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Phase transition and thermodynamic properties of ThO2:
Quasi-harmonic approximation calculations and anharmonic effects∗
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The thermodynamic properties and the phase transition of ThO2 from the cubic structure to the orthorhombic structure
are investigated using the first-principles projector-augmented wave method. The vibrational contribution to Helmholtz
free energy is evaluated from the first-principles phonon calculations. The anharmonic contribution to quasi-harmonic free
energy is accounted for by using an effective method (2010 Phys. Rev. B 81 172301). The results reveal that at ambient
temperature, the phase transition from the cubic phase to the orthorhombic phase occurs at 26.45 GPa, which is consistent
with the experimental and theoretical data. With increasing temperature, the transition pressure decreases almost linearly.
By comparing the experimental results with the calculation results, it is shown that the thermodynamic properties of ThO2
at high temperature improve substantially after including the anharmonic correction to quasi-harmonic free energy.
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1. Introduction

Thorium dioxide (ThO2) has drawn considerable atten-
tion in recent years due to its usage as a nuclear material and
solid-state electrolyte.[1,2] Moreover, owing to its prominent
hardness, ThO2 has potential applications as a high-k dielec-
tric material and laser host.[3] At ambient pressure, ThO2 is an
important nuclear ceramic which exists in the fluorite struc-
ture with space group Fm3m (No. 225) up to its melting point
at 3000 K. In spite of its interesting properties and high poten-
tial applications, the phase transition of ThO2 is still inconclu-
sive. A great deal of experimental and theoretical investigation
has been devoted to solving this issue. Experimentally, high-
pressure Raman spectra for ThO2 were reported by Jayaraman
et al.[4] They claimed the appearance of seven new Raman
peaks near 30 GPa, testifying that ThO2 starts to transform into
an orthorhombic structure with space group Pnma (No. 62)
at around 30 GPa. Idiri et al.[5] performed the compression
experiments and observed that this phase transition really be-
gins around 30 GPa, and that the two phases coexist in a wide
pressure range of nearly 20 GPa. Dancausse et al.[6] inves-
tigated the pressure-induced phase transition from the cubic
phase to the orthorhombic phase using the energy dispersive
x-ray diffraction method. Their results suggested that ThO2

undergoes a high-pressure-induced phase transformation from
a cubic to an orthorhombic structural type at pressures of about
40 GPa; further, the high-pressure phase remains stable up to
55 GPa. Theoretically, Boettger et al.[7] performed the first-
principles calculations using the relativistic linear combina-

tions of a Gaussian type orbitals-fitting function technique and
a predicted transition pressure of around 27.5 GPa. More-
over, based on first-principles density-functional theory, Wang
et al.[8] predicted a single pressure induced structural transi-
tion of ThO2 from the initial cubic structure to an orthorhom-
bic structure around 26.5 GPa. Despite tremendous exper-
imental and theoretical efforts, the pressure-induced phase
transition remains one of the most controversial topics in the
study of ThO2.

At relatively low temperatures, the thermodynamic prop-
erties can be well predicted using the quasi-harmonic ap-
proximation (QHA)[9–13], in which only the volumetric ef-
fects on the phonon frequencies are taken into account. Ob-
viously, QHA ignores the intrinsic anharmonic effects caused
by phonon–phonon interaction. Since the anharmonicity be-
comes prominent at high temperature, QHA will not be
good enough to predict the high-temperature thermodynamic
properties. These effects have recently received a renewed
interest.[14–16] An effective approach without requiring any
adjustable parameter, proposed by Wu,[17] is adopted in this
work to verify the occurrence of the pressure-induced phase
transition from the cubic ThO2 to the orthorhombic ThO2 and
evaluate the thermodynamic properties of both phases. The
method can be thought of as an “improved” QHA. The ap-
plicability of this approach is demonstrated by applying it to
MgO, ScN and YN.[14,15]

The rest of this paper is organized as follows. The the-
oretical methods are shown in Section 2. In Section 3, the
calculation results are given and discussed. Finally, the con-
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clusions are drawn in Section 4.

