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Dual solutions in boundary layer flow of a moving fluid over
a moving permeable surface in presence of prescribed surface
temperature and thermal radiation
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An analysis of the heat transfer for a boundary layer forced convective flow past a moving permeable flat surface
parallel to a moving fluid is presented. Prescribed surface temperature at the boundary is considered. A thermal radiation
term in the energy equation is considered. The similarity solutions for the problem are obtained and the reduced ordinary
differential equations are solved numerically. To support the validity of the numerical results, a comparison is made with
the available results for some particular cases of this study. Dual solutions exist when the surface and the fluid move in the

opposite directions.
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1. Introduction

The flow and heat transfer of a viscous fluid over a mov-
ing surface have many important applications in modern in-
dustry, such as polymer industry, glass fiber drawing, crys-
tal growing, plastic extrusion, continuous casting, etc. Many
researchers!!' = have investigated the boundary layer flow on
a flat plate. They considered the boundary layer flow on a
moving flat plate in a quiescent fluid. Afzal et al.’® combined
the Blasius and Sakiadis problems successfully using compos-
ite velocity. Later on, by studying the effects of radiation on
the boundary layer, Batallar(®! and Cortell!”! extended respec-
tively the Blasius and Sakiadis problems. Considering the suc-
tion/blowing effect on the boundary, a new dimension is added
to the above mentioned study of Cortell!”! by Ishak.!®!

Moving wall boundary layer flow was studied by different
researchers.[?!%1 Recently, Cortell!'!! discussed the effects of
viscous dissipation on the thermal field for constant as well as
prescribed power-law surface temperature. However, the ex-
istence of dual solutions was not discussed due to the smaller
range of velocity ratio between the free stream and the com-
posite velocity considered in that study. By investigating the
effects of suction and injection for constant surface temper-
ature, Ishak et al.l'?! showed that dual solutions exist when
the sheet moves in the opposite direction to the free stream.
However, the prescribed surface temperature was disregarded
in their study.!'3! In this investigation, a quadratic power-law
thermal boundary condition is considered. Continuous sur-
face heat transfer problems have many practical applications
in industrial manufacturing processes. Such processes are hot
rolling, wire drawing and glass fiber production. In particular,
the power-law form of the variable surface temperature can be
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used to calibrate the thermal boundary condition at the surface
to experiments involving a heating element and a particular
material. The radiative heat transfer effects on different flows
are very important in space technology and high temperature
processes.! 4! However, the effects of radiation on the bound-
ary layer are not known in detail. Recently, Mukhopadhyay et
al." reported the existence of dual solutions in the case of
flow and heat transfer over a permeable moving plate in the
presence of thermal radiation. However, in their study, a uni-
form wall temperature was assumed. In our investigation, the
combined effects of suction at the boundary and thermal ra-
diation are considered. The prescribed surface temperature is
assumed. Dual solutions also exist in this case and the results
are presented and explained through their graphical represen-
tations.

2. Formulation of the problem

We consider a forced convective, two-dimensional steady
laminar boundary-layer flow of an incompressible, viscous
fluid over a flat surface moving with constant velocity U,, in
the same or opposite direction to the free stream U.. (directed
towards the positive x direction). The x axis extends parallel
to the surface, while the y axis extends upwards, normal to the
surface. The governing equations for boundary layer flows and
heat transfer are

Jdu 0Jv

$+7y_0’ (1)
du du 2%u
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where u and v are the components of velocity respectively in
the x and y directions, u is the coefficient of fluid viscosity, p
is the fluid density, v = u/p is the kinematic viscosity, T is
the temperature, k is the thermal conductivity of the fluid, g,
is the radiative heat flux, ¢, is the specific heat at a constant
pressure. Since the velocity of the fluid is low (laminar flow),
the viscous dissipative heat is assumed to be negligible here.
Using the Rosseland approximation for radiation,!'> we can
write

__soor
&= T3 5y

(3a)

where o is the Stefan—Boltzman constant and k* is the absorp-
tion coefficient.

Assuming that the temperature difference within the flow
is such that 74 may be expanded in a Taylor series and ex-
panding T* about 7., and neglecting higher orders, we obtain
T* = 4T3T — 3T2. Therefore, equation (3) becomes

or dT Kk J°T
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The appropriate boundary conditions for the problem are given
by

u=Uy, V=V,

T —T.,

=Ty, y=0, (52)

u— Us, y — oo, (5b)

Here, V,, is the velocity of suction (Vi > 0) or injection
(Vo < 0), Ty = Too +Ax? is the prescribed surface tempera-
ture, T is the free stream temperature assumed to be constant
with Ty, > T.

