
Chin. Phys. B Vol. 23, No. 1 (2014) 017305

Mobility limited by cluster scattering in ternary alloy quantum wires∗
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The mobility limited by cluster scattering in ternary alloy semiconductor quantum wire (QWR) is theoretically inves-
tigated under Born approximation. We calculate the screened mobility due to clusters (high indium composition InGaN)
scattering in the InxGa1−xN QWR structure. The characteristics of the cluster scattering mechanism are discussed in terms
of the indium composition of clusters, the one-dimensional electron gas (1DEG) concentration, and the radius of QWR.
We find that the density, breadth of cluster, and the correlation length have a strong effect on the electron mobility due to
cluster scattering. Finally, a comparison of the cluster scattering is made with the alloy-disorder scattering. It is found that
the cluster scattering acts as a significant scattering event to impact the resultant electron mobility in ternary alloy QWR.
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1. Introduction
In ternary III–V semiconductors such as InxGa1−xN,[1–3]

InxGa1−xAs,[4,5] InxGa1−xP,[6] and AlxGa1−xAs,[7,8] the spin-
odal decomposition of alloys occurs and often leads to for-
mation of a phase-separated microstructure. X-ray diffraction
(XRD),[9,10] transmission electron microscopy (TEM),[1,3,11]

Raman studies,[12] and cathodoluminescence (CL) image[13]

have demonstrated that the microstructures due to phase seg-
regation consist of isovalent heteroatoms[3] or different phases
from the matrix material,[14] forming self-assembled quan-
tum dots (SAQD) or clusters. Practically, clusters (quantum
dots) are often designed to embed into the quantum well[15–17]

and quantum wire[18–21] for application. Because the clus-
ters or quantum dots, which give rise to both the short-range
repulsive potential and the long-range Coulomb potentials,
can scatter the electrons efficiently, the scattering mechanism
caused by clusters tends to have a significant impact on the
carrier transport property in alloy semiconductors. Extensive
theoretical[22–25] and experimental[26–29] studies have been
carried out over the past three decades. A number of re-
searchers have argued that the transport properties of two-
dimensional electron gas (2DEG) are affected by quantum
dots which are in the plane either embedded in the vicinity of
2DEG or inserted in the centre of quantum well.[27,28] Besides,
Marsh[23] and Friedman[24] et al. have calculated the cluster
scattering in three-dimensional In0.53Ga0.47As and In0.5Ga0.5P
system, respectively. However, to date, there are few theo-
retical or experimental studies about the cluster scattering in

one-dimensional systems.

Recently, one-dimensional (1D) nanostructures, includ-

ing nanowires, nanorods, and nanobelts, have attracted sig-

nificant interest owing to their novel size- and dimension-

dependent physical properties. Specifically, III-nitride al-

loy nanostructures, due to their tunable direct bandgap, high

carrier mobility,[30] large saturation velocity, high absorption

coefficient,[31] and strong radiation resistance,[32] are consid-

ered to be excellent candidate for light emitting diodes[33] and

high-efficiency multi-junction solar cells.[34] However, even

if a variety of 1D nanostructures and related devices of In-

GaN and InGaAs have been fabricated successfully, binary or

ternary clusters (or quantum dots) are often observed because

of phase segregation induced by compositional and structural

variation. These clusters will affect the carriers transport prop-

erty in the 1D nanostructures and the performance of related

devices.

