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A scheme that probabilistically realizes hierarchical quantum state sharing of an arbitrary unknown qubit state with
a four-qubit non-maximally entangled |x) state is presented in this paper. In the scheme, the sender Alice distributes a
quantum secret with a Bell-state measurement and publishes her measurement outcomes via a classical channel to three
agents who are divided into two grades. One agent is in the upper grade, while the other two agents are in the lower grade.
Then by introducing an ancillary qubit, the agent of the upper grade only needs the assistance of any one of the other
two agents for probabilistically obtaining the secret, while an agent of the lower grade needs the help of both the other
two agents by using a controlled-NOT operation and a proper positive operator-valued measurement instead of the usual
projective measurement. In other words, the agents of two different grades have different authorities to reconstruct Alice’s
secret in a probabilistic manner. The scheme can also be modified to implement the threshold-controlled teleportation.
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1. Introduction

The immensely successful methodology of quantum se-
cret sharing has provided new applications involving creating
private keys among distributed participants. One of the most
important branches of the quantum secret sharing is quantum
state sharing (QSS),[!? which was first introduced by Hillery
et al. In the original QSS proposal, a secret quantum state is
distributed by quantum teleportation'®! from a boss to more
than one agents so that any one of them can recover the state
with the assistance of the others.

The QSS has extensive applications in quantum informa-
tion science, such as creating joint checking accounts con-
taining quantum money™ and secure distributed quantum
computation.!>6! Since the outstanding work of Hillery et al.,

[7-301 and a scheme

the QSS has been attracting much attention,
has already been experimentally realized.*!! However, all of
the aforementioned QSS schemes are focused on the symmet-
ric case where every partner has the same status, i.e., the same
authority for getting the sender’s secret. In 2000, Gottesman 8!
pointed out that a more general QSS scheme should include an
asymmetry between the powers of the different participants,
and showed that it is possible to construct an access structure
in which some subsets of the shares can be combined to re-
construct the secret quantum state. Recently, an attempt has
been made by Wang ef al. in Refs. [32]-[34] to give a partial
answer with the |) state, the graph state, and the cluster state
as the quantum channels to the question raised by Gottesman.
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Quantum entanglement, one of the most striking fea-
tures in quantum mechanics, is the center resource for quan-
tum information processing. So far, various entangled states
have been extensively explored in QSS protocols, includ-
ing Greenberger—Horne—Zeilinger (GHZ) states,”!:>? Bell

23,24 27,33

1'W states, 2521 graph states,!?’-33] genuine five-

28,29

states,
qubit states,?®?°1 and six-qubit states.*”) However, all of
those states in the above literature are the maximally en-
tangled states. In a real communication scenario, an ini-
tially maximally entangled state may easily evolve into a non-
maximally entangled or mixed state due to the inevitable en-
vironmental effect. There have been some probabilistic QSS
schemes>-38] with non-maximally entangled states as the
quantum channels. Thus, it is reasonable to surmise that the
sender can also share non-maximally entangled channels with

the participants. However it often necessary to perform a

high-dimensional projective measurement operation>*-3¢! to
restore the original state, which makes the physical realization
difficult.

In this paper, by utilizing a proper positive operator-
valued measure (POVM) 3!l instead of the usual projective
measurement, we propose an asymmetric QSS scheme with
a four-qubit non-maximal entanglement |y) channel and the
classical communication. Our scheme distributes an unknown
quantum state to three distant agents asymmetrically and the
agents do not need to perform any nonlocal operation to obtain
the original secret. This asymmetric distribution leads to the
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agents having different powers to reconstruct the boss’s secret,
i.e., their authorities for getting the secret are hierarchized.
The |x) state, proposed by Yeo and Chua,*’! has many inter-
esting properties and exhibits more clear nonlocality in some
aspects than its counterparts of the well-known GHZ and W
states.[*>*3] In addition, it can be easily verified that at least
two single-qubit measurements are required to completely dis-
entangle |y ). Thus such a state has higher persistency of en-
tanglement than the GHZ state, which can be completely dis-
entangled by only one local measurement. This may lead to
the result that our scheme is more robust against decoherence
than the schemes in Refs. [1], [44], and [45]. For implement-
ing the same quantum task, the order of matrix of projective
measurement is double of the POVM, so our protocol makes
real experiments easier and possible.

