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Hybrid double-dot qubit measurement with a quantum point contact™
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We present the measurement of a hybrid double-dot qubit using a quantum point contact (QPC). To study the dy-
namics, we derive the rate equations of the entire system. Numerical results show that QPC current can directly reflect
the evolution of the qubit. By adjusting Coulomb interaction, energy mismatch, and QPC tunneling rate, the efficiency
and dephasing time can be improved. In addition, the initial state with a hybrid triplet state is superior to that with the
purely triplet states on the efficiency. Moreover, the decoherence time is estimated on the magnitude of a microsecond,

long enough to implement quantum operations.

Keywords: measurement, dynamics, dephasing

PACS: 03.65.Yz, 03.67.Lx, 73.63.Kv

1. Introduction

Solid state proposals for scalable quantum information
processors have attracted considerable interest since they are
compatible with existing semiconductor technology.!'?! The
measurement of qubit with high efficiency, as one of the most
debated issues in quantum mechanics,! is necessary for re-
alizing quantum information processors.!¥! An obvious solid
candidate of such measurement is a quantum-point contact
(QPC).P! Various theoretical proposals have been put for-
ward on the state measurement with QPC.[®! Experimen-
tally, spin state measurements of single and double dots (DDs)
have been implemented using QPC through spin-to-charge

10.11 and radio-frequency technique.!'?! However,

conversion!
performing a high efficiency measurement in a solid state
regime is still very challenging.!! Therefore, the research on
how to improve the effectiveness of the detector by a proper
selection of its parameters becomes very important.

Recently, a hybrid double-dot qubit!'¥! has been
promised. It comprises double dots with two electrons con-
fined in one dot and one electron in the other (see Fig. 1). Dif-

t[14] and triple-dot qubit, !

ferent from the singlet-triplet qubi
two states of the hybrid qubit with total spin quantum num-
bers S = 1/2 and z component of total spin Sz = —1/2 are
0}, = IS)1 ) and [ 1), = /1/3[T) | 1) — /2/31T-) | 1) named
the hybrid triplet state in the following. Here |S), |Tp), and
|T-) are the singlet ((| 1) — | 11))/v/2), wiplet ((| 14) +[ 41
))/v/2), and triplet (| |J)) in left dot respectively. | 1) (| )

denotes the spin-up (down) in the right dot. Reference [13]

stressed the qubit in Si/SiGe heterostructures combining speed
and fabrication simplicity. They mainly presented the large
difference in the tunnel rates between the singlet and triplet
states in the doubly-occupied (left) dot coupled to the left
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reservoir and long singlet-triplet relaxation time experimen-
tally.
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Fig. 1. A diagram of the hybrid double-dot qubit measured by a QPC
detector.

In this paper, we focus on the dynamics of the hybrid
qubit measured by a QPC theoretically (see Fig. 1). QPC as
an electrometer is close to the double-occupied dot. The elec-
trons may oscillate between the dots without spin flipping. §
and Sz are conserved in the process. QPC can measure the
oscillation owing to the sensitivity to the electrons nearby. Us-
ing the method developed by Gurvitz and Prager,[1%17! we first
derive the rate equations for the system. Through the numeri-
cal analysis, we find that QPC current can follow the evolution
of |0), state directly. In particular, current-noise power spec-
trums, which reveal the time correlation between individual
electron events,!!®! are presented. This allows us to discuss
the measurement efficiency for different parameters. Then we
conclude how to improve the efficiency and decoherence time
briefly, which may be instructive for experiments. Besides, the
efficiency of the initial hybrid triplet state is higher than that
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of the initial purely triplet states. Finally, we evaluate theoret-
ically the dephasing time in the microsecond range, which is
long enough for quantum operations.

