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The longitudinal generalized magneto-optical ellipsometry (GME) method is extended to the measurement of three-
layer ultrathin magnetic films. In this work, the theory of the reflection matrix is introduced into the GME measurement
to obtain the reflective matrix parameters of ultrathin multilayer magnetic films with different thicknesses. After that, a
spectroscopic ellipsometry is used to determine the optical parameter and the thickness of every layer of these samples, then
the magneto-optical coupling constant of the multilayer magnetic ultrathin film can be obtained. After measurements of a
series of ultrathin Fe films, the results show that the magneto-optical coupling constant Q is independent of the thickness of
the magnetic film. The magneto-optical Kerr rotations and ellipticity are measured to confirm the validity of this experiment.
Combined with the optical constants and the Q constant, the Kerr rotations and ellipticity are calculated in theory. The
results show that the theoretical curve fits very well with the experimental data.
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1. Introduction

Nowadays, magneto-optical ultrathin films have been
widely used in the disk read–write area[1–4] and spinning elec-
tron devices. The development and implementation of spin-
tronic devices require detailed information on the kinetic, re-
laxation and transport properties of spin subsystems.[5] Berger
and Pufall proposed the generalized magneto-optical ellipsom-
etry (GME)[6] as an experimental technique for the measure-
ment of the complex magneto-optical coupling parameter Q of
isotropic ferromagnetic bulk materials.[7] Now, the GME tech-
nique is further explored and can be used in many areas as a
high precision test method.[8–11]

In this work, combined with Zak’s reflection matrix[12,13]

theory to calculate the reflective matrix of a three-layer sys-
tem, the GME technique is extended to the measurement
of ultra thin multilayer magnetic films. Unlike other tech-
niques, by using the reflective matrix theory, the reflective
index equations (rss, rsp, rps, and rpp) containing all the fac-
tors in every layer of the multilayer system can be obtained.
From these equations, the influences of the optical parameter
and the film thickness on the reflective index can be directly
shown, so the relation between Q and material parameter can
be given more accurately. The magneto-optical properties of
Ta/Fe/GaAs(001) are also investigated using GME under a
wavelength of 650 nm. The thicknesses of the Fe layers are

7.1 nm, 14.7 nm, 24.1 nm, 42.6 nm and 51.7 nm respectively.
Our results show that the magneto-optical coupling constant is
independent of the film thickness. The magneto-optical Kerr
rotations are measured to confirm the consistence of the exper-
iment. The theoretical data fit very well with the experimental
results.

2. Theory
The interaction between light and the magnetized media

is called the magneto-optical effect. The magnetic field will
change the polarization of the incident light and the dielectric
tensor. Then the magnetic field induced dielectric tensor can
be expressed as[7]

𝜀=

 εx iQmz iQmy
−iQmz εy iQmx
−iQmy −iQmx εz

 , (1)

where mx, my and mz represent the normalized magnetization
components in the x, y and z directions, respectively. For lon-
gitudinal magneto-optical effects, we have mx = my = 0. The
off-diagonal non-symmetric terms εi j (i 6= j) are assumed to
be products of the magnetization M and the complex magneto-
optical coupling parameter Q. With the sample magnetization
being known, the magnetic field independent Q of ferromag-
netic constituents in multilayer samples can be extracted. The
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Q depends on the net spin polarization and the electronic band
structure, which is very sensitive to the structural anisotropy.

By following the ideas in Ref. [6], the Jones matrix for-
malism is introduced in a two-dimensional coordinate system
with axes parallel (index p) and perpendicular (index s) to
the plane of incident. The effects of polarization and inter-
action of light with the magnetic material can be described
by 2×2 matrices, i.e., the polarizer matrices and the reflection
matrices[14]

𝑅=

(
rss rsp
rps rpp

)
= rp · 𝑅̃, (2)

where rxx, rxy, ryx and ryy present the reflective coefficients.
For longitudinal magneto-optical effects, 𝑅̃, which is the re-
duced reflection matrix, can be written as

𝑅̃=

(
r̃s α̃

−α̃ 1

)
, (3)

where α̃ is the longitudinal magnetic induced reflection coeffi-
cient and r̃s describes the case of zero external magnetic field.