2. Hierarchical and probabilistic QSS via non-
maximally entangled |y) channel

Consider a situation in which Alice, Bob, Charlie, and
David possess particles A, B, C, and D, respectively. Alice
also wishes to teleport the unknown state of particle A’

|0)ar = a|0)ar + B[1) ar, 9]

where the coefficients are complex and satisfy normalized con-
dition |a|*> + |B|*> = 1. Suppose that Alice, Bob, Charlie,
and David share a four-qubit non-maximally entangled state
|2) ABcD as the quantum channel

1x)aBcp = al0)a|w)sep +b|1) AW )BeD, 2
where
W) sep = %(|ooo> ~1011) — [101) + ] 110))5cn,
W' )cp = 5(001) +1010) +100) + [111))ncp.

and a and b are nonzero real numbers satisfying a> + b* = 1.
The state of the whole system can be expressed as

|T) = |¢)a ®|X)aBCD
act|00) oo |W*)Bep +bat|01) o W' BeD
+aP10)aalv)Bep + BB 1) aralW!)BeD.  (3)

Now Alice wants to transfer her original state |@) to her
three agents so that each of them can recover the secret state
with the assistance of some or all of the other agents. None
can solely obtain the quantum information. To achieve this
scheme, Alice performs a Bell-state measurement on her two
particles A’ and A in the basis {®T, P~ , W+ ¥}, and then
informs the outcome to them. The four states of this basis are
given by

%) = (|00>i|11>)

%\

1
501 £110)).

After Alice’s measurement, the state of particles B, C and D

) =

collapses to one of the following four possible results:

1
aa(@F|T) = %(QO‘W/%BCD +bBy")Bep), (@)

1
aa(PE|T) = \ﬁ(balw%cn +aBly)pcp).  (5)

The non-cloning theorem!*! allows only one qubit to be in
state |¢), so one of Bob, Charlie, and David, but not all, can
recover this state.

First, suppose that David is assigned to recover the orig-
inal state |@). We rewrite oo (®F|7) and oo (®PF|1) as fol-
lows:

aa(P]7)

Z\f[ |00)c + [11)Bc) (acx|0) £5B]1))p

)
— (|01)sc +[10)8c) (act|1) F 5B0))p]

= Sl 5 +c)(aal—p) % bB+))

- \ —8 —c)(aal+p) FbB|-p))], (6)
)
)
)
)

aa(P|7) = 2\f[(loo>Bc+|11 Bc) (ba|1) £aBal0))p

+ (101)Bc + [10)Bc) (bt|0) F aBall))p]
= [|+B+C>(ba\+D +af|-p))
*\*B*c>(ba|f FaBl+p))], @)

where |+;) = (|0,) £1,))/v2 (j = B, C, D). In order to
assist David reconstructing the original state |¢), after Alice
publishes her measurement results via a classical channel, the
other agents Bob and Charlie are asked to measure their qubits
through a suitable basis and broadcast their results. According
to Egs. (6) and (7), if Bob and Charlie measure their qubits
with the basis {|+),|—)}, their outcomes are always corre-
lated, i.e., anyone’s result can deduce the other’s. This implies
that one of them is sufficient to help David recover the origi-
nal state. Without loss of generality, suppose that Alice’s mea-
surement result is |@7) 5/, and the measurement result of one
of Bob and Charlie, say, Bob, is |+g), then David obtains the
state of his qubit

bB|+p))- ®

David then performs the corresponding operation U = i6,H

3 (aa]p) -

on his qubit D, where o, is the Pauli operator, and H =
(JOY(O] + 0) (1| 4+ |1)(0| — [1)(1])/+/2 is the Hardamard trans-
formation. It transforms as

17) = 5 (a0 + bl 1)n). ©

Let U; € {I,0;,0y,i0y}, where 0, (k = x,y,z) are the usual
Pauli matrices, and [ is the identity matrix. The outcomes of
the measurements performed by Alice and Bob, the state ob-
tained by David, and the corresponding collective operation
Uj=U ]’»H are listed in Table 1.
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Table 1. Relationship among Alice’s measurement results (AR), Bob’s
measurement results (BR), states obtained by David, and the corre-
sponding collective operation U;.