2. Model and formula

The hybrid DD qubit with a QPC detector is shown in
Fig. 1. QPC is represented by a tunneling junction and i, (UR)
is the chemical potential in the left (right) reservoir. The hy-
brid qubit contains three electrons in the DDs for (2, 1) charge
configuration. Here, (n,m) refers to the number of electrons
in the left (n) and right (m) dots. E; and E, stand for the
lowest single particle energies of the left dot and E3 stands
for the lowest single particle energy of the right dot satisfy-
ing the condition E3 > E, > E;. The (2,1) configurations
always have the lowest energy by adjusting appropriate gate
voltage applied to the DDs.[!3! Since the state that two elec-
trons with different spins in the level E, and one electron in
the level E3 has the highest energy among the (2,1) configu-
ration, we neglect this state for we are only interested in the
low energy states. Indeed, we just consider the charge states
of the hybrid qubit. According to the models of Refs. [6]-
[9], the whole system is described by the following Hamilto-
nian: H = Hpp + Hgpc + Hjpe. The Hamiltonian for DDs is
expressed as

Hpp
= ZEiai"Gaw + UZ”iT"ii
i,o i
tog
+U Z nichye +K Z a) 64 591,620
o0’ o,0’

Q? T T Q’ t t
+ Z aj 543,643 541,06/ + Z 4y 43,0643 512,06/
Ay c,0/ ' A o,0/ '

Q° i i t t
+ A Z a) 643,003 5191,6' + Z “1,0“376“5,6/“270’ ;

o,0’ o,0’
(1)

where E; with i = 1,2, 3 represents energy levels respectively,
aza (ai ) is the creation (annihilation) operator of the elec-
tron with spin o =t,] in the i energy level, U is the intra-
level Coulomb energy, U is the inter-level Coulomb energy,
K is intra-dot exchange Coulomb energy, 2 is the inter-dot
tunneling amplitude, and n;; = ajca,-a is the occupation num-
ber operator of the i energy level. We have disregarded the
inter-dot Coulomb energy because it only provides an energy
constant for the system. The last three terms, differing from

previous models, [*~!

are second-order tunneling terms and A;
with i = 1,2,3 is the energy difference between the hopping
states.[!3] The second-order hopping results in the evolution
of the four states through an intermediate state. A very large
Coulomb repulsion exists in the triply-occupied quantum dot.

So we just take into account the second-order hopping between

the charge state (2,1) and (1,2). This induces the transitions
between the |0); and |1); . For simplicity, we assume K and
1/A; are much less than the Coulomb energy U. Then we can
safely write the following expression
1 2 1 2
Al E—Es+U ~-U A E—E3+U—U’
and
1 1 1
Ay E,—E3+U —U +1’51 —E3
This indicates that the larger the energy difference, the less the

hopping rate. The Hamiltonian for QPC is given by

Hopc = ZEICITCI + ZE,CIC, + ZQ;r (c;c, + chl) . Q)
l r Lr

Similarly, Ej, E, and clT (), ¢! (c,) are electron energies and
creation (annihilation) operators for the left and right reservoir
respectively. The interaction between the DD and QPC is de-
scribed as

Hip = Y 5~era;¢a2¢ (c;c, + cIcl)
Lr
+ Youal oy (cler+cfa). )
Lr

The effective QPC tunneling amplitude changes from €2;, to
Q.+ 68, when an electron is located in the two levels. In
the following, we suppose the tunneling amplitude is indepen-
dent of spin and energy.

Using the method developed by Gurvitz and Prager, [1%!7]
we can get the Bloch-type equations of the density matrix
Gij
of the DDs and n represents the number of electrons arriving at

(¢). In this notation, i, j denote all available discrete states

the right reservoir by the time . As shown in Fig. 2, there are
four possible states labeled by 1,2,3,4. |1) denotes the elec-
tron with spin up in the level E;| and the others in the levels E»
and E3;
and the others in the levels E| and E3; |3) denotes the electron

2) denotes the electron with spin up in the level E,

with spin up in the level E3 and the others in the levels £ and
E»; |4) denotes the two electrons with different spins in the
level Ej and the other in the level E3. Obviously, the superpo-
sition of |1), |2), and |3) is the logical state |1); and |4) refers
to the logical state |0); .

!l e

Fig. 2. All available electron states of the DDs.

