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Symmetries and conservation laws of one Blaszak—Marciniak
four-field lattice equation”
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In this paper, by using the classical Lie symmetry approach, Lie point symmetries and reductions of one Blaszak—
Marciniak (BM) four-field lattice equation are obtained. Two kinds of exact solutions of a rational form and an exponential
form are given. Moreover, we show that the equation has a sequence of generalized symmetries and conservation laws of
polynomial form, which further confirms the integrability of the BM system.
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1. Introduction

In the past few years, the study of discrete soliton equa-
tions has received considerable interest.!'~7] Most discrete
soliton equations have various beautiful algebraic and geomet-

8-12] One remarkable feature is the fact that they

ric properties. |
have different kinds of symmetries, such as Lie point sym-
metries, generalized, high-order or Lie backlund symmetries,

(13231 which provide a very ef-

master symmetries and so on,
fective method to find the exact solutions of nonlinear soliton
equations and is a predictor for integrability.[**-36! The other
interesting feature of this kind of discrete soliton equations is
the conservation law, which is also an important indictor for
integrability.[2%-27-37]

In this paper, we investigate one Blaszak—Marciniak
(BM) four-field lattice equation!!

Pt = Su+1 = Sn+ Pn(tn—2 —7n), (1a)
nt = qn1 = qns (1b)
Gnt = Pnt1 = Pn+qn(ra—1—7n), (1o
Sut = Sn(Fn—3 = T'n), (1d)

which is derived as an application of r-matrix formalism to

the algebra of shift operators;*

it can degenerate to the
well-known Toda lattice equation[” when s, =0, p, =0. In
Ref. [4], the bi-Hamiltonian formulation, the Miura-like gauge
transformations of this multi-field lattice equation are con-
structed.

In this paper, we discuss the symmetries and polynomial

conservation laws of Eq. (1). Our paper can be organized as
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follows. In Section 2, we derive the Lie point symmetries of
Eq. (1), which admit a three-dimensional nilpotent Lie alge-
bra; in Section 3, equation (1) is degraded into an ordinary
differential-difference equation using the similarity reduction
technique and two kinds of exact solutions are given; in Sec-
tion 4, a sequence of generalized symmetries and conservation
laws of polynomial form is obtained, which further confirms
the integrability of this Blaszak—Marciniak four-field lattice
equation.

2. Lie point symmetries
As to Eq. (1), we introduce a one parameter (€) continu-
ous point transformation
n* = n+e1 (1., pa,Tsqu,sn) +O(€7),  (20)
1" =1+ €02(n,1, Py Fas Gny Sa) + O(E), (2b)
P = Pu+€03(n.1, puyTny G sn) +O(€7),  (20)
Fie = ra+ €0a(n,8, pusTas G sa) +O(€7),  2d)
Ty = Gn+ €95(n,1, P, T Guysn) +O(€7),  (2e)
Sie = Su+ €96(n,t, P, Fas G 5a) FO(€7),  (2)

where € is the group parameter, ¢; (i = 1,2, -, 6) are infinites-
imals and the corresponding infinitesimal generator is

0 0 d 0 0 0
G:¢1%+¢25+¢3Tm+¢47’%+¢5%+¢67&-

We assume the Blaszak—Marciniak four-field lattice Eq. (1) is
invariant under this transformation, that is

*

dp;.
de*

= Speat — Sy P (Fpe g — T ), (3a)
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dr;i* * *
dr =qne 1 — qn*> (3b)

dg.
dtz = PZ*H

X
ds.
dr*

then, the invariant equation can be obtained

— D G (T — Fie), (3¢)

=Sy (P53 =10, (3d)

n

d n
Os+ (939, — )~

= go(n+1)—¢s(n) +Pn[¢4(”—2) -
+¢3(”)<rn—2 - rn)

Our + (Par, — ¢2r) drn
= ¢s(n+1)—¢s(n )
¢Sz + (¢5qn ¢2t> dqn

= ¢3(n+1) —¢3(")+qn[¢4(n— 1)—
+¢5(n) (ra—1 —1a),

¢6t + (¢6sn ¢2t) dsn
= Su[¢a(n—3) - ¢’4(”)] + @6 (n) (rn—3 — 12)-

Substituting Eq. (1) into the equation above, we obtain an

Pa(n)]