AR BR State obtained by David U;j
|2 )ara [+8) (act|—p) +bB|+p))/2 o.H
D7) ara I+8) (ao|—p) —bB|+p))/2 ioH
|PF)ara |-8) (actl+p) —bB|-D))/2 oH
|7 ) ara |-8) (actl+p) +bB|-p))/2 H
[P )ara [+8) (bal+p) +aP|-p))/2 H
[P )ara I+8) (bal+p) —aB|-p))/2 o.H
[P ara |-8) (bat|-p) —aB|+p))/2 ioH
[P )ara |-8) (bae|—p) +aB|+p))/2 oH

After that, the state of qubit D transforms into one of the

following states:
2 (a0} +5B /1)), 3 ([0} +aB| 1),

As proposed before, the state taken as the quantum channel
is shared among Alice, Bob, Charlie, and David, i.e., David
has the completed knowledge of the non-maximally entangled
states. Hence, David introduces an auxiliary qubit m in the
initial state |0) and performs a controlled-NOT gate operation
on the auxiliary qubit m with qubit D as the control qubit.
The controlled-NOT gate operation Cpy, converts the state of
qubits D and m to

IT) = Cpm|7')|0)m
= 3 @0j00) + BB 11))om
:%(\E)D®\F>m+|G>D®|H>m), (10)

where |[E)p = a|0)p + B|1)p, |F)m = a|0)m + b|1)m, |G)p =
a|0)p — B|1)p, and |H)m = a|0)m — b|1)y. From Eq. (10),
David can get states |E)p and |G)p of his qubit D provided

that states |F), and |H)y, are obtained via appropriate mea-
surements on his auxiliary qubit m. Unfortunately, states |F)m
and |H),, are not orthogonal in general. As a consequence,
they cannot be differentiated deterministically. Nevertheless,
the discrimination can be achieved in a probabilistic manner
by making an optimal POVM operation.**#! So David per-
forms an optimal POVM on the auxiliary qubit m. The POVM

takes the form

1
o =6|M1><M1|7

1
0, = 5|M2><M2|7

1 2
03=1—52|Ml-><Mi|7 (11)
i=1

where

|M>—f1

RN/
1 1 1
8274—7:7

I is an identity operator, and parameter @, which relates to a
and b, should be able to assure O3 to be a positive operator. To
exactly determine @, the three operators O,0;, and O3 are
rewritten in the following matrix forms:

1 1
0, = 1| & ab
we|l 1 1 |’
ab b?
1 1
0, = Tl @& b
we 11 ’
ab b2
2
1= 2
05 = wea . (12)
2
0 _
web?

Evidently, to let O3 be a positive operator, parameter @ should
satisfy the inequality @ > 2max(a?,b?). After performing the
above POVM on the auxiliary qubit m, David can definitively
obtain O and O, with the probability

(T0NT) = o = (T]0aT). (13)
Alternatively, in terms of the POVM value, David can posi-
tively conclude the state of qubit m. However, with the proba-
bility 1 — 1/2me, David may get the value of Os. In this case,
David cannot infer the state of qubit m. Once David deter-
mines |F)y or |H)m, he also knows state |E)p or |G)p. As a
consequence, David can reconstruct the original state |¢) by
performing an appropriate unitary operation. That is, if David
knows that the state of his qubit D is |[E)p (|G)p), he only
needs to perform unitary operation / (0;) on particle D.

