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We mainly investigate the robust networked H.. synchronization problem of nonidentical chaotic Lur’e systems.
In the design of the synchronization scheme, some network characteristics, such as nonuniform sampling, transmission-
induced delays, and data packet dropouts, are considered. The parameters of master—slave chaotic Lur’e systems often
allow differences. The sufficient condition in terms of linear matrix inequality (LMI) is obtained to guarantee the dissipative
synchronization of nonidentical chaotic Lur’e systems in network environments. A numerical example is given to illustrate

the validity of the proposed method.
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1. Introduction

Since Carroll and Pecora’s work,!!! chaotic synchroniza-
tion has been widely discussed and developed due to its po-
tential applications in the design of chaos generators, im-
age encryption, secure communication, and information sci-
ence, including the integral-order and fractional-order chaotic
systems.>~®1 Moreover, a broad class of nonlinear systems can
be modeled as Lur’e systems with the sector restricted nonlin-
earity, such as the classical Chua’s circuit systems. Thus, var-
ious master—slave synchronization schemes for chaotic Lur’e
systems have been proposed in recent years.[~1"]

Generally, a master—slave synchronization controller can
be modeled as a continuous-time case. Some synchronization
schemes have been proposed to achieve the performance re-
quirements, such as the impulsive feedback control®>!13] and
the delay feedback control.!!'%!4! There also exist some results
about Lur’e systems with special properties.!”!>1618] How-
ever, with the development of the microprocessor and its inter-
facing technology, the remote digital controller is more popu-
larly for communication engineering. Some special charac-
teristics, such as nonuniform sampling, transmission-induced
delays, and data packet dropouts, should be considered in the
controller design. Recently, hybrid system models have been
generally built via a zero-order hold (ZOH) for the sampled-
data control.'1:171 However, those schemes did not consider
the transmission-induced delays and data packet dropouts.
Moreover, a robust synchronization is out of their results. In
this paper, the robust networked H.. controller design for the
dissipative synchronization of nonidentical chaotic Lur’e sys-
tems is discussed. This paper follows the idea in Ref. [7] and
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extends the original result to the networked case.

The following notations are used. Throughout this paper,
superscripts T and —1 represent the transpose and the inverse
of a matrix, respectively, N denotes the natural number set, R"
denotes the n-dimensional Euclidean space, R**™ is the set of
all n x m real matrices, the identity matrices and zero matrices
are denoted by I and 0, respectively, notation * always de-
notes the symmetric block in one symmetric matrix, the stan-
dard notation > (<) is used to denote the positive (negative)
definite ordering of matrices, inequality X > Y shows that
matrix X —Y is positive definite.

2. Problem formulation

Consider the following nonidentical master—slave chaotic
Lur’e systems:!”]

" d) = Tp@)+Ur),
([ @(t) = Az(t) + Bio(Cz(t)) + Dd(t),
M {pm:Hw 0,
) 2(t) = Apz(t) + Bro(Chz(t)) +u(t),
S {q<r>=Hz<r>, )

with master system M, slave system S, and linear filter R.
Here, x(t),z(t) € R", u(t) € R™ are the state vectors, and
p(t),q(t) € R/, d(t) € R are the output vectors. The message
signal r(¢) € R, which is assumed to be binary valued, is low
pass filtered by R. The u(f) € R" is the control input. The
A, A eR™ By,B, e R C,C, e R D e R™!,
HeRY" ReR" ™ SeR" I T eR"r andU € Rare
known system parameters. It is assumed that o;(-) : R" — R
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satisfies a sector condition with o;(), i = 1,2,...,n;, belong-
ing to sectors [0, @], i.e.,

Gi(E)(0i(&) — &) <0, VE;i=1,2,...,n.

Assumption 17 For the master system M, there exist
initial states @ and a positive real constant J, such that

[&(1)[l2 < 8, V1 € [t0,0), 2)

for all continuous time reference inputs r that satisfy ||7|| =
Supysy F(1)] < 1.

Remark 1 Due to the boundedness of the chaotic Lur’e
systems, the above assumption is reasonable. As described in
Ref. [7], for a zero external input d, the upper bound &, can be
a measure for the “size” of the attractor of the chaotic master
system.

