength increases. Also, the homodyne spectra of the
output cavity field can be used to monitor the atom–cavity field
entanglement.
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Appendix A

The coefficients in Eq. (16) are given as follows:

x1 = ω0−
2
√

2αssRe[γss]g

N
√

x8(1+µ)
, (A1)

x2 = g
√

x8

N

(
1− 2α2

ss

x8N(1+µ)

)
, (A2)

x3 = ωcη0Re[γss], (A3)

x4 =−2gαssRe[γss]

√
x8

N

×

 1
x8
√

2N(1+µ)
− α2

ss

4x2
8

{
N(1+µ)

2

}3/2

 , (A4)

x5 =
ω0αss√

N(1+µ)
2

+2gRe[γss]

√
x8

N
− 4Re[γss]α

2
ssg

N(1+µ)
√

x8N
, (A5)

x6 = ωmRe[βss]+ωcη0(Re[γss])
2, (A6)

x7 = ω1Re[γss]+
2gαss

√
2x8

N
√

1+µ
, (A7)

where,

x8 = N− 2α2
ss

N(1+µ)
. (A8)

Appendix B

The cavity input noise operators satisfy the following
correlations:[86]

〈cin(t),cin(t ′)〉= 〈c†
in(t),cin(t ′)〉= 0, (B1)

〈cin(t),c
†
in(t
′)〉= δ (t− t ′). (B2)

The noise operator due to the Brownian motion of the mir-
ror follows the following correlation:[67,86]

〈W (t)W (t ′)〉= γm

ωm

∫ dω

2π
e−iω(t−t ′)

ω

[
1+ coth

(
h̄ω

2kBT

)]
,

(B3)

where kB is the Boltzmann constant and T represents the finite
temperature of the bath connected to the cantilever. Brow-
nian noise is the random thermal noise which arises due to
the stochastic motion of the mechanical mirror and is non-
Markovian in nature.

The frequency space equivalents of the input correlations
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are:[86]

〈cin(ω),c†
in(ω

′)〉= 2πδ (ω−ω
′),

〈cin(ω),cin(ω
′)〉= 0,

and 〈c†
in(ω),cin(ω

′)〉= 0.

Also the correlation function for the Brownian noise op-
erator in Fourier space is given as:[86]

〈W (ω)W (ω ′)〉= 2π
γm

ωm
ω

[
1+ coth

(
h̄ω

2kBT

)]
δ (ω +ω

′).

Appendix C
The expressions for the coefficients used in Eq. (43) are:

A1(ω) = (x2
1−ω

2 +4x1x4)[γc + i(ω1−ω)(ω2−ω
2
m + iωγm)

+ 2ix2
3ωm]−2ix1x2

2(ω
2−ω

2
m + iωγm), (C1)

A2(ω) = (x2
1−ω

2 +4x1x4)[γc− i(ω1 +ω)(ω2−ω
2
m + iωγm)

− 2ix2
3ωm]+2ix1x2

2(ω
2−ω

2
m + iωγm), (C2)

A3(ω) = x1x2
2(ω

2−ω
2
m + iωγm)

− x2
3ωm(x2

1−ω
2 +4x1x4), (C3)

A4(ω) = x3ωm(x2
1−ω

2 +4x1x4), (C4)

A5(ω) = (x2
1−ω

2 +4x1x4)(ω
2−ω

2
m + iωγm). (C5)

The other coefficients used in Eqs. (49) and (50) are given
as follows:

B1(ω) =
[
{γc + i(ω−ωc)}{γc + i(ω +ωc)}(ω2−ω

2
0 )

+ 4ω
2
0 g2], (C6)

B2(ω) =
8πγmω

ωm

{
1+ coth

(
h̄ω

2kBT

)}
×
[
A4(−ω)A3(−ω)A†

4(−ω)A†
3(−ω)

]
, (C7)

B3(ω) =
4iπγmω

ωm

{
1+ coth

(
h̄ω

2kBT

)}

×
[
A4(−ω)A2(−ω)A†

4(−ω)A†
3(−ω)

]
, (C8)

B4(ω) =
−4iπγmω

ωm

{
1+ coth

(
h̄ω

2kBT

)}
×
[
A4(−ω)A3(−ω)A†

4(−ω)A†
2(−ω)

]
, (C9)

B5(ω) =
2πγmω

ωm

{
1+ coth

(
h̄ω

2kBT

)}
×
[
A4(−ω)A2(−ω)A†

4(−ω)A†
2(−ω)

]
, (C10)

B6(ω) = 16πγc

[
A5(−ω)A3(−ω)A†

5(−ω)A†
3(−ω)