So far, only the case that Alice’s measurement result is
|~ )ara and Bob’s measurement result is |[+g) is considered.
As a matter of fact, Bob may obtain |—g). In this case, by ap-
plying the same analysis method, David can also retrieve state
|¢) on his qubit D with the same probability. Thus the total
success probability of this QSS scheme is

2 b2

1 a
—— X2X2=—. 14
dmwe [0} 14
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Table 2. Relationship among Alice’s measurement results (AR), Bob’s measurement results (BR), the two operations of POVM (0;),

and the success probability of the corresponding measurements (SP), where Oz =1 — O

— 0y, & =1/d’P?, ® > 2max(a?,b?).

AR BR 0, 0, SP
1 1 1 1 .
1 2 1 ) - b
|DF) ara |+) 0= — a? ab 0, = — a? ab a
we 1 1 wE 1 1
ab b2 ab b2
1 1 1 1 -
1 22 1 2 b
|lPi>A’A ‘:t) 0= — b2 ab 0, = b2 ab a
we 1 1 weE 1 1
ab_ad? ab__d?

Now let us make some further discussion on it. As de-
picted previously, Alice’s measurement results can also be one
of the other three results, applying a similar analysis method
proposed above, David can probabilistically restore state |¢)
on his qubit D. Furthermore, we have worked out the success
probability for each case, and the results are summarized in
Table 2.

In all, the total success probability of this scheme is

2p2 252
b 4a°b
a7

5)

It can be easily verified that when the coefficients are a = b =
1/ V2and @ =1, O3 is a zero operator, the POVM becomes
the common projective measurement and the total success
probability of the QSS will be 1. In this case, the present QSS
scheme is transformed into the usual standard QSS scheme.

Remark 1 Due to the requirement of the POVM that
matrix O3z in Eq. (12) must be positive, @ > 2max(a2,b2). So
the scheme is the optimum strategy if ® = 2max(a?,b?). The
success probability of the optimum scheme can also get the
maximum 2a*b? /max(a®,b*) by @ = 2max(a?,b?).

Remark 2 It can be seen from Egs. (6) and (7) that Bob
and Charlie can also choose the measurement basis {|0),|1)},
then David needs the collaboration of both of them.

In the above discussion, David is assigned to recover the
original state |¢) with the assistance of some of the other
agents. Now we further discuss the case in which the recovery
needs the assistance of all the other agents. We consider the
case that they agree to let Bob possess Alice’s secret, i.e., re-
cover the original state |¢). Then o/ (®¥|7) and prp (PF|7)
can be rewritten as

wal®¥12) = =((aai0)s b 1)3)]00)co
~ (at/1) % bB10)s) 01)cp
+ (aa|1)p =bB|0)B)|10)cD
( al0)g ¥ Bb[1)B)[11)cp],
7[(b0‘|1>Biaﬁ|O> 8)|00)cp

+ (ba|0)g Fap[1)p)|01)cp
+ (ba|0)g £ap|1)B)[10)cp
— (ba|1)g FaB|0))|11)cp]-

(16)

aa(PrT) =

a7

From Egs. (16) and (17), it is found that Bob can obtain the
state of his qubit B if and only if both Charlie and David mea-
sure their qubits in the basis {|0),|1)} and broadcast their re-
sults. In other words, Bob needs the assistance of both the
other agents, Charlie and David, to get the state of his qubit
B. By ignoring a global factor, the corresponding local opera-
tion made by Bob, Alice’s Bell-state measurement outcomes,
and Charlie’s and David’s single-qubit measurement results
are shown in Table 3.

After that, the state of qubit B in Bob’s possession is

transformed into one of the following two states:
aa|0)yg +bB|1)s, bal0)g+af|l)s.

In order to reconstruct the original state |¢), Bob can proba-
bilistically restore state |¢) on his qubit B by applying the very
similar David’s method about introducing an auxiliary qubit,
performing the POVM, and making use of the local operations
just proposed above. We also work out the success probabil-
ity for each case, and the results are summarized in Table 4,
where ¢ stands for an arbitrary one of Charlie’s and David’s
measurement results in set M = {|00),|01),]10),|11)}.

