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The residual symmetry relating to the truncated Painlevé expansion of the Kadomtsev—Petviashvili (KP) equation is
nonlocal, which is localized in this paper by introducing multiple new dependent variables. By using the standard Lie
group approach, new symmetry reduction solutions for the KP equation are obtained based on the general form of Lie
point symmetry for the prolonged system. In this way, the interaction solutions between solitons and background waves are

obtained, which are hard to find by other traditional methods.
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1. Introduction

In nonlinear science, many effective ways exist to derive
exact solutions, including soliton solutions and different wave
solutions for integrable systems. Among which, the symmetry
analysis plays an important role. The application of the sym-
metry group in dealing with differential equations can be dated
back to Sophus Lie,!!! and various symmetry methods have
been developed to find exact solutions for different partial dif-
ferential equations since then. As we know, once the Lie point
symmetry group for a nonlinear system is obtained, one can
reduce the system by using both the classical and nonclassical
Lie group methods>7! and the symmetry reduction solutions
are consequently derived. The Darboux transformations (DT)
and the Bicklund transformations (BT) are two other effective
methods, ®1% from which, in principle, one can obtain new
solutions from the known ones. However, one can only obtain
multiple soliton solutions by taking the seed solution as con-
stant. For the seed solutions taken as nonconstant nonlinear
waves, it is difficult to find new solutions by using BT or DT.

The integrability of a nonlinear system depends on dif-
ferent senses, such as possessing a Lax pair, having infinitely
many symmetries, etc.!!l As for testing the Painlevé integra-
bility of a nonlinear system, the Painlevé analysis plays an es-
sential role. For any Painlevé integrable system, a truncated
expansion exists which relates one solution to another, soitis a
particular form of BT. In many cases, the BT for an integrable
system has been obtained by various ways, while the corre-
sponding symmetry is rarely studied. To study the BT-related
symmetry and use it to construct exact solutions of a nonlinear
system by a symmetry reduction method would open a new
window for studying the properties of integrable systems in
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terms of symmetry theory. However, the BT-related symme-
tries are nonlocal,['>171 and thus difficult to use directly in
constructing exact solutions of nonlinear systems. To over-
come that obstacle, one direct way is to localize it by intro-
ducing new dependent variables so that the BT-related sym-

m. [18-20] Recently,

metry becomes localized in the new syste
it was found that the symmetry related to the Painlevé trun-
cated expansion is just the residue with respect to the singu-
lar manifold, which is called residual symmetry. 211 1n fact,
hierarchies of symmetries, including nonlocal symmetries to
the Kadomtsev—Petviashvili (KP) equation, are pretty system-
atically generated from the Lax formulation.”?! Here, in this
paper, we just consider the residual symmetry of the KP equa-
tion and use it to construct interacting exact solutions between
solitons and different nonlinear waves, which are difficult to
obtain by other approaches.
The KP equation

(0t — Uty + U ) + 3ty =0 )

was first derived to study the evolution of long ion—acoustic
waves of small amplitude propagating in plasmas under the
effect of long transverse perturbations.!>! The KP equation
was widely considered as a natural extension of the classical
Korteweg—de Vries equation to two spatial dimensions, and
has wide applications in almost all physical fields, such as non-
linear optics,?*! ion—acoustic waves in plasmas, ferromagnet-
ics, Bose—Einstein condensation, and string theory.

The paper is organized as follows. In Section 2, we first
obtain the residual symmetry of the KP equation by using the
Painlevé truncated expansion method, then localize it by in-
troducing multiple new dependent variables. For the enlarged
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KP system, the finite group transformation theorem is conse-
quently obtained by using Lie’s first principle. In Section 3,
the general form of the Lie point symmetry group, which in-
cludes the localized residual symmetry as a special case for
the enlarged KP system, is obtained. The similarity reduc-
tions for the system are given according to the standard Lie
point symmetry approach with interacting solutions between
solitons and nonlinear waves. The last section is devoted to a
short summary and discussion.