The fraction intensity change ∆I/I0 for different combi-
nations of polarizer angles θ1 and θ2 for positive (+) and nega-
tive (−) directions of the external magnetic field can be written
as

∆I
I0

= 2
I+− I−
I++ I−

= 4
B1 f1 +B2 f2

B3 f5 +2B4 f4 + f3
, (4)

with

B1 = ℜ(α̃), B2 = ℜ(r̃s · α̃∗),
B3 = |r̃s|2 , B4 = ℜ(r̃s), (5)

f1 = sin2(θ1)sin(2θ2)− sin2(θ2)sin(2θ1),

f2 = cos2(θ2)sin(2θ1)− cos2(θ1)sin(2θ2),

f3 = sin2(θ1)sin2(θ2),

f4 = sin(2θ1)sin(2θ2),

f5 = cos2(θ1)cos2(θ2), (6)

where Bi has no special meaning and is just a combination of
the real or square parts of the complex parameters. The Bi can
be experimentally determined by measuring ∆I/I0 for a vari-
ety of polarizer angles θ1 and θ2. By using the combination
of Bi, the magnetically induced reflection coefficient α̃ can be
experimentally determined as

α̃ = B1± i
B2−B1B4√

B3−B2
4

. (7)

transmission

 matrix 
GME

experimentaltheoretical

reflective

matrix

Q

Fig. 1. Combination of GME and transmission matrix method. The
reflective matrix can be obtained by experiment and theory, then the
magneto-optical coupling constant Q can be found.

As shown in Fig. 1, α̃ can be calculated in theory for
ultra-thin films with different structures. In this text, the the-
ory in Refs. [12] and [13] is introduced into the determina-
tion of the reflective matrix of the multilayer film system. The
medium boundary matrices and the medium propagation ma-
trices have been used to solve the multilayer reflection prob-
lems. Every single layer can be presented by a matrix contain-
ing its thickness and refractive index.[12] The medium bound-
ary matrix for the i-th layer in the multilayer film system is

𝐴Lon
i =



1 0 1 0

−1
2

sinθi

cosθi
(1+az2

i )Q cosθi
1
2

sinθi

cosθi
(1+az2

i )Q −cosθi

1
2

sinθi ·QNi −Ni
1
2

sinθi ·QNi −Ni

cosθiNi
1
2

sinθi

cosθi
QNi −cosθiNi

1
2

sinθi

cosθi
QNi


, (8)

where Ni and θi are the complex refractive index and the com-
plex refractive angle of layer i, respectively. The medium
propagation matrix[15] can be written as

𝐷i =



ui cosδi ui sinδi 0 0
−ui sinδi ui cosδi 0 0

0 0
1
ui

cosδi
1
ui

sinδi

0 0 − 1
ui

sinδi
1
ui

cosδi

 , (9)

where

ui = exp(−i(2π/λ )Ni cosθidi),

δi = (π/λ )NiQdi sinθi/cosθi, (10)

and di is the film thickness. By using the medium boundary
matrices and the medium propagation matrix, the single film
matrix 𝐴i𝐷𝐴−1

i for longitudinal configurations can be calcu-
lated as
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𝐴i𝐷𝐴−1
i =



c − sinθi

2cosθ 3
i

Qs+
σc

cosθi
i
sσ

N
−i

s
cosθiN

− sinθi

2cosθi
Qs− cosθiσc c i

cosθis
N

i
sσ

N

−isNσ i
Ns

cosθi
c − sinθi

2cosθ 3
i

Qs+
σc

cosθi

−isN cosθi −isNσ − sinθi

2cosθi
Qs− cosθiσc c


, (11)

where

c = cos
(

2π

λ
Ndi cosθi

)
, s = sin

(
2π

λ
Nd cosθi

)
,

σ =
sinθi

cosθi

π

λ
NQd. (12)

For calculating the magneto-optical reflective matrix, one
needs to know the 𝑀 matrix. For a multilayer film, 𝑀 is

𝑀 = A−1
0 ∏

i
𝐴i𝐷i𝐴

−1
i 𝐴3 =

(
𝐺 𝐻
𝐼 𝐽

)
, i = 1,2, (13)

with

𝐺−1 =

(
tss tsp
tps tpp

)
,

𝐼 ·𝐺−1 =

(
rss rsp
rps rpp

)
. (14)

Then for the longitudinal magneto-optical effect, the reflective
matrix of a three-layer film system (Fig. 2) can be theoreti-
cally calculated. For the ultra thin film, using Eqs. (8)–(14),
we have

rss = [(cosθ3N3 + cosθ0)(cosθ0−N3 cosθ3)

+2ikd1 cosθ0(N2
1 cos2

θ1−N2
3 cos2

θ3)

+2ikd2 cosθ0(N2
2 cos2

θ2−N2
3 cos2

θ3)]

×(cosθ0 + cosθ3N3)
−2,

rsp = − 2k cosθ0QN3d2 sinθ0N2

(cosθ3 + cosθ0N3)(cosθ0 + cosθ3N3)
,

rps = −rsp,

rpp = −[(cosθ3− cosθ0N3)(cosθ3 + cosθ0N3)