3. Similarity analysis and solution procedure

With the help of a composite velocity U = Uy, + U.., we
now introduce the following dimensionless variables:

I O _nf(m)—fn)

TI—Y\/;Ml—Uf(T])aU—U \/m ) (6)

o= LI~ 7
_TW*TOQ, ( )

where Re, = Ux/V is the local Reynolds number.
Using the above equations in the boundary layer Eq. (2)
and in the energy Eq. (4), we obtain the following equations:

1 =0, ®)
aNe'
<1+3N)Pr+f6 —4f'6 =0, )

where Pr = [ic, /K is the Prandtl number and N = kk* /40T3
is the radiation parameter.

For the existence of similarity solutions V,, is taken as
Vo =—(VU/ 2x)l/ %o, where vy is a quantity which deter-
mines the transpiration rate at the surface with vg > 0 for suc-
tion, vg < O for injection, and vg = O corresponding to an im-
permeable plate. Then, the boundary conditions (5a) and (5b)
become

f,:lfra f:S, 9:13 77107 (10)

fl=r, 6=0, 1= oo, (1)

where r = U, /U is the velocity ratio parameter and S = vy is
the suction parameter (for details see Ref. [14]).

Equations (8) and (9) along with boundary conditions
were solved numerically by the shooting method.!'#]

4. Results and discussion

In order to obtain a clear insight of the physical problem,
numerical computations have been carried out using the shoot-
ing method for various values of different parameters, such as
velocity ratio parameter (r), suction parameter (S), radiation
parameter (), and Prandtl number (Pr) encountered in this
problem. For illustrations of the results, numerical values are
plotted in Figs. 1(a)—4(b).

In order to assess the accuracy of the method, the nu-
merical results obtained in this study are compared with those
available from the literatures for variable » and are presented
in Table 1. The results agree well with those obtained by
Cortell'!] and Ishak et al.!'?]

It is noted that dual solutions exist for certain values of
the chosen parameters. The two branches (upper and lower
branches) merge with one another at a critical point (the crit-
ical value of r, say r.). The boundary layer solutions be-
yond this point are impossible to be obtained due to boundary
layer separation from the surface. Based on this investigation,
re =1.54892, 1.82134 for § =0, 0.2 respectively. Therefore, it
can be stated that there are dual solutions for 1 < r < 1.54892
and no solution for r > 1.54892 for an impermeable surface.
This agrees excellently with those reported by Afzal et al.!
and Ishak ef al.l'?! for an impermeable sheet. Moreover, the
suction widens the range of r, for which the solution exists.

Figures 1(a)-1(c) present the dual nature of stream func-
tion, velocity and shear stress profiles respectively for variable
values of velocity ratio parameter r in the presence of suction,
while figures 1(d)—1(e) display the dual nature of temperature
profiles for variable r in the presence of both suction and ther-
mal radiation.

For stream function profiles, a crossing over is noted for
the upper branch solution [Fig. 1(a)]. Initially, f(n) decreases,
while for larger values of 1, it increases, i.e., the region of re-
verse flow appears here.['*] This is quite obvious as the plate
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and the free stream move in opposite directions. With the in-
crease of the velocity ratio parameter, fluid velocity decreases
near the wall but it increases after a fixed point (1] ~ 2) in case
of an upper branch solution [Fig. 1(b)]. Figure 1(c) exhibits
increasing nature of shear stress with the increase of velocity
ratio parameter for the upper branch solution. The temper-
ature is found to increase with the increase of r for the upper
branch solution but it decreases in the case of the lower branch
[Fig. 1(d)]. The wall temperature gradient is negative for all
cases considered here, which implies that heat is transferred
from the plate surface to the fluid [Fig. 1(e)]; this is very sig-
nificant and useful in technology, since cooling is one of the

technical challenges faced in many industries.

The dual nature of velocity, shear stress, temperature and
temperature gradient profiles for variable values of suction pa-
rameter S for » = 1.5 are exhibited respectively in Figs. 2(a)-
2(d). Figure 2(a) shows that the fluid velocity increases with
the increase of S for the upper branch solution but the opposite
behavior is noted for the lower branch solution. The bound-
ary layer thickness for the lower branch solution is larger than
that of the upper branch solution. For the upper branch solu-
tion, though the shear stress increases initially, it decreases for
larger i with the increase of S, as shown in Fig. 2(b). For the
lower branch solution, the behavior is the opposite.

Table 1. Values of velocity gradient f”(0) for non-porous flat surface.