2. Localization of residual symmetry and new
Bicklund transformation

It is well known that the KP equation is Painlevé-
integrable, which means a truncated expansion exists

u=Y ¢ % 2)
i=0

where ¢ is the singular manifold and ¢ is a positive integer.
Substituting Eq. (2) into Eq. (1) and balancing the nonlinear
and dispersion terms, we have the truncated Painlevé expan-
sion in the form

u, u
:ﬁ+$+@ 3)

Now, substituting Eq. (3) into the KP Eq. (1), we have

u

3ugyy — 6u%x — OU Uy + Uy + Uy
+ ¢7l(3u1yy — 6U U x
— 12wtz + i) + 9 (—Att 1o — 11
— U1 Qroy — Ol xx P — OUTy Py + OUz UL Py
— w1 @ + 1201 Oxtoy — 3u1 Qyy + 3ugyy + 12011,y

+ Uiy — OUD Uy

— OuUy + oxr — OULUOx — OU Uy — 41 xxx Px

— 12u0.t + Uoeer — U1y B — 6UT,) + O (= 1200 P
— 1201197 + 614197 + Buty G Ocr + 1201407

+ 24uou0x O + 24112 Or P — U O + 240111, Ox

— 2u0r P — 200,y + 61T P — 6o Py — OtgU 1 r

+ 2410 Pytta — Bty Py + 611 O — 200 Py — 1200141
+ 12upu0 Qux + 201 @ P — 2u0 P — 1210y Py

— Gutttge) + O H(—6ud, + 7205 P + 2410 P P

+ 3602 — 3611 02 O — 181702 + 36u0u1, Oy

+ 18uo 2. — 361102 + 610 Py b -+ 3611 10 P

— 241 + 18uous G + 18u0 9y — 6utgiox)

+ 07 (1263 Grx — T20011 97 — 9610, 9]

— 1441002 Brr + 48uguo Py + 24u1 97

+ 97061097 (297 —uo)] = 0. )

For the arbitrariness of ¢, the coefficients of different powers
of ¢ should equal zero. By vanishing the coefficients of ¢°

and ¢! in Eq. (4), it is interesting to find that u satisfies the
linearized KP equation with u; as a solution. So, u; is a sym-
metry of the KP equation, which is called residual symmetry.
Vanishing the coefficients of ¢~ ¢, and ¢* in

Eq. (4), we have
up =207, u1 =20 ©)

and
1
ur = 297 (=305 +40cfrne + 9cs +367). (6)

Vanishing the coefficient of ¢ or ¢ 2 in Eq. (4) and using
Egs. (5), (6), we get the Schwarz form of the KP equation

9 3 qﬂ (%)
—+{o;x}+=-—=| +3| =] =0, @)
¢X { } 2 ¢x2 X ¢x y
where 5
(PXXX 3 ¢XX
X} = — ==
= "1
The Schwarz form (7) is invariant under the Mobious transfor-
mation
ai¢ +b
_ bib 8
. ajay # biby, (8)

which means equation (7) possesses three symmetries 6y =
dl, O'¢ = d2¢, and

0y = d3¢* )

with arbitrary constants d;, d», and d3. It is obvious that the
residual symmetry 6 = u; is related to the Mdbious transfor-
mation symmetry (9) by the linearized equation (6).

Clearly, the residual symmetry

Ou= 201 (10)

with ¢ satisfying Eq. (7) is nonlocal, which is just the genera-
tor of the BT (3).

The residual symmetry of the KP equation is localized as
a Lie point symmetry

o, =h, (11a)
Op = 0g, (11b)
on =g+ oh, (11c)
Op = (P—z, (11d)
2
for the prolonged system
(14 — Uty + Uy ) x + 3y = 0, (12a)
u= é¢;2(—3¢fx+4¢x¢m+¢x¢t +3¢7), (12b)
8= 0y (12¢)
h =gy, (12d)
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which is a special case of integrable couplings in Ref. [25].
These results can be easily verified by substituting Eq. (11)
into the linearized equations (12) as

Cpx — 0g =0, (13a)
Oy x— 05 =0, (13b)
0245 + 60,97 — (g1 +40p )95

+ 2(30::0p xx + 204 1 Prex — 3040y ) Py

— 664 10, + 605 <7 =0, (13c)

(G¢,x¢xx + ¢x6¢,xx)¢t - (G(l).xxxx + Op xt + 3G¢-,yy)¢xz
+ [ = 20x0p 1 + (Op s +40p xx) Pux + 40 xxPn
— 20100 x — 603,05 ] B — 997,05 1x
+ 46 1B Prex + 3G xrfy + 600 0y05 , = 0. (13d)

In other words, the prolonged system (12) has the Lie point
symmetry vector

2

V=h8u+g¢3g+(g2+h¢)8h+%9¢, (14)

which localizes the residual symmetry.

Now, let us proceed to study the finite transformation
form of Eq. (14), which can be stated in the following theo-
rem.

Theorem 1 If {u,g,h,¢} is a solution of the prolonged
system (12), then so is {, g, h, ¢} with

(28> —2h¢ +u¢?)e> + (4h —4ug)e + 4u

i= o2 . (152)
4

8= oo (150

L 4h 8eg?