Table 3. Relationship among Alice’s measurement results (AR), Char-
lie’s and David’s measurement results (CDR), Bob’s states (BS), and
Bob’s recovering operations (BP).

AR CDR BS BP
|2F)ara |00) aa|0)s +bpB|1)p 1
|7 )ara |00) aa|0)g —bB|1)p o;
|[DT)ara |01) aall)g —bp|0)p ioy
|27 )ara |01) aa|l)p +bB|0)p Ox
|PT)ara |10) aa|l)p +bB|0)s Ox
[P )ara [10) aa|l)yg —bB|0)s ioy
|PF)ara [11) aa|0)g —bB|1)p o,
|7 )ara I11) aa|0)g +bB|1)p 1
[PF)ara |00) ba|l)p +apB|0)s o
[F7)ara |00) ball)p —af|0)p ioy
[ ara |01) bat|0)g —af|1)p o,
E2YON |01) ba|0)p +bB|1)p 1
[FF)ara |10) ba|0)g +af|1)p
[P )aa |10) ba|0)p —aB|1)p o;
[P ara 1) ball)p —af|0)p ioy
[P )aa |01) bal|l)s +bB|0)s oy
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Table 4. Relationship among Alice’s measurement results (AR), Charlie’s and David’s measurement results (CDR), the operations of
POVM (0)), and the success probability of the corresponding case (SP), where O3 =1 — 01— 03, € = l/azbz, and ® > 2max(a2,b2).

AR BR 0 sp
1 1 1
1| &2 o 1 - T 22
|(bi>A’A ceM 0)=— a* ab 0= — a ab a
wel 1 e 11 P
ab B @ P
1 1 1
1 2 ah 1 T 252
¥ ) ara ceEM 0=— | ¥ ab|og—_ 1|0 ab a
wE 1 1 we 1 1 40
ab & i

The total success probability and the maximum success
probability of this scheme are (a>6?)/(4w) x 2 x 8 = 4a’b* /@
and 2a’b? /max(a®,b?), respectively. Value @ and the proba-
bility corresponding to the optimum scheme are listed in Ta-
ble 5.

Table 5. Relationship among Alice’s measurement results (AR), Char-
lie’s and David’s measurement results (CDR), the optimum scheme
value ® (OSV ), and the success probability of the corresponding
optimum scheme (SPOP).

AR CDR OSV o SPOP
212
+ . _ 212 ab
[65) 1 cEM o = 2max(a*,b*) Smax(a, 1%
a*h?
) ceM o = 2max(a?,b?)

8 max(a?,b?)

These results are applicable to the case that Charlie is de-
puted to recover Alice’s secret, because | ) apcp is unchanged
under the permutation of qubits B and C, which indicates that
Bob and Charlie have the same status in the QSS protocol. In
a word, for recovering the secret state |¢), David only needs
the help of any one of Bob and Charlie, while Bob (Charlie)
needs the assistance of both David and Charlie (Bob). Thus,
their authorities for getting the secret are hierarchized, and
David is in a higher position relative to Bob and Charlie. It im-
plies that Alice’s quantum secret is distributed to Bob, Charlie,
and David asymmetrically, naturally, the more information is
known, the less collaborations are needed.

The above QSS scheme can also be modified to imple-
ment the controlled teleportation!*’! if we choose David as
the receiver in advance. The protocol in Ref. [47] is a (2,2)-
threshold controlling protocol where the achievement of tele-
portation is conditioned on the collaboration of both super-
visors, while the present one is a (1,2)-threshold controlling
protocol in which one of the two supervisors, Bob and Charlie,
can help David successfully obtain the quantum secret.