2. Theoretical methods
The first-principles calculations are performed within

the generalized gradient approximation (GGA) of a Perdew–
Burke–Ernzerhof (PBE) functional,[18] as implemented in the
Vienna ab initio simulation package (VASP).[19] The electron-
ion interactions are treated within the projector-augmented
wave.[20] For the Brillouin zone sampling, 9 × 9 × 9 and 9
× 15 × 4 Monkhorst–Pack meshes[21] are used for the cubic
and orthorhombic ThO2, respectively. The kinetic energy cut-
off is 282.8 eV. The allowed error in the total energy is smaller
than 10−3 eV per atom between two electronic self-consistent
steps. The relaxation between two ionic steps will stop if all
forces are smaller than −10−3 eV per atom. Thermodynamic
calculations are performed by Phonopy.[22]

Within the framework of the quasi-harmonic approxima-
tion, the non-equilibrium Gibbs free energy G(V,P,T ) is usu-
ally given by[23]

G(V,P,T ) = FH(V,T )+PV = E(V )+Fvib(V,T )+PV, (1)

where FH(V,T ) is the quasi-harmonic Helmholtz free energy;
E(V ) represents the static energy from the first-principles to-
tal energy calculations fitted by an equation of state at 0 K and
volume V ; PV corresponds to the constant hydrostatic pressure
condition; P is the pressure; and V is the volume.

The fully anharmonic Helmholtz free energy can be sep-
arated as[14]

HA(V,T ) = FH(V,T )+Fanh(V,T ), (2)

where Fanh(V,T ) is the anharmonic correction to the quasi-
harmonic Helmholtz free energy. QHA ignores the intrin-
sic phonon–phonon interaction, namely, the anharmonicity,
which will lead to the case where the predicted properties,
such as the thermal expansion coefficients, are much larger or
smaller than the experimental data at high temperatures.[14]

The temperature dependence of the phonon frequency is
expressed in an implicit way in Wu and Wentzcovitch’s
method[14,17]

Ω(V,T ) = ω(V ′), (3)

where ω is the phonon frequency from the first-principles
calculations and Ω is the temperature-dependent phonon fre-
quency used in quasi-harmonic formula of the free energy:
Ω is not the renormalized phonon frequency. The relation of
Ω with the renormalized phonon frequency was discussed in
Ref. [14]. The temperature dependence of Ω is described by
the temperature dependence of V ′ at a fixed volume V

V ′ =V
∣∣∣∣1−C

(V −V0)

V0

∣∣∣∣ , (4)

where C is a constant; V and V0 are the predicted quasi-
harmonic volumes at high and zero temperature under the
same quasi-harmonic pressure; and V –V0 is the volume expan-
sion caused by the temperature. The method can be thought of
as an “improved” QHA and works well while there is only
one constant C,[14] Fanh(V,T ) can be expressed in the follow-
ing way:[17]

Fanh(V,T ) =
[
FH(V ′,T )−U0(V ′)

]
− [FH(V,T )−U0(V )] , (5)

where U0 is the internal static energy, Fanh(V,T ) can also
be calculated through the first-principles molecular-dynamics
(FPMD) simulation by

Fanh(V,T ) = FMD(V,T )−FH(V,T )

= [EMD(V,T )−T SH(V,T )]

− [EH(V,T )−T SMD(V,T )]

≈ [EMD(V,T )−EH(V,T )] , (6)

where FMD is the free energy in FPMD; EMD and EH are the
internal energy in FPMD and QHA, respectively; SMD and
SH are the entropy in FPMD and QHA, respectively, which
would be nearly equal at low temperature; and Fanh(V,T ) can
be calculated from one canonical ensemble FPMD simulation
and further used to determine C through Eq. (5). FPMD is
performed in the super cell with 96 atoms for cubic and or-
thorhombic ThO2 with the same pseudopotential, exchange-
correlation functional and cutoff energy. The Nosé mass con-
trols the frequency of the temperature oscillations during the
simulation.[19] For each simulation, 1-ps simulation is found
to be long enough to calculate the ensemble average.