In this work, we take InxGa1−xN QWR, which is often

used in actual devices, as an example. The InxGa1−xN ternary

alloy always shows serious indium aggregation and leads to

the formation of high-indium InxGa1−xN or InN clusters. We

propose a square potential to deal with the cluster scattering in

InxGa1−xN QWR using Born’s method. In order to precisely

evaluate the mobility, the screening effect is introduced in our

numerical calculation, and the characteristics of the cluster

scattering mechanism are discussed in detail.
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2. Calculations
We consider an InxGa1−xN cylindrical QWR whose

schematic structure is depicted in Fig. 1. The wire axis is ori-
ented along the z axis, and the wire cross section in the xy plane
is a circle with a radius of R0. Electrons are confined in the xy
plane and move freely along the z direction, so electrons in the
QWR can be viewed as one-dimensional electron gas (1DEG)
and the electron wave function is given by[35]

Ψnlk(ρ,φ ,z) =
exp(ikz)exp(ilφ)Jl(knlρ)√

πR2
0LJl+1(knlR0)

= ξnl(ρ,φ)
1√
L

exp(ikz),

l = 0,1, . . . , n = 1,2, . . . (1)

and eigenvalues for electrons are

Enlk =
h̄2

2m∗
(k2 + k2

nl). (2)

In Eq. (1), k is the wave vector of electron, L the length of
QWR, m∗ the effective mass, Jl(x) the Bessel function of the
first kind of order l, and knl , which is equal to xnl/R0, is re-
lated to the n-th zero of the Bessel function of order l when
Jl(xnl) = 0. We suppose that the electrons are confined to their
lowest quantum states, so l = 0 and n = 1.
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Fig. 1. Schematic drawing of a QWR with distributed clusters.

As far as the InxGa1−xN ternary alloy is concerned,
the high-indium InxGa1−xN or InN clusters are formed in
the Ga-rich InxGa1−xN QWR due to low miscibility of InN
and GaN.[3] For simplicity, we assume that high-indium-
composition InGaN clusters are formed in the QWR and all
the clusters are in cuboid shape. The statistical properties of
the clusters are expressed via the exponential autocorrelation
function as[36]

〈δR(z)δR(z′)〉= a2 exp
(
−
√

2|z− z′|
Λ

)
, (3)

where a is the breadth of the cubiod clusters and Λ is the
autocorrelation length. The distribution of two random clus-
ters is shown in Fig. 1. In the model of interface roughness,

the roughness is treated as “islands” formed at the interface
and the autocorrelation length can be interpreted as the island
extent.[37] Similarly, the autocorrelation length Λ in our model
can also be regarded as the extent of clusters.

The potential of cluster scattering results from both the
short-range repulsive effect and the long-range Coulomb ef-
fect generated by the trapped electrons. However, for the
cluster inserted in the electron channel, the short-range repul-
sive effect plays a more impotent role in the electron trans-
port property.[27] As a consequence, a square well potential
is proposed to replace the actual short-range scattering poten-
tial without consideration of the long-range Coulomb potential
with trapped carriers. The variation of the potential resulting
from the clusters is given by

V (𝜌,z) =U0Θ(𝜌−𝑅)−U0Θ [𝜌−𝑅−δ𝑅(z)], (4)

where Θ is the step function and U0 is the conduction band
offset between the cluster (high indium composition) and the
matrix (low indium composition). Here we adopt the for-
mula Eg = 3.437(1− x)+0.608x−1.43x(1− x) according to
Ref. [38] to calculate the band gap of InxGa1−xN alloy and the
band offset ratio between the conduction and valence bands
can be assumed to be 0.67 : 0.33.[39] The band gaps for GaN
and InN are 3.437 eV and 0.608 eV, respectively.[40] If the in-
dium composition of the matrix and cluster are 8% and 50%,
referring to the experimental result of Ref. [1] respectively, the
scattering potential U0 can be predicted to be 0.965 eV.

For a cluster located at a point 𝑅, the matrix elements of
scattering potential can be written as

Hk′k =
∫∫∫

Ψ
∗

k′ (ρ,φ ,z)V (𝜌,z)Ψk(ρ,φ ,z)ρdρdφdz. (5)

Substituting Eqs. (1) and (4) into Eq. (5) and using the expo-
nential autocorrelation function given by Eq. (3), we obtain
the expectation value of the square of the matrix element as

〈|Hk′k|2〉=U2
0

[
2ξ

2
10(R)Rarcsin

( a
2R

)]2 1
L2 a2L

2
√

2Λ

q2Λ 2 +2
, (6)

where q is the scattering vector, and q = |𝑘′−𝑘| with 𝑘 and
𝑘′ being the initial and final wave vectors, respectively.