The robust networked H.. synchronization controller re-
lated with system (1) is described by

C:u(t)=K(p(t;,)—q(t) +e),
lig + Ty ST <ty + Ty &)

where € € R' is the noise signal in network transmission chan-
nels, K € R denotes the controller gain matrix, p(t;,) and
q(t;,) are the available measurements of p(r) and q(t) at sam-
pling instant #;, , k = 0,1,... 0, iy € N denotes the serial num-
ber of the available data packet such that {io,i;,iz,...} C
{0,1,2,3,...}, and 7;, denotes the network-induced delay cal-
culated from instant #;, .

Assumption 2 The sensor is clock-driven; and the con-
troller and actuator are event-driven. The clocks in all the de-
vices are synchronized. The p(¢) and q() are online mea-
surable and the measurements are transmitted with a single
packet.

Assumption 3% There exist three constants i > 0,
Timin = 0, and Tpax > 0 such that

f1 — 1t < hy
TminSTikSTmamk:0;17~-->°°a (4)

where h denotes the upper bound of the interval between
two consecutive sampling instants, and Tp;, and Ty denote
the minimum and maximum of the network-induced delays,
respectively. It is assumed that 8y.x denotes the admitted
maximum of successive data packet dropouts in the network
transmissions. Considering condition (4) and successive data

packet dropouts, we can obtain the following result:

_tik < (ikJrl _ik)h+rmax
< (1+5Inax)h+7max» k=0,1,...,00. (5)

ligy t Tigyy

The error signal concept is provided by defining a track-

ing error!’!

v(r)=d(r) —Be(r),

where 3=[10 --- 0]T. Let the error be e(t) = =(t) — 2(¢).
Then, by considering the controller (3), the synchronization
scheme is represented as

et) =ple(r),e(ty), z(t), u(t),r(1)) + @ (1)),
Alt) = Ru(t) + Sr(1).

v(t)=—pBe(t) +Tu()+Ur(r),

lig + Ty S <ty + Ty

(©)

where

pe(t),e(ti), z(t), p(t),r(1))

Asze(t)+ Bon(Che(t),z(t)) + DT u(t) + DUr(t)
—KHe(;) — Ke,

n(Cae(1),2(1))

= o(Cre(t) + Crz(t)) — a(Carz(t)),

AAx(t)+ Bio(Ciz(t)) — Boo(Chx(t)),

¢(z(1))

and AA = A] — Az.
n(Cre(t),z(t)) belongs to the sector bound [0, @], i.e.,

Assume that nonlinearity

0< Ni(caie,z) _ Gi(caie+ 2iz) — Gi(caiz)

Ce Che

S w;,
where ¢p; denotes the i-th row vector of C5. This implies

Ni(crie, z)(Ni(erie, z) — wicrie) <0,

Ve,z; i=1,2,...,n,. @)

Set ¢o := (1 + Smax )" + Tmax, then the initial condition of
e(r) on (fo — ¢, to] is supplemented as e(t) = ¢(t), t € (1o —
do, fo), where ¢(r) is a continuous function on (zp — o, fo].
The synchronization error system (6) can be expressed as

é(1) = p(e(t),e(t — (1)), z(1), u(t),r(r))

+p(a()),
alt) = Ru(t) + Sr(0), ®)
v(t) = —BTe(t) + Th(t) + Ur(r),

e(t) = ¢(t), t € (to = ¢o, 1o,

where 7(t) =t —1t;,. It is explicit that Ty, < 7(r) < (1+
Omax )1 + Tmax because of inequalities (4) and (5) and 7(¢) <
tio,, + T, —ti,. The time-varying delay 7(t) is piecewise-

continuous with derivative ©(¢) = 1 for t # t;, 4+ 7;, and the
derivative does not exist at the instant #;, + 7;, .

3. Main result

In this section, the dissipativity with finite L,-gain y of
system (8) will be derived for the synchronization schemes.
Before beginning the proof procedure, two useful lemmas are
introduced.

