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In this paper, the monogamy properties of some quantum correlations, including the geometric quantum discord,
concurrence, entanglement of formation and entropy quantum discord, in the anisotropic spin-1/2 XY model with stag-
gered Dzyaloshinskii-Moriya (DM) interaction have been investigated using the quantum renormalization group (QRG)
method. We summarize the monogamy relation for different quantum correlation measures and make an explicit compar-
ison. Through mathematical calculations and analysis, we obtain that no matter whether the QRG steps are carried out,
the monogamy of the given states are always unaltered. Moreover, we conclude that the geometric quantum discord and
concurrence obey the monogamy property while other quantum correlation measures, such as entanglement of formation

and quantum discord, violate it for this given model.
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1. Introduction

In the last few decades, there have been several dis-
coveries in the field of quantum information science, which
used quantum mechanical principles to enhance the abili-
ties of computing and communication.!'! The most signifi-
cant concept in quantum information processing is quantum
entanglement due to its important features in developing the
idea of quantum computers and other quantum information
devices.!?] Therefore, a variety of computable measures de-
scribing quantum entanglement in the composite states were
proposed: concurrently, entanglement of formation (EOF),
negativity and so on.>) However, in recent years, some stud-
ies have displayed that entanglement is not a unique measure
of quantum correlations because other types of nonclassical
correlations exist that are not captured by entanglement, sub-
sequently, quantum discord (QD) appeared; some theoretical
studies indicated that the quantifier of quantum discord!!%-16]
is present in almost all quantum states and plays an impor-
tant role in many quantum states. In addition, a deforma-
tion of quantum discord, named geometric quantum discord
(GQD)!'71, has attracted a great deal of attention, mainly at-
tributed to its simple calculation. Moreover, it has been il-
lustrated that GQD can give us several interesting operational
interpretations, such as its optimality, as a resource for remote
state preparation!'® and quantum random access code proto-
cols.

On the other hand, the concept of monogamy has re-
ceived considerate investigation since it was introduced as an
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important binding theme for quantum correlations of states
shared between several quantum systems. '] The existence of
monogamy due to the fact that tripartite quantum correlations
of quantum systems have a principle, that is, if two of the par-
ties are highly quantum correlated, these parties have little or
no quantum correlations with any other parties.?°-2%! Never-
theless, as mentioned above, GQD, concurrence, EOF and QD
are introduced to describe the nonclassical correlations of the
corresponding systems, so this motivates us to apply these cor-
relations to study their dynamic behaviors of the monogamy
relation. In this paper, we study the monogamy relation of
some quantum correlation measures in the anisotropic spin-
1/2 XY model with staggered Dzyaloshinskii-Moriya (DM)
interaction using the quantum renormalization group method
(QRG).

The rest of the paper is organized as follows. In Section 2,
we employ the RG method to investigate the anisotropic spin-
1/2 XY model with staggered DM interaction. In Section 3,
the analytical expressions of different measurements of quan-
tum correlations are obtained and the monogamy relations are
discussed in detail. Finally, we give a summary in Section 4.

2. Quantum renormalization of XYmodel

The QRG method, which is explicitly designed to inves-
tigate statistical continuum limit problems, is a very effective
method for processing the system that is at zero temperature or
ultimate cryogenic circumstances (especially the multi-body
system). The key point to the QRG scheme is that it reduces
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the effective degrees of freedom of the system through a recur-
sive procedure until a controllable state is obtained in which
the low energy part of the system is unchanged. In this paper,
Kadanoff’s block approach is implemented where we consider
three sites as a block (marked as 1, 2, 3) and the Hamiltonian
of each block can be exactly diagonalized and solved. By se-
lecting a number of low-lying eigenstates of the blocks, the full
Hamiltonian is projected onto these eigenstates giving the ef-
fective renormalized Hamiltonian.?7-281 Here, the RG method
is summarized as the following steps.

(i) Decomposing the Hamiltonian into two parts: H =
HB + HBB where HB and HBB are the block Hamiltonian and
the interblock Hamiltonian, respectively.

(i1) According to the fact that the low-energy part of H
and H°T are the same, we construct a projection operator T
to connect the original Hamiltonian and the effective Hamilto-
nian.