+2ikd1 cosθ0(N2
1 cos2

θ3−N2
3 cos2

θ1)

+2ikd2 cosθ0(N2
2 cos2

θ3−N2
3 cos2

θ2)]

×(cosθ3 + cosθ0N3)
−2,

Q =

(
B1± i

B2−B1B8√
B7−B2

8

)
× [(cosθ0 + cosθ3N3)((cosθ3− cosθ0N3)

×(cosθ3 + cosθ0N3)

+2ikd1 cosθ0(N2
1 cos2

θ3−N2
3 cos2

θ1)

+2ikd2 cosθ0(N2
2 cos2

θ3−N2
3 cos2

θ2))]

× [2k cosθ0N3d2 sinθ0N2(cosθ3 + cosθ0N3)]
−1. (15)

In Eq. (15), parameters Bi are obtained by the GME experi-
ment and ri j (i, j = s,p) are given by reflective and transmis-
sion matrices. Through the combination of these two meth-
ods, the Q parameter formula can be obtained. The relation
between Q and other parameters can be directly shown.

d1

d2

0. ambient

1. capping layer

2. magnetic film

3. substrate

θ0

θ1

θ2

θ2

Fig. 2. Model of a three-layer system. It is composed of ambient 0,
capping layer 1, magnetic film Fe and substrate GaAs. The thicknesses
of the capping layer and the magnetic film are d1 and d2.

3. Experiment
The GME setup is modified by using a surface magneto-

optical Kerr effect equipment with a laser lamp, two ro-
tatable polarizers and a detector connected with a locked-
in amplifier (Fig. 3). The un-polarized light from the
laser is polarized by a polarizer P1 and then modulated
by a photo chopper. After being reflected by the sam-
ple, the laser passes through analyzer P2 and is received

aperture

polarizer

sample

magnetic field

polarizer

aperture

laser

spectrometer

detector

Fig. 3. Schematic diagram of GME setup. The light is polarized by a
polarizer and reflected by the sample, then passes through an analyzer.
The light received by the detector is processed by a locked-in amplifier
to increase the SNR. After that, the signal is processed by a computer.
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Fig. 4. Film thicknesses and optical constants ((a) refractive index and (b)
extinction coefficient) of ultrathin iron films with different thicknesses.

by the detector. The signal is then processed by the locked-in
amplifier. For an ultrathin film, the magnetic induced signal
reflected from the sample is quite weak and the fractional in-
tensity change is easily buried in the noise of the laser, so it is
difficult to detect. So the locked-in amplifier is used here to
elevate the signal to noise ratio (SNR) and extract the useful
signal. The wavelength of the laser is 650 nm and the inci-
dent angle is accurately controlled at 30◦ by a spectrometer.
The spectrometer can be used to provide an accurate incident
angle in minute level after modification.[16] The external mag-
netic field is 250 mT, which is sufficient to produce a satu-
rated magnetic field. The sample is placed into the center of a
solenoid, which can be controlled by a programmable system.

The solenoid can provide an external homogeneous saturation
magnetization. The ∆I/I0 is displayed as a function of θ2 for
three different settings of θ1.[17] The polarizer is set at 20◦,
40◦ and 60◦ respectively, and the analyzer rotates from 0◦ to
180◦. The intensity at every single analyzer angle is recorded
for positive (+) and negative (−) directions of the external
magnetic field.

The samples are prepared by magnetron sputtering. Sur-
faces of 50 mm×50 mm commercial GaAs (0 0 1) wafers are
cleaned for 30 min to prepare GaAs free of any measurable
contaminant. A Fe layer is then deposited at 0.7 nm/min while
rotating the substrate for increased uniformity. Immediately
after the Fe deposition, a Ta capping layer is deposited. Here
the Ta material, which supplies the largest Kerr rotation, is the
most suitable capping layer.[18] The pressure of the argon at-
mosphere is typically maintained at 0.9 Pa. The thicknesses of
the samples are shown in Table 1.