"o -2 (159

. 2

b= s (15d)

with arbitrary group parameter €.
Proof Using Lie’s first theorem on vector (14) with the
corresponding initial condition, i.e.,
di(e)

5 = M), a)=u, (16)
dg(e) .~ . A(0)) —
e = %)), 20)=¢g a7
do(e) _ d(e)* .

&~ 2 *0=9¢ 9

we find the solutions (15). Thus the theorem is proved.

3. New symmetry reductions of the KP equation

The Lie point symmetry of the prolonged KP system (12)
has the general form

d d 0 d

62 inl ol

which means that equation (12) is invariant under the follow-
ing transformation

{xd’al‘a%&h,(l)} — {x+€X,y+8Y,t+8T,M
+eU,g+€G,h+¢eH,p+eP}  (21)

with an infinitesimal parameter €. Equivalently, the symmetry
in the form (21) can be written as a function form

0y = Xuy +Yuy,+Tu, — U, (22a)
Oy =Xgi+Yg +Tg —G, (22b)
op=Xh+Yh,+Th, —H, (22¢)
Op =X +Y¢,+T¢ —D. (22d)

Substituting Eq. (22) into Eq. (13) and eliminating u,, g, g,
he, ¢x, ¢, and uy, in terms of the prolonged system (12), we
get more than 900 determining equations for the functions X,
Y, T,U, G, H, and @. Calculated by computer algebra, the
solutions in general forms are

1 1 1
X = Efltx_ﬁfltty2_8f2[y+f3a
3
Y = fuy+ 2, T= §f1+61,
1 1
U= _Eflttx‘f' ﬁflmyz
1 1
+%f2tzy*6f31*’4flt*h02a

1
G = _nglt — 289 +c38,
H = —c28> — hfi; — c2h¢ + c3h,
1
Q= —5c2¢2+c3¢ +ca, (23)

where f1, f», f3 are arbitrary functions of ¢ and cy, ¢z, ¢3, ¢4
are arbitrary constants.

Itis noted that, if we take f1 = fr =f3=c1 =c3=c4=0
and c; = 1 in Eq. (23), the obtained general form of the sym-
metry is degenerated into the special form in Eq. (14). The
time-related x translation invariance and ¢ translation invari-
ance symmetries can also be obtained by setting f; = f» =
cg=a=c3=c4=0,f3#0,and fi=fr=fi=c2=1¢3
¢4 =0, c; = 1, respectively.

Consequently, the symmetries in Eqs. (22) can be written
as

1 1 1
Oy = (2f1tX—12f1tty2_6f2:}’+f3>ux+(f1ty+f2)uy
+ 3f + + lf
) 1 TC1 U 2 11X

1 1 1
- ﬁflmyz - %tht)H‘ 6f3t +ufi, + hea,
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1 1 1
Og <2fnx—lzfmyz—6fzzy+f3)gx+(fny+fz)gy
3 1
+ §f1+01 gt+§gf1t+62g¢—c3g7
1 1., 1
o = Efltx_ﬁfltty _ngty+f3 hy + (fuy+ f2)hy
3
+ <2f1 +c‘1)hz +¢28” + hfir + cah — c3h,

1 1 1
Cp = <2flzx—lzfmyz—6f2t}’+f3)¢x+(f“y+f2)¢y

3 1
+<2f1+01)¢z+202¢2—03¢—6‘4- (24)
Similarity reduction solutions of the enlarged system can
be found by setting 0, = 6, = 0}, = 6y = 0 in Eq. (24), which
is equivalent to solving the corresponding characteristic equa-
tions
dx dy dtr du dg dh d¢
X Y T U G H &

In the following part of the paper, three nontrivial cases

(25)

are considered regarding the symmetry reduction.

Case 1l f; #0andc; #0.

In this case, without loss of generality, we rewrite the ar-
bitrary functions f> and f3 as

fr=Bf+2c1)my,
1
f3= _5(3f1 +2¢1)4/3 [(3fi +2¢1)mi, —my] (27

(26)

with m; and my being arbitrary functions of 7.
Now, by solving Eq. (25), we get

_ Atanh [A (m3 + @)} +c3

c A= \ectrd @)
G
_ 7 29
& (3f1 +2¢1)1/3 cosh? [A(m3+ ®)] @
o 262G sinh [A (m3 + ®)] — HA cosh [A(m3 + ®)] 30)

(3f1 +2¢1)¥3Acosh® [A(m3 + D))
1

36(3f1 +2¢1)?/3A2 {1 + tanh? BA(m3 + qb)} } ’