Then the transition probability W (𝑘′,𝑘) for the scattering
from the state |𝑘〉 to |𝑘′〉 can be calculated using the Fermi’s
golden rule as follows:

W (𝑘′,𝑘) =
2π

h̄
〈|Hk′k|2〉δ (Ek−Ek′), (7)

where Ek is the energy of electron in the state |𝑘〉.
By summing over all the final states |𝑘′〉 and integrating

over all the clusters on the cross section of the QWR, the clus-
ter scattering rate can be written as

1
τC(k)

= ∑
𝑘′

∫∫
d2RNC(R)(1− cosθ)W (𝑘′,𝑘), (8)
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where NC(R) is the planar density of clusters on the cross sec-
tion of QWR, which has been assumed to be uniformly dis-
tributed on the cross section inside the QWR and vanish out-
side, i.e.,

NC(R) =

{
NC, R < R0,

0, R > R0.
(9)

The double integral in Eq. (8) indicates that all the clusters on
the cross section contribute to the scattering. Here, we have
made the assumption that the scattering is fully elastic and
that the quantum system is ideally one-dimensional. Thus, the
scattering angle θ between 𝑘 and 𝑘′ is limited to only two val-
ues of 0 and π , so the term (1− cosθ) in Eq. (8) has only two
corresponding values, 0 and 2.

Substituting Eqs. (7) and (9) into Eq. (8) yields the mo-
mentum relaxation time τC, which reads

τC =
h̄3

2m∗U2
0 Γ

|k|(2k2Λ 2 +1)√
2a2Λ

, (10)

where

Γ =
∫∫

d2RNC(R)
[
2ξ

2
10(R)Rarcsin

( a
2R

)]2
. (11)

Finally, the unscreened mobility of electrons confined to
move along the axis of a QWR has the form of[35]

µ = e∑
k

( h̄k
m∗

)2
τC(k)

∂ f (Ek)

∂Ek

[
∑
k

f (Ek)
]−1

, (12)

where f (Ek) is the distribution function for electrons in the
QWR.

When screening effect is taken into consideration, the
scattering matrix elements Hk′k should be replaced by
Hk′k/ε(q) with ε(q) being the 1D dielectric function. Un-
der the random-phase approximation (RPA), ε(q) can be ex-
pressed in terms of the form factor F(q) and the statistic po-
larizability Π(q) at given temperature T , namely,[37,41]

ε(q) = 1+F(q)Π(q,EF). (13)

Here, F(q) and Π(q,EF) are respectively given by

F(q) =
2e2

εBG

∫
ρdρdφ

∫
ρ
′dρ
′dφ
′
ξ

2
10(ρ,φ)ξ

2
10(ρ

′,φ ′)

×K0

(∣∣∣q√ρ2 +ρ ′2−2ρρ ′ cos(φ −φ ′)
∣∣∣), (14)

and

Π(q,EF) =
2m∗

π h̄2q

∫ +∞

0
dE ln

∣∣∣2√2m∗E + h̄q
2
√

2m∗E− h̄q

∣∣∣
×
[
4KBT cosh2

(E−EF

2KBT

)]−1
, (15)

where εBG is the background dielectric constant, KB is Boltz-
mann’s constant, and K0(x) is the modified Bessel function of
the second kind.

Therefore, the screened momentum relaxation time τscr
C

reads

τ
scr
C = τCε

2(−2k). (16)

Then, by substituting Eq. (16) into Eq. (12), the screened mo-
bility due to cluster scattering can be obtained.