The dynamics of the whole system is governed by the fol-
lowing equations:

o) = —Iiof, + Lo ' +iK(035) — ofy)
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2
+i-— (03, —013), (4a)
Ay
65, = —Iio5, +Iicy; ' +iK(of, — 03y)
Q2 Q2
+i—— (03, — 033) +i—— (04, — O34) » (4b)
A A
.22
633 = —Tioys+ 1035 "’1?1(0?3—03’?1)
2 QZ
+i-— (033 — 0%) —i—— (043 — 03y, (4¢)
A A3
QZ
Oy = —I'oyy JFFGXZIJAE(G&*G&)
Q
—1?(034—03113), (4d)
3
0z 2
6fy =i =——==)ofh—ILio}+Iio}y ' +iK (05, —of))
Ay Aq
+i—26” —i—zc” —iQ—ZG" (4e)
/) : ‘Qz n n n—1 : n
o3 =i\ -~ —KJop—Iio+1ioy; +iKoy
2
2 2 0?2
+1TI(G§3*G?1)*IA*ZG;12+1A*361'14, (4f)

I'+1;
& — i<E1 —E+U—U — ; 1) o+ /ol
) Q7 Q7 Q7
+1KG§4+1KG§4—1T30?2 +1?30f37 (4g)

QZ

O3 = i <A1 —K> oy —Iiogs + 10y | +iKols
2 QZ QZ

+i-— (033 —0p) +i—— (023+6514)*1A*105'17 (4h)

Ay Aj

Q> Q% I'+n
55 = i| E1 —Ex4+U—Uj+——~—— )
Oyy 1( 1 2+ 1+A] A > )

024
QZ
++ILilCop! +iKG{’4+iA—263”4
QZ
+1A—(Gf4—cr§’2+6§3), (4i)
3
Q2 I'+I
oy =il E B U-U+K- T oy,
A 2
Q? Q?
+ \/HF0'§14’1 +i—o4 +i—o0oy
A Ay
2

+ if (033 — 04y — 0%,) “4j)
3

where
" = 27pLpr€2, (L — HR)

and

I = 27pLpr (25 + 82,,) (UL — UR)

correspond to the QPC tunneling rates when zero and one elec-
tron occupy the level E, respectively. Since the states in the
reservoirs are very dense (continuum), P (g) is the density of
states in the left (right) reservoir.

The qubit behavior is obtained from the reduced den-
sity matrix by tracing out the detector variable n: o;;(t) =
Y., 0} (t). On the other hand, the detector behavior is depicted
by tracing out the qubit variable: B, (1) = ¥;07;(¢). This
quantity is the probability of n electrons arriving at the right
reservoir. We can further get the average QPC current!®!

I(t)=eY nP,(t) =eli (011 + 0+ 033) +el 0w, (5)
n

and the noise power spectrum of the current fluctuations based

on the MacDonald’s formula1%-20]

S(0) = 260 / " drY B, (1) sin(or). ©)
0 n

Noise power spectrum is a unique tool to probe more informa-
tion which is not available for the average current.!'®! From
Egs. (4) and (6) we can acquire that

S(@) = 2e*@Im[I} (Z11 +Zo2 + Z33) + T Zua), (7

where Zjj(®) = [ dt¥,(2n + 1)o7, (t)exp(iwt). By reduc-
ing Eq. (4) to a set of linear algebraic equations after the inte-
gration over ¢, we can calculate these quantities.

3. Dynamics and measurement efficiency

It is important to understand the dynamics for improving

(151 To study the dynamics of the qubit, we

qubit performance.
make numerical analysis by solving the rate equations regard-
ing the reduced density matrix o;;(¢). In this section, we set
electrons in the |3) state initially. This is supported by the large
difference in tunnel rates between the singlet and triplet states
of the left dot coupled to the left reservoir, which has been
proved in Sil'3 and GaAs.[?!! To facilitate the description, E|
and  are chosen as the energy zero point and the energy unit
correspondingly. We assume that the Coulomb interactions
satisfy the relation U = 2U, . First, we set U =40, E; =4, and
E3 = 8 to ensure (2,1) charge states with the lowest energy.
To make K < U as mentioned above, we chose K = 0.1. The
time evolution of 01 and Gy; is roughly the same as shown in
Fig. 3(a) and Fig. 3(b), because the hopping rates of electrons
between the levels Ej, E», and E3 are approximately the same.
The oscillation frequency of 633 equals that of o7 and Gy,
while the phase is opposite (see Fig. 3(c)). Destructive inter-
2), and |3) due to the
measurement-caused dephasing. If we compare Fig. 3(d) with

ference occurs between the states |1),

Fig. 3(e), we find that time-dependent QPC current is in line
with the evolution of 644. Two insets show that even the small
oscillation for 644 can be detected by the QPC. In other words,
the |0), state of hybrid qubit can be read out directly from the
QPC current.
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Fig. 3. The time evolution of electron occupation probability o7; (a),
02 (b), 033 (¢), 044 (d), and QPC current /(z) (e) with the tunneling
rate I' = 16 and I1 = 9. Insets: zoom in on the dashed area of the
counterpart region in panels (d) and (e).