X {AZ(Q +36U) tanh* BA (m3 + cp)}

— 144¢,HA tanh® BA (m3 + cp)}

+ [2A2(Q +36U) +288C%G2} tanh? BA(m3 + qb)]

— 144¢,HA tanh [;A(m3 + qb)} + A% (Q+ 36U)}, (31)

where @, U, G, and H are group invariants functions of simi-
larity variables £ and 1, which can be expressed as

fu 2 1 1/3
= - — 3 2 =
: 6(3f1 +2¢1)43° 3B+ 2¢) Fimy

X 2
__* =z 32
T Ght2e A 3™ 2
n = Y 2my. (33)

(Bfi+2c1)23

In Eq. (32), we have made

1
and
___ O |
(Bfi+2e1)'3
[ fln . 2f]21 2
Gfi+2eN)B  Gfi+2e1)43 )

+ 2[3(3f1 +2c )1/3m1tf1t + (3f1 +2c; )4/3mm]y
+2(3f1 +2¢1)*m?, — 4(3f1 +2¢1)my (35)
for simplicity.
Substituting Egs. (28), (29), (30), and (31) into the pro-

longed KP system, we get the corresponding symmetry reduc-
tion equations

A’ Dy — ;G =0, (36)
A*Dz — o H =0, 37
—3P; +8A°D; + 6DFU — (1 + 4Pz ) Dz +3Dz, =0, (38)

and

—30;: D, —4A2<;D,§§cbg+ (3P +¢5555)¢g

— (1+4¢5§§)¢5§@§+3¢25 =0. 39)

By solving out G, H, and U from Egs. (36), (37), (38)
and then substituting them into Eq. (31), we have the follow-
ing theorem.

Theorem 2 If @ is a solution of the reduction equa-
tion (39), then the u given by

1

u =

2
36(3f1 +2¢1)%/3 [l + tanh? |:;A(WZ3 + <I>)H @g
X [(18@% —48A°®; + QD
+6(4Dgzz +1)D; — 18D ) tanh” BA(M +¢)]

1
+2(1802 +96A2DE + QD +6(4dezs +1)P;

1
— 18®7, ) tanh’ [2A(m3 + cp)}
1
— 144®; D A tanh [2A(m3 + @)} + 180,

—48A° D+ QDE + (24Dep +6) D — 18!15525] (40)
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is a solution of the KP equation.

From Eq. (40), we can obtain some interesting solutions.
Even @ is a trivial solution of Eq. (39). As an illustration, we
take the solution of Eq. (39) as @ = & 4+ 1 and then we find

that
1

u =

)
36(3f) +2¢1)%/3 [1 + tanh? |:;A(m3 +E4+ TI)”

x [(24 —48A% + Q) tanh* [;A(ms +&+ n)}
+2(24496A% + Q) tanh?
x [;A(m3+§+n)} +24—48A2+.Q} @D

with &, 1 expressed by Egs. (32) and (33), is a nontrivial solu-
tion of the KP equation.

Case2 fi=c;=0and f, #0.

Similar to Case 1, we get the second-type symmetry re-
duction solutions for the enlarged KP system

1 A(6f3 — fuy —3fuf29)
¢_62{03—Atanh[ 2l ]}7(42)

8
8 cosh? [A(6f3 — fauy— 3f2zf2¢')] ’ “3)
2ff2
1
_thy_3f2tf2¢/):|
2fof>

{A(6f3

A cosh? [A (6/5

— fuy— 3f21f2¢/)}
2fufa
— fay — 3f21f2¢/)
2fuf> } }’ &
— fay — 3f2tf2¢/):|
2fufa
— fay — 3f2zf2¢/)}
2/ f2

- f T {[(12y+360"f2) fx

+ (30" =)y +39'f2) o — 120 o] £,
=36(2f3 + furf20") o f3 + 36 faur 3} (45)
=g (), =W 1),¢" = ¢'(X,1)

X {2C2g'2 sinh

+ AN cosh {A (6/3

2
2c2 ,2
A 28

anh? { (6/3

A
+ Qh’ tanh [ (6/3

where v’ = /' (x',1),¢

The corresponding symmetry reduction equations can be
obtained by substituting Egs. (42), (43), (44), and (45), into a
prolonged KP system (12). The results are

3A%9) +2c28 =0, 47)
3A%¢), , —2coh =0, (48)
1200, 5,9/ f3 + 216 f3A 15,01
—9[(4f3 f 0"+ 15 o ®”* — 813U +413) 15,
—4Q2Lf51f3+ 15 fan® £3) for + A Lo foun 3] 07