(iii) Renormalization of H® and HB®B: H®T up to the first-
order correction is Hf = T*HBT + T+HBBT,

(iv) Iteration: iterate these until a controllable state is ob-
tained. More detailed process is in Refs. [27]-[31].

The Hamiltonian of the one-dimensional anisotropic XY
model with staggered DM interaction in the z direction on a
periodic chain of N sites is

J & :

H = 3 L[+ naioi i+ (1-njal,

+ (1) D(o¥a), —aloty) . M

where 7 is the anisotropy parameter, J is the exchange con-

stant, D is the strength of the DM interaction in the direction

of zand o (& = x,y) are standard Pauli matrices at site i. For
this model, it becomes an isotropic XX model when D = 0.

The original Hamiltonian Hy effects on the effective
Hilbert space, then the effective Hamiltonian H eff which is the
necessary condition for RG, can be realized. In order to pro-
duce the H*, which has a similar structure to Hj, we achieve a
7 rotating around the x axis for all sites and leave all odd sites
unchanged.*! Hence, we can obtain the transformed Hamil-
tonian as follows:

N~
™M=

I
—_

H=3Y [(1+pofol, - (1-palol,

1

+D(ofo) +olot) . @

According to the above method, Ref. [32] gives the de-
generate ground states of the block Hamiltonian

2(1+D?) [ —v/2(1 — Di
) = (2; )[ 2(1(+D2))q|m>
(1-Di)y

—V2(1 - Di)q
W| )+ H@] , 3)
o = 5[ 2202 41 414
+ _q‘@y | )+ | m} @)

where | 1), | |) are the eigenstates of 6, and g = /1 + D? + ¥2.
The effective Hamiltonian of the renormalized chain can be
written as

HT = 3 V| +Y)eioty - (1= Yooy,
+ D (., +alot,)]. )
where the iterative relationship is

37+3D%y+ 9

p_1+D? 43y
B 1+D2+3y2 °

/

7 J, 7 = D' =—-D. (6)

The most significative information given in the RG
method is the fixed points. We can obtain the stable and un-
stable fixed points by solving ¥ = y. The stable fixed point is
located in ¥ = v/1+D? and ¥ — oo, which corresponds to the
phase of system, the unstable fixed point is ¥ = O that corre-
sponds to the phase transition point of system; the system can
be separated into two phases: the spin-fluid phase (Y = 0 and

¥ — o) and the Néel phase (0 < |y| < 1+ D?).

3. Monogamy analysis

In this section, we will calculate the geometric quantum
discord, concurrence (C), entanglement of formation and en-
tropy quantum discord to investigate the monogamy of our
model using the renormalization group method. The density
matrix of a ground state is composed, i.e.

P123 = |P0) (o, (7

where |@p) has been introduced in Eq. (3). The results will be
the same if we consider |@)) constructing the density matrix.
It is easy to obtain the reduced matrix of p by tracing out any
one of the three particles

P13 = (J2 [@o){@o| 12) + (T2 [@o)(@o| T2)

P 0 P+ VD2 i

- 0
26]2 O 26]2
0 == 0
= . 11 . , (@)
4 4
v:+y2D? 1+ D?
“i9 00
242 242

p12 = (3 |@0){@ol 13) + (T3 [@o) (ol 13)
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where sing = D/V1+D?%, cos@ = 1/V1+D?, p;3 =
Tra(|@o) (@o|) and analogously for pj».

In a general way, the concept of monogamy constrains
the sharing of quantum correlations among subsystems of a
multiparticle quantum state. For a tripartite quantum state, the
bipartite quantum correlation measure Q is monogamous if

0(p13)+0(p12) < O(p1:23)- (10)

Here, Q(p1:23) is the quantum correlation between subsystem
1 and subsystems 2 and 3 taken together, Q(p;3) is the quan-
tum correlation between subsystems 1 and 2 and analogously
for Q(p12).

3.1. GQD

In this subsection, we will research the monogamy of the
given states by the geometric measure of discord D2, which
was first introduced in Ref. [17] as the minimal square Hilbert—
Schmidt distance to the set of classical-quantum states (CQ)

Dt = mi —x|?. 11
(paB) )?elngHPAB pdl (11)

Here, ||A||* = Tr(ATA) is the square of the Hilbert—Schmidt
norm of Hermitian operators; the minimum is taken over all
classical-quantum states x. Reference [33] proposed an easily
computable exact expression for the GQD about a two-qubit
system.