Lemma 1 Let X be any m x n matrix, for any constant
€ > 0 and any positive-definite symmetric matrix 7, such that

1
2WUTXp<e"XT'XT¢+ E(,DTT(,D
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forall { € R", p € R", and T € R"™".

Lemma 2 For any constant symmetric matrix G € R"™",
G = G" > 0, scalar v > 0, vector function ¢ : [t —v,t] — R"
such that the integrations in the following are well defined,
then

o[ wiBGwB)s

> ( ttvib(ﬂ)dﬁ)TG(/tlvtﬁ(ﬂ)dﬁ)-

Theorem 1 Given a scalar ¢g > 0 composed of %, Spax,
\
[ ®11 P12 P13 Py Pis Pis Py
x  Pp Py Py Py Py Py
* x P33 Py P35 Pig Py
o— * * x* Dy 0 0
* * * % @55 @56
* * * * Des
* * * * * * by
| * * * * * *

S =N +N] +88"+MA, + ATM ",
S,=P+AM" - M,

S3=—N+N - VH+ATMT,

&4 =CiNRA+ MB,,

&5 = 28T+ MDT,

& =—28U+MDU,

b7;=-V,

Pi3=M,

Dy =poQ - M —M",

by =—VH-M"

Py = M By,

&5 = 2Py, + MDT,
&y = M DU,

by =-V,

Dy =M,
$33=-N,—~N; -VH-H'VT,
b3 =M By,

&35 = MDT,

b3 =MDU,

b3 =-V,

b3g =M,

Dy =-2A,

&55=R P+ PhR+T'T,
b5 = P»nS+2T"U,
b= I+UU,

Tmax and a diagonal matrix 2 = diag{w;, @,...,,,}, the
synchronization error system (8) is dissipative with finite L;-
gain in network environments if there are matrices P = PT >
0,Q=Q" >0, A=diag{A1,A2,..., 4, } > 0, any matrices
N1, N, M, V with appropriate dimensions such that the fol-
lowing linear matrix inequality (LMI) condition holds:

e ¢N
<0, 9
[ * ¢0Q] ©)
where
D3 | [N} ]
Pig N,
0 10 _ | Pu P2
o |* V=0 | P_[le Pzz}’
0 0
0 0
bgg ] L 0 ]
\
&7 =71,
By = —°L.

Moreover, the controller gain matrix is K = M -y,
Proof The following storage function is considered:

V(1)

I
®
—
—~
~
~—
T
—~
—
~
~—
—
o)
—~
~
~—
[E—

4 /_ 0% /tieéT(s)Qé(s)dsdG,

Py Pp _ AT _
P, P22} >0,Q@=Q" >0, and ¢y =

(14 Omax ) + Tmax- The supply rate with finite Lp-gain ¥ is
described as

s(w(t),u(r)) = vw () w(t) — v (0)w(r),

where the exogenous input w(t) = [r(t);€;Bmdx] con-

where P = PT = {

sists of the reference input, the disturbance signal, and
a constant signal. System (1) is said to be dissipative
with respect to the storage function and the supply rate
if V < s(w,v),Yw,v. According to condition (11), it
is satisfied with |p(x(2))]] < Pméy and By = [[AA|> +
mlax{a),-}HB1||2||C1||2+m?x{a)i}||B2||2HC2H2.

hold for
N1, Ny, M with appropriate dimensions:

The following equations any matrices

leT ()N + et (1 — () N3]
xle(r) el — (1) - [

t—1(1)

é(s)ds] =0, (10)

[e" ()M +e"(t — (1)) M + &' (1) M]

x [—€(t) + Aze(t) + Ban(Cae(r), (1))
+DTu(t)+ DUr(t) - KHe(t —1(1))
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—Ke+p(x(1))] =0. (11)

On the other hand, for any A = diag{A,42,...,4,,} >0, it
follows from inequality (7) that

np
0< fZZlini(czie,z)(n,-(czie,z) — wicye)

i=1
= 21" (Cre(1), (1)) An(Cre(1), 2(1))
+2eT(1)CY RAN(Cre(t), 2(1)). (12)

For any positive real constant 7, the following condition is sat-
isfied:

1(Bndi — " ((1))p(x(t))) > 0. (13)

Combining Egs. (10)~(13), the condition V() —s < 0 is
checked
V(t)—s
< 26" (1) Pyie(t) +4€T (1) Propu(t)
+24 (1) Popua(t) + goé” (1) Qér)
- / " eT(5)Qé(s)ds
1—¢o

+2[eT(t)Ny + e (1 — 7(1)) N
X Je(t) — e(t — T(t)) /, [m) é(s)ds]

+2[eT ()M + e (t — t(t)) M + & (r) M
X [—e(r) + Are(r) + Bon(Cae(r), z(1))
+DTu(t)+DUr(t) — KHe(t —1(t))
— Ke+p(2(1)] - 20" (Cre(t), 2(1)) An(Cae(t), 2(1))
+2eT(1)CTNRAR(Cre(r), 2(1))

+7(Bad; — @' (x(1)p(2(1)))

—P(rT()r(t) + e e+ BAS2) + T (1)v(1).

t

By using Lemma 1 and Lemma 2 and setting 7 = ¥, the fol-
lowing result can be obtained:

V(t)—s < (O + 0 NQ 'NT(1),

where ((1) = [eT(r) €T(r) e"(r — ©(t)) n'(Cae(r),
z(t)) putt) ri(t) €' oT(x(t))], matrices © and N are de-
fined in inequality (9). It is explicit that if @ + 9o NQ ' NT <
0 holds, then V(¢) —s < 0 for any nonzero ¢(¢). By utilizing
the Schur complement, 211 the condition in Theorem 1 can be
obtained, and the proof is completed.

4. Illustrative example

In this section, a numerical example is given to demon-
strate the effectiveness of the proposed networked H.. syn-
chronization scheme.

Consider the following representation of Chua’s circuit
systems as in Refs. [7], [11], and [17]:

x1(t) = afxa(t) — h(x1(2))],
Xo(t) = x1(t) —xa(t) +x3(1),
X3(t) = —bxy (1),

where a =9, b = 14.286, and h(x|(t)) = myx(t) +0.5(mg —
m)(| x1(t) +c| = |x1(z) —c|) withmg = —1/7, m; =2/7,
and ¢ = 1. The generated chaotic attractor is shown in Fig. 1.
It is clear that the system can be represented in Lur’e form

—am; a 0 —a(mo—my)
with A = 1 —-11|,B= 0 ,and C' =
0 -bO 0

[100], and o(x1(¢)) = 0.5(| x1 () +c | — | x1(t) — ¢ |) be-
longs to sector [0, @] with @ = 1. The parameters of the de-
signed synchronization scheme are offered as A, = A, B, =
B,C,=C,D=[1;1;1], H=1, and 8 = [1;0;0]. For the
reference model, R is chosen with cut-off frequency 10 Hz,
the same as that in Ref. [7]. A perturbation of element ay; of
the A matrix da;; = 0.001 is taken in the master system with
respect to the nominal slave system.

Fig. 1. Chaotic attractor of Chua’s circuit systems.

en(t)
— —ex(t)
. 63(t)

e(t)

_ .4 .0
0 0
t/s

Fig. 2. Response curves of the error system.

Set h=0.01, dmax = 3, and Tyyax = 0.01, LMI (9) in Theo-
rem 1 is feasible, with the minimal value of y and the controller
gain matrix being

Yimin = 3.42,
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43646 0.6786 —1.7671
1.4985 0.8053 0.3809
—3.4511 —1.9073 4.0412

K=

The initial conditions of the master and slave systems are
chosen as z(0) = [1 1 1]T and 2(0) = [0.5 0.5 0.5]T, re-
spectively. The response curves of the error system are shown
in Fig. 2. It shows that the synchronization error converges to
zero asymptotically.

5. Conclusion

In the present work, the robust networked H.. synchro-
nization scheme for chaotic nonidentical chaotic Lur’e sys-
tems is proposed. The obtained result depends on the network
characteristics. In future works, more performance require-
ments for the synchronization of chaotic Lur’e systems will be
considered in a uniform network topological structure.
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