—24(fufofsi — fufofs ¥ 205 300 0 ) O
—4(1-9f507:) f3 =0, (49)
and
60L 0L 20, 3 — SAfA%9L,. 1301
=302 fa o — 600,13 — F30lue ) 2O
—12(0L P oS3t — Ol e fofs + 2[5 3Ol O ) B

+2(9/3900 — ) fa = 0. (50)
Similar to theorem 2, solving out g’, //, and ¢’ from
Egs. (47), (48), (49) and substituting them into Eq. (45), we
have the following theorem.
Theorem 3 If ¢’ is a solution of the symmetry reduction
equation (50), then the u given by

A
u = 73A2¢;/2tanh2 [ (

{A(6f3

6f3 — fuy— 3f2;f2¢/)}
2fuf2
— fuy —3fuf29’) }
2 f2

1

REITTT (1200, 13,6/ 13 +216 /34 £5,.¢
1 x!

(128 f3y — 362 — fofouny?) f2. 07

~24(fufofai — funfofs + 210 200 00 )9
—4(1-9£392:)13] 51)

—+ 3A (P)é’x’ tanh

is a solution of the KP equation.

with Case 3 f[ = fz =C] = 0.
f f In this case, executing a similar procedure as in Cases 1
I 2t 2 3 46) . . . .
r=-r= 12 f + 5 Y ( and 2, we can find the third type of group-invariant solutions
|
"
= — , 52
R 4G 2
2f3
h— 1
A cosh? [A(X—HPU)} {sinh [W} +cosh {A(X—HPU)”
2f3 2f3 2f3
A(x+9¢") o [Ax+9") A(x+9¢")
x < 2¢28" — W' A cosh? { —h'Asinh | ——"2 | cosh | ————2| }, (53)
{ ¢ 2, 2/, 2/,
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o= Llevrum[A0)] -~
- %(2%7”2 — AR")tanh {A(x;}fﬁ)]
- %H u” (55)

with group-invariant functions u” = u"(y,1), g’ = g’ (1),

W' =0"(y,1), 9" = ¢" (y,1).
The corresponding symmetry reduction equations are

A’ 4202138 =0, (56)
—A3 1202 f30" =0, (57)
23502 —6u' f3 — f3£u9" + 56 =0, (58)
—3f3¢y, + f3 =0. (59)

Again, after solving out g”, h”, and u” by Egs. (56), (57),
(58) and substituting them into Eq. (55), then we have the fol-
lowing theorem

Theroem 4 If ¢” is a solution of the symmetry reduction
equation (59), then the u given by

_ A? 2 A(x—|—(])") L
u = ngtanh |:2f3:| +E¢;
1 " f3t " A?
+g¢t —67%(?“*“/’ )—ﬂ (60)

is a solution of the KP equation.

It is obvious that equations (40) and (51) can be consid-
ered as interaction solutions of a soliton with the background
wave, while equation (60) is corresponding to the single soli-
tary wave with nonhomogeneous background for f3 not being
a constant.

4. Conclusion and discussion

In summary, the residual symmetry coming from the
Painlevé truncated expansion of the KP equation is localized
by introducing multiple new dependent variables. For the pro-
longed KP system, the new Bécklund transformation is de-
rived by using Lie’s first principle. The general form of Lie
point symmetry for the prolonged system is found, from which
it can be found that the residual symmetry is included as a spe-
cial case. The Lie point symmetry group for the prolonged KP
system covers the corresponding one for the original KP equa-
tion. So many more rich interaction solutions can be found
by using the classical Lie group approach. From the form of
symmetry reduction solutions for the KP equation, we see that
the residual symmetry is to add an additional soliton to the
background wave. In other words, the interaction solutions be-
tween soliton and background wave are successfully obtained.
Some special explicit solutions under certain constraints are
also given.

In this paper, we have shown that the residual symme-
try can be used to construct interaction solutions for nonlinear
equations. It is meaningful to try to use other forms of non-
local symmetries, which can be found from Bécklund trans-
formation, the bilinear forms, and negative hierarchies, the
nonlinearizations, 227! and self-consistent source, 28! etc., to
construct new exact solutions. Despite the bright prospect,
some open questions still exist which deserve to be probed.
First, it still remains unclear what kind of nonlocal symmetries
must have close prolongations and can be applied to construct
exact solutions. Secondly, different nonlocal symmetries, for
example the residual symmetry and the DT-related symmetry,
lead to different symmetry reduction solutions, so what is the
link between them? Can the nonlocal symmetries be classified
so that symmetries in one kind leads to essentially the same
kind of interaction solutions? All in all, applying nonlocal
symmetries to construct exact solutions for nonlinear systems
is adventurous but meaningful.
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