Based on the phonon density of states (DOS) g(ω), the
vibrational free energy from the first-principles can be written
as follows:[10]

Fvib(V,T ) = kBT
∫

∞

0
ln
[

2sinh
h̄ω

2kBT

]
g(ω)d(ω), (7)

where kB is the Boltzmann constant; and ω and h̄ are the
phonon frequency and the reduced Planck constant, respec-
tively. The non-equilibrium Gibbs function G∗(V ;P,T ) can be
minimized with respect to volume V(

∂G∗(V ;P,T )
∂V

)
P,T

= 0. (8)

The calculated static energies by first-principles with respect
to the volume are fitted to the third-order Birch–Murnaghan
equation of state[24]

E(V ) = E0 +
9V0B0

16

{[
(V0/V )2/3−1

]3
B′0

+
[
(V0/V )2/3−1

]2 [
6−4(V0/V )2/3

]}
. (9)
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Through “improved” QHA and QHA, the thermodynamic pa-
rameters of ThO2 at any pressures and temperatures from the
calculated energy-volume data at zero temperature and zero
pressure can be obtained.
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Fig. 1. Fitted total energy per formula unit as a function of volume for
ThO2 from third-order Birch–Murnaghan equation of state.

3. Results and discussion
3.1. Structural properties

Firstly, the appropriate cell parameters of ThO2 have been
obtained after optimizing the lattice constants and internal
atom coordinates under the principle of energy minimization.
Secondly, for cubic and orthorhombic ThO2, a series of lattice
constants are set to obtain the total energy E and the corre-
sponding primitive cell volume V , then the E–V data are fit-
ted to the third-order Birch–Murnaghan equation of state.[24]

The results are shown in Fig. 1. From Fig. 1, the cubic ThO2

is more stable than the orthorhombic ThO2 at zero tempera-
ture and zero pressure, which accords with the experimental
and theoretical data.[4,7] The calculated lattice parameter a0,
bulk modulus B0 and its first derivate B′0 for both phases by
the third-order Birch–Murnaghan equation of state are listed
in Table 1, together with the available experimental and other
theoretical data. It is obvious that our calculated results are in
agreement with the other theoretical results[7,25–27] and exper-
imental data.[2,5,28]

Table 1. Lattice constants, bulk modulus and its pressure derivation of
the cubic and orthorhombic ThO2.

Cubic ThO2 Orthorhombic ThO2

This work Other Exp This work Other Exp

a/Å 5.592
5.610a) 5.600d) a/Å 6.103 6.122f) 5.898g)

5.623b) 5.598e) b/Å 3.716 3.749f) 3.600g)

5.626c) c/Å 7.067 7.107f) 6.862g)

B0 187.6
198.2f) 198d)

B0
202.1 163.2f)

184.5c) 195e) 206.8c)

B′0 4.19
4.91f) 4.6d)

B′0 4.22
6.19f)

4.94c)
4.49c) 5.4e)

a)Ref. [25], b)Ref. [26], c)Ref. [7], d)Ref. [5], e)Ref. [2], f)Ref. [27],
g)Ref. [28].

3.2. Electronic structure

In the following, the electronic structures of cubic and
orthorhombic ThO2 at 0 GPa and 30 GPa are calculated and
shown in Figs. 2(a) and 2(b), respectively. The Fermi level is
set to zero. From Fig. 2(a), it can be seen that the low band
in the range from −18.8 eV to −11.2 eV consists of O 2s and
Th 6p states, which shows a clear hybridization. The high
valence band in the range from −4.3 eV to 0 eV is mainly oc-
cupied by O 2p states with a little Th 6d and 5f states. Above
the Fermi level, the conduction band is dominated by Th 5f
states, mixed with a little Th 6d and O 2p states. The cubic
ThO2 shows a band gap of about 4.2 eV, which indicates that
the cubic ThO2 is a semiconductor. The electronic structure of
orthorhombic ThO2 is similar to the cubic ThO2 except that it
has a small band gap of 3.8 eV and the conduction band width
becomes narrow due to the effect of pressure.
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Fig. 2. Calculated total and partial density of states for cubic (a) and
orthorhombic (b) ThO2.