The GQD can be written as

1
D#(paB) = Z(IlfvllerllRHz—lmax)a (12)

where & = (x| + x> +x3)T, R is the matrix with elements
Rij = Tr(pap(0i® o)) and Amax is the largest eigenvalue of
the matrix K = zx! + RR" (RT is the transpose of matrix
R).1'"¥ In addition, x; = Tr(pap(0: @ I)) and y; = Tr(pap (I ®
o)) are the parts of the local Bloch vector. According to this,
the general result for the geometric quantum discord of two-
qubit states is

DE(pas) = 3 8(11al® + o3 P) + s — max {Ar, 22,2},
(13)
where ;{,1 = 4(p14+p23)2, Az = 4(p147p23)2, and 13 =
2(p11 — p33)> +2(p2 — pas)? are the eigenvalues of the ma-
trix K.

Through some calculations, we have the mathematical
formulas of the GQD as follows:

1{1 |yVitD?
D(pia) = 5 (2 _qu) 7

1 V1+D? 2y2(1+D?
Dg(pn):4<1_|”| " "(q4 )} s

Using the consequences in Ref. [34], if the pure states
|®)123 have the monogamous property, it will satisfy the fol-
lowing condition

D&(p13) +D8(p12) < D*(p1:23), (15)

where D(p13) =1-Y; ki2 and k; are the eigenvalues of the

matrix py3 = Tri(p123).
According to this, it is easy to obtain

DE(p1as) = 1 (3‘12”2)2 (q2+2y2>2. (16)

442 442

In order to facilitate our conclusion, we define a parame-
ter ', where

F(y,D) = D#(p13) +D%(p12) — D%(p1:23)- (17)

In Fig. 1, we illustrate the evolution of the F' versus ¥ and
D for different RG steps. Notice that the iterative relationship
we adopt is described in Eq. (6). It reveals that no matter how
much the anisotropy parameter (y) or the strength of DM in-
teraction (D) is, F is always negative, i.e., the monogamous
property shown in the Eq. (16) is accurate in the anisotropic
spin-1/2 XY model with staggered Dzyaloshinskii—-Moriya in-
teraction using the QRG method.

Moreover, we can obtain a more visual similar result from
Fig. 2, which plots the evolution of the F versus ¥ in terms
of RG iteration steps in the XY model without DM interac-
tion. Therefore, comparing Fig. 1 with Fig. 2, we can conclude
that the geometric quantum discord of the XY model obeys the
monogamy properties; as the time of iteration or the strength
of the DM interaction D increase, the phenomenon becomes
more and more evident.

3.2. Concurrence, entanglement of formation and entropy
quantum discord

In this subsection, we calculate other measures to study
the monogamy for a reduced density matrix p;; of two qubits
that arises after integrating out other degrees of freedom. The
EOF between two qubits is evaluated as

1+W)

f —
E'(p) _H< 5 (18)
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Fig. 1. (color online) Plots of F versus y and D in terms of RG iteration steps in the XY model: (a) the initial state; (b) after the first step; (c) after the second
step; (d) after the third step. The maximum of the coordinate axes of F' are zero in the images.
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Fig. 2. (color online) The evolution of the F versus 7y in terms of RG
iteration steps in the XY model at a fixed value of D = 0.

—0.5

Here, H is a binary entropy function H(x) = —xlog, x —
(1 —x)log,(1 —x) and C denotes the concurrence defined as
C=Max{& —& — & —&4,0}, where &; (i =1, 2, 3, 4) are the
square roots of the eigenvalues in descending order of the op-
erator R;j, Rij = pij(0) ® 03)p};(0] @ 0}) and then, by some
calculations, we have the mathematical formulas of the con-
currence and EOF as follows:

NEw,
Clp13) = %_M%7
VD2 |
Clpn2) = T
E'(pi3) = — <1+ 1;C(p13)2>

x log, (1"" \'% 1;C(p13)2>

_ (1— 1_C(Pl3)2>
2

1—+/1-C 2
Xlog2< 5 (P13) )7

<1+\/1—C(p12)2>
2

E'(p1a) = —

x log, <1+ I_C(p12)2>
2

~ (1— 1—C<pu>2>
2

><10g2<1_ I_C(””)z). (19)