Table 1. Thicknesses of Ta/Fe/GaAs(001) measured by spectroscopic
ellipsometry.

a b c d e
Ta/nm 10 10 10 10 10
Fe/nm 7.1 14.7 24.1 42.6 51.7
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Fig. 5. (color online) XRD pattern for Ta/Fe/GaAs (sample a). The
peaks of Fe and Ta are marked.
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Fig. 6. (color online) The ellipsometry data ((a) tan(ψ) and (b) cos(∆)) of sample a under wavelength 300–800 nm. These three
curves represent the data of three separate points on sample a.
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If the investigated multilayer sample contains thick and
highly absorbing layers, the generalized ellipsometry is in gen-
eral not sufficient to determine the layer thicknesses, instead
other techniques would be required for such a purpose. How-
ever, the spectroscopic ellipsometry measurements and data
analysis are an established method for film thickness and opti-
cal constant determination.[9] The spectroscopic ellipsometry
is used to determine the optical parameter[19] (Fig. 4) and the
thickness of every layer in the samples.[18] After that, the x-ray
diffraction (XRD) pattern of sample a is acquired as a repre-
sentation to check the quality of these samples (Fig. 5). To
check the optical homogeneity, the ellipsometry data (tan(ψ)

and cos(∆)) of sample a are given by measuring three separate
points of sample a (Fig. 6).

4. Results and discussion
Figure 4 shows the XRD pattern of sample a. The high

peaks come from the GaAs substrate. Compared with the stan-
dard spectrum, the peaks of Ta and Fe are marked. Figure 5
displays the ellipsometry data of sample a. These three curves
represent the data of three different points, which are selected
randomly on sample a. From these figures, we can see that the
ellipsometry data of these three different points are nearly the
same, which means that the film thickness uniformity is quite
good.

Figure 7 shows the fractional intensity change of the mag-
netic materials as a function of the analyzer angle with three
curves fitted simultaneously. The R2 shows the coefficient of
determination, which describes the overall reliability of the
least square fit. Table 2 lists the fitting parameters B1–B4 in-
cluding an error estimate. It can be seen that the experiment
data fit very well with the theoretical results. From this figure,
we can see that the peaks increase with increasing film thick-
ness and the ∆I/I0 under 40◦ is more sensitive than the other
two.
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Fig. 7. (color online) Fractional intensity change of the magnetic materials ((a) sample a, (b) sample b, (c) sample c, (d) sample d, (e)
sample e) as a function of the analyzer angle and (f) coefficient of determination.

Table 2. Fit parameters Bi according to the least-square fits shown in Fig. 7.

Sample B1 B2 B3 B4

a
value −0.00087 0.00119 1.88402 −1.3598
error ±0.00006 ±0.0001 ±0.018 ±0.0271

b
value −0.00067 0.00109 2.06817 −1.44866
error ±0.00005 ±0.00007 ±0.045 ±0.02092

c
value −0.00168 0.00241 2.48323 −1.51729
error ±0.00013 ±0.00013 ±0.09248 ±0.0348

d
value −0.00157 0.00215 2.21486 −1.4351
error ±0.00008 ±0.00009 ±0.079 ±0.029

e
value −0.00192 0.00269 2.19319 −1.47603
error ±0.00008 ±0.00012 ±0.0428 ±0.01437
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Taking the Bi parameters into Eqs. (7)–(14), the Q param-
eter as a function of the Fe film thickness is given in Fig. 8. It is
shown that Q as a material constant is independent of the film
thickness. This conclusion is quite similar to that in Ref. [20],
which uses another method named the vector-magneto-optical
generalized ellipsometry. A magneto-optical Kerr rotation ex-
periment is carried out to verify the consistence of this ex-
periment. Figure 9 displays the experimental (symbols) and
calculated (line) magneto-optical Kerr rotations and ellipticity
(θK and εK) of samples a–e with different thicknesses. Using
the Q value and the optical constant under 650 nm obtained
from Figs. 4 and 8, the magneto-optical Kerr rotations and el-
lipticity are calculated. The results show that they fit well with
the experiment data.

0 20 40 60
0

0.002

0.004

0.006

0.008

0.010

Q

Film thickness/nm

Qr

Qi

Fig. 8. (color online) Magneto-optical coupling parameters Q of sam-
ples a–f. The square and star refer to the real and imaginary parts of the
magneto-optical coupling parameter.
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θ
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Fig. 9. (color online) Experimental (symbols) and calculated (line)
magneto-optical Kerr rotations and ellipticity (θK and εK) as a function
of film thickness in longitudinal configurations under 650 nm wave-
length.

5. Conclusion
In this paper, the medium boundary matrices and the

medium propagation matrices theories are introduced into the
determination of the complex reflection matrix, then the gen-
eralized magneto-optical ellipsometry is extended to the mea-
surement of ultrathin magnetic films. A spectroscopic ellip-
sometry is used to determine the optical parameters and the
thicknesses of these samples. The results show that Q as a
material constant is independent of the film thickness. After
that, a magneto-optical Kerr rotation experiment is carried out
to verify the consistence of this experiment. The theoretical
curve fits very well with the experimental data.
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