The values of C (see Eq. (4)) determined by FPMD are
0.17 and 0.21 for cubic and orthorhombic ThO2, respectively,
which are then used to construct the Gibbs free energy. Based
on the perturbation theory, the lowest order term of the anhar-
monic contribution to free energy is proportional to T 2 at high
temperatures.[14] Namely, Fanh = bT 2. The third and fourth
order terms are usually small and can be ignored at high tem-
peratures. Based on Eqs. (3)–(6), the anharmonic free energy
correction of the cubic and orthorhombic ThO2 at 0 GPa is
displayed in Fig. 3. As shown in Fig. 3, the anharmonic free
energy contribution in ThO2 exhibits the typical T 2 behavior
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at the applied temperatures. This is also true for Mg2SiO4

and MgO.[14,17] Moreover, it can be noted that the anharmonic
contribution in cubic ThO2 is smaller than that in orthorhom-
bic ThO2. This is due to the fact that the low-symmetry or-
thorhombic ThO2 is the high pressure phase and has high an-
harmonicity at zero GPa.
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Fig. 3. Temperature dependence of the anharmonic contribution to the
free energy at 0 GPa.

3.3. Phase transition

To clarify the phase transition of ThO2 at any pressure
and any temperature, more investigations are preformed us-
ing the “improved” QHA and QHA. It is well known that at
the transition point, the Gibbs free energy of two phases are
equal. Therefore, the phase transition pressure and tempera-
ture from the cubic ThO2 to the orthorhombic ThO2 can be
evaluated from the usual condition of equal Gibbs energies,
i.e., the pressure, at which the Gibbs energies are the same for
both phases.

The differences in Gibbs free energy between the cubic
and orthorhombic ThO2, ∆G = GPnma −GFm−3m, predicted
by the “improved” QHA and QHA, are shown in Figs. 4(a)
and 4(b) for different temperatures and pressures, respectively.
From Figs. 4(a) and 4(b), it is found that when P = 27.06 GPa,
∆G = 0. This means that at zero temperature, the transition
pressure from the cubic ThO2 to the orthorhombic ThO2 is
27.06 GPa, which is consistent with the theoretical results;[7]

also, the cubic ThO2 is more stable than the orthorhombic
ThO2 when the pressure is below 27.06 GPa. At zero tem-
perature, the transition pressure calculated by the “improved”
QHA and QHA is the same, which is due to the disappearance
of the anharmonic effect at the applied temperature. At 300 K,
the transition pressure obtained from the “improved” QHA is
26.45 GPa, which is close to the QHA value of 26.70 GPa
and the experimental value.[4] When the temperature increases
to 1500 K, the value of the transition pressure of 22.78 GPa,
predicted by the “improved” QHA, is somewhat smaller than
the value of 23.61 GPa predicted by QHA. When the tem-
perature is fixed, ∆G increases with the pressure decreasing,
which means that the cubic ThO2 becomes more and more
stable compared with the orthorhombic ThO2. At zero pres-

sure, ∆G is positive in the range of 0 K–3000 K, which im-
plies that the cubic phase is more stable than the orthorhom-
bic phase and the phase transition would not occur even at
3000 K when the pressure is below 18.66 GPa obtained by
“improved” QHA and 19.70 GPa obtained by QHA. More-
over, it can be observed that the transition pressure decreases
almost linearly with the temperature increasing above room
temperature. Thus, though the anharmonic contribution to
free energy plays an important role in the phase transition
of ThO2, the phase transition pressure predicted by the “im-
proved” QHA and QHA are almost the same at the applied
temperature and the discrepancies between both approaches
are less than 1.2 GPa.
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Fig. 4. The dependence of ∆G on temperature and pressure for (a) “im-
proved” QHA and (b) QHA.