As to the physical realization of the above QSS protocol,
we mainly need to consider three points: the preparation of the
four-particle non-maximally entangled state |)), the Bell-state
measurement, and the POVM. Recently, several methods for
preparing state |) have been proposed.*3-1 Reference [48]

presented a protocol for generating state |y ) with a well con-
trollable ion-trap setup. Reference [49] showed that a four-
photon |x) state can be effectively created even with the con-
ventional photon detectors. Reference [50] proposed a scheme
for the joint remote preparation of an arbitrary 4-qubit |x)
state. The Bell-state measurement has been well realized for

[51.52] By using measurement-

both atomic and photonic qubits.
assisted programmable quantum processors!>3! and the ensem-
ble approach to polarization optics,®*! the POVM can be re-
alized. All these achievements may contribute to our QSS
scheme in physical realization.

Now let us analyze the scheme’s security. Two kinds of
eavesdroppers are considered in this protocol.

(i) Outside eavesdropper Suppose that there is an il-
legitimate user named Eve. She wants to gain the quantum
information which Alice lets Bob, Charlie, and David share.
In order to achieve her goal, she entangles an ancilla with the
quantum channel during the particle distribution process. In
this case, the security depends completely on whether the four
legitimate users have securely shared the entangled |y) state
which is taken as the quantum channel. Here we briefly re-
view the check method. To measure her qubit, Alice choose
randomly one single-qubit measurement basis (MB) from the
two MBs {|4) = (|0) £]1))/v/2} and {|0),|1)} to measure
her qubit. After that, Alice tells the other three legitimate
users Bob, Charlie, and David which BM she has chosen for
her qubit. Bob, Charlie, and David then use the same BM as
Alice to measure their respective qubits. Their measurement
results should be strongly correlated. If there exists an eaves-
dropper Eve in the quantum line, her operation will of course
introduce some disturbances, which will cause some qubit er-
rors. So, when the legitimate users publicly compare their re-
sults, they will find a lack of correlation, which means that the
quantum channel is disturbed. Alternatively, there may exist
an eavesdropper Eve. In this case, the quantum sharing pro-
cess is aborted. Incidentally, in our scheme, the state taken
as the quantum channel is assumed to be safely shared among
legitimate users.

(ii) Inside eavesdropper Suppose one of the three legit-
imate agents Bob, Charlie, and David, say Bob, is dishonest.
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He wants to solely and safely recover Alice’s secret without
any assistance from the other two agents. To achieve his goal,
Bob captures the qubits sent by Alice to Charlie and David,
and then sends Charlie and David fake ones prepared before.
In this case, only when Alice designates Bob to reconstruct
the state, can he successfully obtain state |¢) and avoid the
security detection. However, if Alice does not designate Bob
but any one of Charlie and David, say Charlie, to reconstruct
the state, then the state reconstructed by Charlie will differ
from the state sent by Alice. In this case, if Alice and Char-
lie publicly compare the state, the eavesdropping can be dis-
closed. Hence, the success probability for dishonest Bob is
only 33.333% in each run. During the whole sharing process,
if the amount of check states is large enough, then dishonest
Bob will be revealed.

3. Conclusion

Up to now, a number of quantum secret distribution
schemes by teleportation with non-maximal entanglement
channels have been presented. In those schemes, usually by
performing the projective measurement, every agent has the
same status to recover the quantum secret with the help of all
the other agents. Owing to the |x) state being more robust
against decoherence than the GHZ state, we have proposed a
hierarchical QSS protocol of an arbitrary unknown qubit state
with a particular four-qubit non-maximally entangled | x) state
as the quantum channel. In our scheme, the three agents, i.e.,
Bob, Charlie, and David, have different authorities for obtain-
ing Alice’s (the sender) quantum secret. David only needs the
help of any one of the other two agents, Bob and Charlie, for
probabilistically recovering Alice’s secret, while Bob (Char-
lie) needs the assistance of both the other partners, David and
Charlie (Bob). That is, David has a larger authority than Bob
and Charlie to possess the secret. In other words, the authori-
ties of three agents are divided into two grades, and David is in
the upper grade while Bob and Charlie are in the lower grade.
By incorporating auxiliary qubits and performing the POVM
instead of the usual projective measurement, the agents of dif-
ferent grades have different authorities for getting the quan-
tum secret. Our scheme can also be modified to implement the
(1,2)-threshold controlled teleportation.
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