In the presence of dephasing, current noise attracts our at-
tention due to the possibility of extracting information of the
system parameters that govern the dynamics of the system.??]
Current-noise power spectrum reveals both coherent dynamics
from the qubit and incoherent dynamics stemming from the
detector. >3] Also, the peak-to-background ratio of the current
noise spectrum is a measure of the measurement efficiency. [>*]
Motivated by these, we analyze the current-noise power spec-
trum numerically. Here we take the normalized current-noise
power spectrum S(®)/So,**! where S(®) is expressed analyt-
ically in Eq. (7) and Sy = 2el. I is the steady current of QPC.
In what follows, we mainly discuss how to improve the mea-
surement efficiency.

Coulomb interaction plays an important role in our model
so we first discuss its effects on the system. The larger the
Coulomb interaction U, the lower the hopping rate. When
U is increased, the oscillation of electrons slows down and
consequently dephasing time prolongs as shown in Fig. 4(a).
Since the QPC current measures the electron occupation prob-
ability 044 which has higher frequency than others, hereafter

we only consider the frequency part of the noise spectrum re-
lated to 044. In Fig. 4(b), for larger Coulomb interaction, the
peak corresponding to the Rabi frequency is less pronounced
and the oscillation frequency is higher. We speculate that the
Coulomb interaction tends to locate the electrons leading to
suppressed charge fluctuation. The increasing frequency may
result from the higher energy of |4) accelerating oscillation. To
conclude, on condition that the Coulomb repulsion U is much
larger than the exchange Coulomb energy K and hopping am-
plitude, decreasing U can raise the measurement efficiency,
but shorten the decoherence time. That is, we should accom-
modate Coulomb energy U to trade off both effectiveness and
coherence.

1.0

0.8
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t02/10*

U=60
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U=20

1.005 (b)

A
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Fig. 4. (color online) The electron occupation probability o33 (a) as a
function of time and normalized current-noise power spectrum S(®)/So
(b) as a function of frequency with different Coulomb interactions:
U =60 (green), U =40 (red), and U = 20 (blue).

Next, we discuss the impact of energy mismatch on the
system performance. Parameters are set as U = 40, I’ = 16,
and I1 = 9. Fixing E3 = 20, level E, varies between E; and
E3. When E, is closer to E3, both decoherence rate and peak-
to-background ratio are increased!>! as shown in Fig. 5(a) and
Fig. 5(b). Similarly, if level E3 is changed above the E; = 4,
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a similar effect occurs when E3 is close to E, (see Fig. 5(c)
and Fig. 5(d)). However, the latter effect is more obvious. De-
creasing E3 makes the hopping rate of electrons in the levels
E| and E, increase. The charge fluctuation further increases.
While increasing Ej just makes that of E; increase, the effect
is not conspicuous. In brief, decreasing the energy gap be-
tween levels E3 and Ej, E, could improve the measurement
efficiency at a cost of shortening the dephasing time. This can
be implemented by tuning the gate voltages of the two dots. (26!

Apart from the factors of DDs qubit as mentioned above,
QPC as a noise source would dissipate the qubit. We keep
U =40, E; =4, E3 =10, and I] = 9. From Egs. (4), with
an increase of the tunneling rate I", the decoherence rate in-
creases. In addition, 044 potentially has a classical incoher-
ence behavior for large I as shown in Fig. 6(a). In prin-
ciple, we can distinguish classical and quantum behavior by
monitoring the peaks in the noise spectrum.?3! Figure 6(b)
shows the noise spectrums for different QPC tunneling rates
I'. The peak in the spectrum broadens for the large tunnel-
ing rate. This means that quantum coherent oscillation of
044 1s suppressed (see Fig. 6(a)). If I" is large enough, the