3.4. Thermodynamic properties

Within the framework of the density functional perturba-
tion theory (DFPT), phonon dispersion curves of both phases
are calculated and shown in Figs. 5(a) and 5(b). As seen in
Fig. 5, the absence of any imaginary phonon frequency in the
whole Brillouin zone for cubic and orthorhombic ThO2 gives
direct proof of their dynamical stabilities at the given condi-
tion. The predicted phonon dispersion curves of cubic ThO2

accord with the experimental data[29] at low frequency, but
slight deviations can be observed at high frequency, which are
mainly due to the current calculation based on the harmony
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approximation at 0 K, while the experimental measurements
are performed at room temperature and the anharmonic effect
could be induced by a higher temperature. Moreover, it can be
noted that the highest phonon frequency of the orthorhombic
phase is larger than that of the cubic phase, which is due to the
shorter bond lengths of the orthorhombic phase that contribute
to higher phonon frequencies.
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at different pressures, together with the experimental data.

Thermodynamic properties play an important role in un-
derstanding the thermal response of materials. The heat ca-
pacities of the cubic and orthorhombic ThO2 at constant pres-
sure, predicted by the “improved” QHA and QHA, are shown
in Figs. 6(a) and 6(b), respectively, compared with the experi-
mental data.[30] From Fig. 6, it can be seen that the heat capac-
ity CP of both phases at different pressures increases steeply
below 300 K, then the increasing trend becomes gentler at high
temperatures. At zero GPa, the “improved” QHA predicted Cp

for cubic ThO2 in a range from 600 K to 2500 K is closer
to the experimental data than that obtained from QHA. Thus,
after including the anharmonic correction to quasi-harmonic
free energy, the heat capacity of ThO2 is depicted well by the
“improved” QHA.
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Fig. 7. Calculated linear thermal expansion coefficients of (a) cubic and
(b) orthorhombic ThO2 in comparison with experimental data.

ThO2 is a potential optical component material and laser
host and hence, it is necessary to investigate its thermal ex-
pansion coefficient. The calculated pressure and temperature
dependences of the linear thermal expansion coefficient α of
the cubic and orthorhombic ThO2 are plotted in Figs. 7(a) and
7(b), respectively. From Fig. 7, it can be seen that as the tem-
perature increases, the linear thermal expansion coefficient of
both phases increases rapidly below 300 K and then gradu-
ally turns into a slower increase at high temperatures. At the
same pressure, the cubic phase has a slightly lower thermal
expansion coefficient than the orthorhombic phase. At zero
pressure, the linear thermal expansion coefficient α of cubic
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ThO2 calculated by the “improved” QHA is consistent with
the experimental data;[31] QHA significantly underestimates
the thermal expansion coefficient of both phases. Therefore,
after inclusion of anharmonic effects, the “improved” QHA
improves significantly the thermodynamic properties of ThO2

at high temperatures.

4. Conclusions
The thermodynamic properties and the phase transition

from the cubic ThO2 to the orthorhombic ThO2 are studied us-
ing the first-principles projector-augmented wave method. Ac-
cording to the usual condition of equal Gibbs energy, the phase
transition from the cubic ThO2 to the orthorhombic ThO2 oc-
curs at 26.45 GPa, which is in agreement with the experimen-
tal and theoretical data. The transition pressure decreases al-
most linearly with the applied temperatures above room tem-
perature. At zero pressure, the predicted heat capacity and
linear thermal expansion coefficient of cubic ThO2 are con-
sistent with the experimental data. By comparing the experi-
mental results with the calculation results, it is shown that the
thermodynamic properties of ThO2 improve considerably af-
ter inclusion of the anharmonic effects.
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