770)
" Cortell '] Ishak et al."”] Present study
Upper branch Lower branch Upper branch Lower branch
0 —0.627547 —0.627562 —0.627560
0.1 —0.493711 —0.493760 —0.493757
0.2 —0.363308 —0.363346 —0.363342
0.25 —0.299593
0.3 —0.237132 —0.237133 —0.237131
0.4 —0.115777 —0.115810 —0.115807
0.5 0.0 0.0 0.0
0.6 0.109652 0.109638 0.109636
0.7 0.212374 0.212373 0.212374
0.75 0.261075
0.8 0.307378 0.307355 0.307352
0.9 0.393567 0.393563 0.393564
1.0 0.469602 0.469601 0.469602
1.1 0.533708 0.001493 0.533707 0.001491
1.2 0.583176 0.016172
1.3 0.583178 0.016171 0.613645 0.051940
1.4 0.616142 0.117885
1.5 0.613646 0.051941 0.565823 0.241874
0.616140 0.117886
0.565821 0.241872
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Fig. 1. Dual nature of (a) stream function, (b) velocity, (c) shear stress, (d) temperature and (e) temperature gradient profiles for several
values of the velocity ratio parameter r.
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Fig. 2. Dual nature of (a) velocity (b) shear stress, (c) temperature and (d) temperature gradient profiles for several values of the suction parameter S.

In the case of the upper branch solution, the temperature
decreases with § increasing; however, it increases for the lower
branch solution [Fig. 2(c)]. This can be used in different ex-
periments involving a heating/cooling element of a particular
material. It is observed that the magnitude of the temperature
gradient decreases initially with the increase of S for the up-
per branch solution but it increases with larger 1 [Fig. 2(d)].
The opposite nature is noted for the lower branch solution.
The boundary layer thickness for the lower branch solution is
higher compared to the upper branch solution.

Figures 3(a)-3(b) display the effects of thermal radiation
on the temperature profile for r = 1.3, 1.5 respectively. A
crossing over in the lower branch solution is noted in Fig. 3(a)
but no crossing over is found in Fig. 3(b). Such a type of cross-
ing over was not found in Ref. [14]. This is due to the com-
bined effects of the velocity ratio parameter, prescribed surface
temperature and thermal radiation. From both figures, it is
very clear that the temperature decreases (for the upper branch
solution) with the increasing values of the radiation parameter
N. The increase in the radiation parameter means the release
of heat energy from the flow region and so the fluid tempera-
ture decreases. This can be explained as follows. A decrease
in the values of N for given k and 7., means a decrease in
the Rosseland radiation absorptivity £*. Since divergence of
the radiative heat flux dg,/dy increases k* decreases, which in
turn causes it to increase the rate of radiative heat transfer to
the fluid and hence the fluid temperature increases. For the up-
per branch solution, the magnitude of the temperature gradient
decreases with the increase of the radiation parameter near the
plate but it increases after a fixed point [Fig. 3(c)]. Thus, ther-
mal radiation is very useful in high temperature processes as it

plays an important role in controlling the heat transfer process

in industry.
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Fig. 3. Dual nature of (a) temperature (when r = 1.3), (b) temperature
(when r = 1.5) and (c) temperature gradient profiles for several values
of radiation parameter N.
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Figures 4(a)-4(b) depict the dual nature of temperature
and temperature gradient profiles for variable values of Pr for
r = 1.5. The temperature decreases with Pr increasing for the
upper branch solution. For the lower branch solution, initially,
the temperature increases with Pr increasing, but away from
the surface, the temperature is found to decrease [Fig. 4(a)].
Such a type of behavior was not observed in Ref. [13]. This
behavior is due to the presence of a prescribed surface tem-
perature and thermal radiation. The boundary layer thickness
for the lower branch solution is higher than that of the upper
branch solution. This supports the fact that the upper branch
solutions are stable while the lower branch solutions are not.
The increase in Pr results in the increase in the heat trans-
fer rate [Fig. 4(b)]. Fluid with higher Pr has a relatively low
thermal conductivity and thereby reduces the thermal bound-
ary layer thickness and as a result the heat transfer rate at the
surface increases. At present, the enhancement of heat trans-
fer is an important topic. From an energy saving perspective,
this result can be useful in electronic cooling, heat exchangers,
double plane windows, etc.
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—-0.4
0 2 4 6 8 10

Fig. 4. Dual nature of (a) temperature and (b) temperature gradient pro-
files for several values of Pr.

Between these two solutions (upper and lower branch so-
lutions), it is very important to know which solution is phys-
ically relevant.l'®! It seems to suggest that the upper branch
solution is physically relevant as the upper branch solution is
the only solution valid for 0 < r—1 < 1. In the recent liter-
ature for similar problems, it is shown that the lower branch

solution is unstable and hence unphysical. Since the stabil-
ity of this problem is essentially an important issue, we refer
the reader to Ref. [17]. Note that in similar studies where two

solution branches were obtained, one solution is found to be

stable, whereas other solution branches are unstable. 8201

5. Conclusions

Effects of thermal radiation on heat transfer character-
istics for a moving non-isothermal surface parallel to a free
stream with prescribed power-law surface temperature have
been considered. Crossing over in the temperature profiles
(for the lower branch solution) is noted due to presence of
prescribed power law surface temperature and thermal radi-
ation. Moreover, in this manuscript, a discussion about the
multiplicity of solutions (numerically) for the momentum field
and speculation on which is physically relevant have been pro-
vided. This brief discussion hints at a stable solution, which is
very significant.
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