E,=4
E,=10
1.003 P18
w
= 1
3 1.002
0
1.001 :
(®)
10 15 20 25

w/ 2

peak would eventually disappear and 044 would raise in a lin-
ear way.?”] So we should try to decrease the QPC tunneling
rate thereby lowering the decoherence caused by the measure-
ment. Whereas the tunneling rate is proportional to voltage
bias V = i — Ur, lowering the bias of QPC can diminish it.
Nonetheless, the approach we have used in Section 2 requires
the big bias limit eV > Q%py (). So the bias should be
controlled in this limit. On the other hand, I" should be ob-
viously more than I, otherwise the measurement would be
unambiguous. [>°!

By now, we just consider the electrons initialized in the
triplet state |7_). Figure 7 displays the noise power spectrums
T_), and |Tp). Hybrid state |1); reveals
the higher measurement efficiency. Indeed, the steady states

for initial state |1); ,

vary for different initial states. Moreover, if we chose the
Q =10 GHz, %! dephasing time due to charge noise is about
1 us based on Fig. 4(a), Fig. 5(a), and Fig. 5(c), which has the
same magnitude with electron-phonon dephasing term.[*!1 So
the charge noise should not be neglected simply. Compared

with a typical gate time 1 ns,!3?! the decoherence time is con-

siderably long for quantum operations.

E,=5
1.002} E=10 1
E,=20
1
=
3
“ 1.001F .
(d)
1.000
10 15 20 25

w/2

Fig. 5. (color online) The time evolution of 033 (a) and the shot-noise power spectrum S(®)/So (b) versus frequency for different E»: E; =4 (blue), E; = 10
(red), and E; = 18 (green) with E3 = 20. The time-dependent o33 (c) and the shot-noise power spectrum S(®)/Sp (d) for different E3: E3 =5 (blue), E3 = 10

(red), and E3 = 20 (green) with E; = 4.
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Fig. 6. The time evolution of o44 (a) and shot-noise power spectrum
S(w)/So (b) for different QPC tunneling rates I' = 16 (solid), I = 25
(dashed), and I" = 36 (dotted).
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S(w)/ S

1.0003 1

1.0000 P
5 25

Fig. 7. Shot-noise power spectrum for different initial states: |1)
(solid), triplet |7 ) (dashed), and |Tp) (dotted).

4. Summary and discussion

In conclusion, we proposed a model of measuring a hy-
brid DD qubit using a QPC. We first derived the Bloch-type

rate equations and discussed the dynamics of the system. The
numerical analysis shows that QPC current can read out di-
rectly the evolution of the qubit. Then we discussed how to
improve the measurement effectiveness and dephasing time.
Decreasing the Coulumb interaction and the mismatch be-
tween energy level E3 and others can increase the efficiency,
but these make the decoherence time decline. We reiterate that
the results based on that Coulomb repulsion U are much larger
than exchange Coulomb energy K and hopping amplitude. To
obtain the useful quantum information, we should reduce the
QPC tunneling rate on the big bias limit eV > QZpL,R. In ad-
dition, the qubit initialized in the hybrid triplet state displays a
higher efficiency than that in purely triplet states, which is an-
other advantage of the hybrid qubit. Moreover, the dephasing
time is estimated on the magnitude of a microsecond, which
is long enough for quantum operations. We expect that these
results will ease the hard path to realize the quantum compu-
tation in the laboratory.

To identify our results, we hope experimenters can study
the quantum evolution about our model. One method is the
so-called free induction decay. Specifically, the voltage pulses
applied to the gate initialize, evolve, and read out the qubit.[!#]
A radio-frequency technique can also be used for our model.
That is, QPC is embedded in a resonant circuit.[3334

Yet, from the above discussion, we note that the peak-
to-background ratio of the noise power spectrum is always
roughly 1, which is less than an ideal detector yielding a ra-
tio of 4.15241 In practice, the frequency noise power spectrum
is difficult to measure. However it is appealing because it in-
cludes information about the full dynamics of the system. 3]
So we should make further efforts to improve measurement
efficiency. In theory, various suggestions about the quantum
operation and algorithm for this new-type qubit need to be in-
vestigated in the future.
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