3. Results and discussion
We performed the numerical calculation of mobility due

to cluster scattering in InxGa1−xN QWR. In Fig. 2, the re-
lationship between the mobility due to cluster scattering and
the indium composition of clusters is discussed. One can note
that as the indium composition of clusters varies from 40% to
100%, the mobility due to cluster scattering decreases. Ac-
cording to Eq. (4), the scattering potential results from the
band offset between the high-indium-composition cluster and
the low-indium-composition matrix. When the indium com-
position of clusters increases, the band offset between clusters
and matrix will become larger and the scattering effect will
enhance. The same trend is true for the decreasing indium
composition of matrix. Therefore, for the sake of discussion,
the indium composition of clusters and matrix are fixed at 50%
and 8% in the following discussion.

0.4 0.5 0.6 0.7 0.8 0.9 1.0
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µ
/
c
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Fig. 2. Screened electron mobility limited by cluster scattering as a
function of the indium composition of cluster. The indium compo-
sition of the QWR is 0.08. The 1DEG concentration, the radius of
the QWR, the breadth, and the planar density of the clusters have
been assumed to be 105 cm−1, 13 nm, 4 nm, and 1010 cm−2, re-
spectively. The temperature is 4.2 K.

The mobility due to cluster scattering is investigated as a
function of the one-dimensional electron gas (1DEG) concen-
tration NlD for 105 cm−1 <N1D < 106 cm−1 with Fermi–Dirac
distribution. The variation of mobility with electron concen-
tration for different radii (R0 = 11, 13, 15, 17 nm) of the QWR
is given in Fig. 3. We can see that the mobility is enhanced
as the radius of the wire is increased. It can be verified that
as the radius of QWR is reduced, the electron wavefunction is
concentrated in the interior of the wire, so for a constant planar
density of clusters distributed on the cross section of QWR, the
diminishing wire radius will result in the increasing scattering
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rate. Besides, it can be observed that the mobility has a min-
imum for some certain values of N1D. The reason is that the
scattering gets most effective when the electron wavelength is
comparable to the correlation length Λ . To clarify this point,
we suppose that the electrons of Fermi level contribute to the
mobility at 4.2 K and the momentum relaxation time τC(kF)

is then calculated as a function of Λ for various electron con-
centrations N1D. As shown in Fig. 4, τC(kF) also reaches min-
imum. Correspondingly, through the relation kF = πN1D/2,
equation (10) indicates that τC(kF) reaches a minimum when
Λ is equal to

√
2/πN1D.
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Fig. 3. (color online) Screened electron mobility limited by cluster
(In0.5Ga0.5N) scattering as a function of 1DEG concentration N1D
in In0.08Ga0.92N QWR with radii of 11, 13, 15, and 17 nm, respec-
tively. The breadth and the planar density of the clusters have been
assumed to be 4 nm and 1010 cm−2, respectively. The temperature
is 4.2 K.
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Fig. 4. (color online) The unscreened momentum relaxation time
τC(kF) limited by cluster (In0.5Ga0.5N) scattering as a function of
correlation length Λ for different 1DEG concentration N1D. The ra-
dius of the QWR (In0.08Ga0.92N), the breadth, and the planar den-
sity of the clusters have been assumed to be 13 nm, 4 nm, and
1010 cm−2, respectively. The temperature is 4.2 K.

As shown in Fig. 5, the cluster scattering mobility
strongly depends on the breadth and planar density of clusters
in the way that it decreases with increasing planar density and
enlarging breadth of clusters. It is noticed that, for the clus-
ter scattering, the process of interaction between electrons and
clusters can simply be regarded as the elastic collision. There-
fore, increase in the planar density and the cluster breadth will