2

In the previous works, the concurrence,/?”) EOF and en-
tropy quantum discord of any tripartite states have monoga-
mous inequalities as follow:

C*(p13) +C*(p12) < C*(p123),
E'(p13) +E'(p12) < E'(p123),
D(p13) +D(p12) < D(p1:23), (20)

where

C*(p123) = 4detpy,
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E'(p123) = D(p1:23)
= S(p1)

1 9 1 7P
= — _— — 1 _— —
(4+2q2) 0g2<4+2q2>
B 1+1+D2 o 1+1+D2
4" 2 )R \aT g

and

4
p1 =Tz (p13) = 1 1412
it

Whether quantum correlations of our model violate the above
inequality will prove that it is monogamous or not.

In order to achieve our goals, we will define some new
parameters FC, FF and FP as

FC = Cz(p13) +C2(p12) - CZ(P1:23)7
FE = Ef(p13) —|—Ef(p12) —Ef(P1:23)a
FP =D(p13)+D(p12) — D(p1:23). 2n

We illustrate the evolutions of the F€, FE and FP as func-
tions of ¥y and D in Fig. 3, from which it is not difficult to
find that the concurrence of the given XY model obeys the
monogamy property, while entanglement of formation violates
the monogamy inequality. Moreover, Ref. [35] proposed that
EOF can be written as a function of the quantum discord and
a quantum conservation law in an arbitrary tripartite pure sys-
tem, E(p13) + E'(p12) = D(p13) +D(p12), which means that
the monogamy of EOF and QD are identical in our model.

The evolutions of the FC, FE and FP as functions of y
at a fixed value of D = 0 are shown in Fig. 4. It is more evi-
dent than in Fig. 3 that the monogamy relation of concurrence
is satisfied while those of EOF and QD are not established
in our model without DM interaction. In addition, no matter
how many times of the iteration of the renormalization group
happens, entanglement of formation and entropy quantum dis-
cord can comply with the monogamy relation approximatively
when the anisotropy parameter is close to one of the critical
points (|y| = v/1+ D?), while the two quantum correlation
measures obviously violate the monogamy property when the
anisotropy parameter is large or close to zero. Therefore, we
can obtain the result that the anisotropy parameter not only
influences quantum correlations, but also has an important ef-
fect on the monogamy property of quantum correlations for
this model.
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Fig. 3. (color online) Three-dimensional graphs of the FC as a function
of y and D ((a) the initial state and (b) after the first step RG), the FE
versus ¥ and D ((c) the initial state) in terms of RG iterations steps in
the XY model. The maximum of the coordinate axes of FC are zero in
the images.
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4. Conclusions

In this paper, we investigated the monogamy property of
quantum correlations using some different quantum correla-
tion measures in the anisotropic spin-1/2 XY model using the
QRG method. As the degenerate ground states of the block
Hamiltonian are concerned, we used the reduced density ma-
trix of the system to obtain the analytical expression of dif-
ferent measurements of quantum correlations and then the re-
lating monogamy of GQD, concurrence, EOF and QD were
discussed. In addition, through mathematical calculations, we
found that, no matter how much the anisotropy parameter (y)
or the strength of DM interaction (D) is, the monogamy in-
equality of the geometric quantum discord and concurrence
are always established, but the other measurements are not.
Therefore, We conclude that the geometric quantum discord
and the concurrence obey the monogamy property while other
measures, such as entanglement of formation and quantum
discord, violate it in the given XY model. Moreover, we found
that the strength of the DM interaction D or anisotropy pa-
rameter not only influences the quantum correlations, but also
has an important effect on the monogamy property of quantum
correlations for this model; no matter whether the QRG steps
are carried out, the monogamy of the given states is always
unaltered.

As we know, the first example of a measurement of quan-
tum correlations beyond entanglement is the geometric quan-
tum discord that obeys the monogamy inequality; however, the
question remains as to why the entropy quantum discord has a
different result. Perhaps, another perfect monogamy relation
that all arbitrary tripartite pure states obey will be found in the

near future.
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