]
. (C11)

Appendix D

The values of the coefficients used in Eq. (54) are:

C1(ω) =−16iπω0g2γ2
c C5(ω)

C6(ω)C6(−ω)
+

8iπω0g2γc

C6(−ω)
, (D1)

C2(ω) = 2π +8π
γ2

c C5(ω)C†
5(ω)

C6(ω)C†
6(ω)

−4πγc
C†

5(ω)

C†
6(ω)

− 4πγc
C5(ω)

C6(ω)
, (D2)

C3(ω) =
32πω2

0 g4γ2
c

C†
6(−ω)C6(−ω)

, (D3)

C4(ω) =
16iπω0g2γ2

c C†
5(ω)

C7(ω)C7(−ω)
− 8iπω0g2γc

C7(ω)
, (D4)

C5(ω) =
[
{γc− i(ω +ωc)}(ω2−ω

2
0 )−2iω0g2] , (D5)

C6(ω) =
[
{γc− i(ω−ωc)}{γc− i(ω +ωc)}(ω2−ω

2
0 )
]

+ 4ω
2
0 g2, (D6)

C7(ω) =
[
{γc− i(ω +ωc)}{γc + i(−ω +ωc)}(ω2−ω

2
0 )
]

+ 4ω
2
0 g2. (D7)

The other values of the coefficients used in Eq. (55) are
given as:

D1(ω) =
2γc

[A1(−ω)A2(−ω)−4(A3(−ω))2]


[

2πγm

ωm
ω

[
1+ coth

(
h̄ω

2kBT

)]
D5(ω)+D6(ω)

]
[A1(ω)A2(ω)−4(A3(ω))2]

−D7(ω)

 , (D8)

D2(ω) =

2γc

{
2πγm

ωm
ω

[
1+ coth

(
h̄ω

2kBT

)]
D8(ω)+D9(ω)

}
[
A†

1(−ω)A†
2(−ω)−4(A†

3(−ω))2
]
[A1(−ω)A2(−ω)−4(A3(−ω))2]

, (D9)

D3(ω) = 2π +

2γc

{
2πγm

ωm
ω

[
1+ coth

(
h̄ω

2kBT

)]
D10(ω)+D11(ω)

}
[
A†

1(ω)A†
2(ω)−4(A†

3(ω))2
]
[A1(ω)A2(ω)−4(A3(ω))2]

−D12(ω)−D13(ω), (D10)

D4(ω) =
2γc[

A†
1(−ω)A†

2(−ω)−4(A†
3(−ω))2

]

[

2πγm

ωm
ω

[
1+ coth

(
h̄ω

2kBT

)]
D14(ω)−D15(ω)

]
[
A†

131(ω)A†
2(ω)−4(A†

3(ω))2
] +D16(ω)

 , (D11)
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D5(ω) = [2A4(ω)A3(ω)+ iA4(ω)A2(ω)]

× [2A4(−ω)A3(−ω)+ iA4(−ω)A2(−ω)] , (D12)

D6(ω) = 8iπγcA5(ω)A2(ω)A5(−ω)A3(−ω), (D13)

D7(ω) = 4iπA5(−ω)A3(−ω), (D14)

D8(ω) =
[
2A†

4(−ω)A†
3(−ω)− iA†

4(−ω)A†
2(−ω)

]
× [2A4(−ω)A3(−ω)+ iA4(−ω)A2(−ω)] , (D15)

D9(ω) = 16πγcA†
5(−ω)A†

3(−ω)A5(−ω)A3(−ω), (D16)

D10(ω) =
[
2A†

4(ω)A†
3(ω)− iA†

4(ω)A†
2(ω)

]
× [2A4(ω)A3(ω)+ iA4(ω)A2(ω)] , (D17)

D11(ω) = 4πγcA†
5(ω)A†

2(ω)A5(ω)A2(ω), (D18)

D12(ω) =
4πγcA5(ω)A2(ω)

[A1(ω)A2(ω)−4(A3(ω))2]
, (D19)

D13(ω) =
4πγcA†

5(ω)A†
2(ω)[

A†
1(ω)A†

2(ω)−4(A†
3(ω))2

] , (D20)

D14(ω) =
[
2A†

4(−ω)A†
3(−ω)− iA†

4(−ω)A†
2(−ω)

]
×
[
2A†

4(ω)A†
3(ω)− iA†

4(ω)A†
2(ω)

]
, (D21)

D15(ω) = 8iπγcA†
5(−ω)A†

3(−ω)A†
5(ω)A†

2(ω), (D22)

D16(ω) = 4iπA†
5(−ω)A†

3(−ω). (D23)
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