make the collision remarkable and result in a strong scatter-
ing. In 2DEG, by performing capacitance and Hall measure-
ment, it can be demonstrated that the quantum dots inserted in
the quantum well or embedded in the vicinity of the electron
channel will have a great influence on the transport proper-
ties of 2DEG. Especially for the quantum dots inserted in the
quantum well, the dominate scattering mechanism is attributed
to the short-range expulsive scattering from the quantum dots
which reduce the mobility and make the quantum lifetime un-
dergo a sharp transition.[28] It has been proved that the electron
transport lifetime of the sample with the inserted quantum dots
is about ten times smaller than that of the sample without the
quantum dots.[27] Moreover, the mobility of 2DEG is reduced
as the density and size of the inserted self-assembled quantum
dots increase. Thus, it is reasonable to infer that the density
and breadth of cluster have a strong effect on the total electron
mobility of 1DEG in QWR.
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Fig. 5. (color online) Screened electron mobility limited by clus-
ter (In0.5Ga0.5N) scattering as a function of cluster breadth for
different cluster planar density on the cross section of QWR:
NC = 1010 cm−2 (dotted line), NC = 1011 cm−2 (dashed line), and
NC = 1012 cm−2 (solid line). The 1DEG concentration N1D, the
QWR (In0.08Ga0.92N) radius R0, and the correlation length Λ have
been assumed to be 105cm−1, 13 nm, and 10 nm, respectively. The
temperature is 4.2 K.

The calculated temperature-dependent mobility of cluster
scattering is depicted for R0 = 13 nm and NC =1010 cm−2.
As shown in Fig. 6, the mobility has a minimum for some
values of temperature T . This is because, when T increases,
the energy states above EF contribute to the mobility, and the
scattering gets most effective when the electron wavelength
corresponding to the energy state at T is comparable to the
correlation length Λ . Besides, it is observed that the mobil-
ity for smaller correlation length Λ gets minimum at higher
temperature. This is mainly because the escalating tempera-
ture tends to raise the energy of the electrons and reduce the
electron wavelength.

Another important scattering mechanism in alloy semi-
conductor, alloy-disorder scattering, is added in the present
study for a meaningful comparison. The calculation is per-
formed according to the model of Ref. [42] and the variation
of mobility with temperature is plotted in Fig. 6 as well. Note
that the behavior of the alloy-disorder scattering mobility as a
function of temperature in our work is different from that of
Ref. [42]. It can be ascribed to the screening effect that is in-
troduced to the calculation in order to compare with the cluster
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scattering. As shown in the inset of Fig. 6, the dielectric func-
tion ε is reduced as the temperature increases. According to
Eq. (15), this is owing to the dependence of the statistic po-
larizability Π(q) on the temperature T . It is found that the
mobility is dominated by the alloy-disorder scattering at high
temperature and the cluster-scattering mobility µC decreases
at low temperature with a trend to dominate the mobility.
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Fig. 6. (color online) The temperature dependence of screened
mobility limited by cluster (In0.5Ga0.5N) scattering (µC, the black
solid line for Λ = 10 nm and the red solid line for Λ = 20 nm) and
alloy disorder scattering (µAL, dot-dashed line) in the In0.08Ga0.92N
QWR with radius of 13 nm. The 1DEG concentration, the cluster
breadth, and the planar density have been assumed to be 105 cm−1,
4 nm, and 1010 cm−2, respectively. Inset: the variation of dielectric
function ε with temperature.

4. Summary
In conclusion, the screened mobility limited by cluster

scattering in InGaN QWR has been studied under Born ap-
proximation. It is found that the mobility due to cluster scatter-
ing is reduced as the indium composition of cluster increases
and enhanced for wide QWRs. When the electron wavelength
is comparable to the correlation length Λ , the cluster scatter-
ing tends to be most effective. Besides, the increase in the
cluster breadth and cluster density may make the scattering
more considerable. At the meantime, the predicted strength of
the cluster scattering is compared with that of the alloy dis-
order scattering. At low temperature, the cluster scattering is
found to be the most prominent scattering mechanism. At high
temperature, however, the alloy disorder scattering becomes
dominant. Therefore, it is necessary to take into account the
cluster scattering events to assess the electron transport mobil-
ity in 1D ternary or quaternary alloy semiconductor system.
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