94(n)]

overdetermined system of equations and by solving it, we have

¢1 =0, ¢2 = 7ﬁt+% ¢3 = 3Bpnv

04 =PBru, ¢5=2Bqn, ¢ =4Psn,
where o, B and y are arbitrary parameters. Then, the infinites-
imal generator becomes

d d
ot +3ﬁpn$

n

d
G = a$+(—ﬁt+y)

0 0 0
+Bri’la +2ﬁqn +4ﬁsn S )
the generator is
0
G = —,
! on
8 0 0 0
Gy = 3 2 4s, ——
2 a + pnap +rna + Qnaq”"‘ snas’lv
0
Gy = —
3 8t )
and the commutator relation holds
[G1,G2] =0, [G1,G3]=0, [Gy,Gs3]=Gs,

indicating that the underlying Lie algebra is nilpotent.

3. Reduction and explicit solutions

In this section, in order to obtain the similarity variable
and the similarity transformation according to the set of sym-
metries (@1, ¢, 93, P4, @5, ¢g), we firstly solve the character-
istic equation

dn dr dp, dr, dg, ds,
T T T

then, equation (1) can be reduced into the following two cases.
Case 1 B #0, we set

n=n+ %log(—ﬁtﬂ),

V(TI)ZPn(—ﬁl+7)3» o(n) =r(-pt+7),
1) = gu(=Pt+7)%, &(n) = sa(=Pr +7)*,
then, equation (1) can be reduced into

3pvin) - o

= C(n+1)=&m)+v(n)o(n-2)- o),
o - a9 —u(n-+1)~ u(n)
2pu(n) - a

= v(n+1)=v(n)+umon-1)—-o(n),

_ 36 _ 3y

4p¢(n) -« an ={(m)[o(n-3)-w(0)].

Case2 B =0andy+#0, we set

n=n— %ta V(n) = Pn; w(n) =Tn, li(n) ={4n; C(n) = Sn;

and equation (1) can be reduced into

_% d(vi%n) —Cm+1)—¢m) +vmemn—2) - o),
-2 d(g;”) u(n+1) - ),

_3%27) = v(n+1)—v(n)+umen 1) - o),

_‘;‘/dgs;” =¢(m)(w(n—=3)—w(n)).

Next, two particular solutions for the case § = 0 are ob-
tained and we plot Figs. 1 and 2 choosing adequate parameters.

(i) Rational solution

(M +1n0+1)(n+no—2)(a*c] +3czct —at)

vim) = 2(n+10)(n+10—1)cla
+a(n+no)3é:13+ m—1) @
o - ey @
u(n) = “2("”2%?;2%;"“”), (40)
£(n) = c3(M+m0+1)(n+mo—3) (4d)

(M+mno)(n+mno0—2)

where a = a/y and ¢y, ¢3, N are arbitrary parameters. Then,
it holds that

010201-2



Chin. Phys. B Vol. 23, No. 1 (2014) 010201

_ Yn—at/y+no+1)(n—at/y+no—2)(a*ci /¥ +3csef — at /)

b= 2a(n—aut/y+10)(n—at/y+m0— 1)
n 3c3y

a(n—at/y+no)(n—oat/y+mno—1)’

i an—at/y+no—cx+ 1) (n—ot/y+no+c2)

" eyl —1)(n—at/y+no)(n—at/y+n0+1)’

o = _n—at/y+mo—c))(n—at/y+mo+ci)

! AP (n—ar/y+m)? ’

5, — B a/y+mot+1)(n—ar/y+mo—3)

(n—oat/y+mno)(n—at/y+mn0—2)

Fig. 1. (color online) Solutions (7) of (a) py, (b) ry, (¢) gn, (d) sp, Withp=1,06=1,y=1,M10=0,c0=1,c2=2,¢c5 =2.

(i1) Soliton solution

a’el p*(cy —1)(e* ez — 1)coexp(pn + o)

YD = G =) (eer — 12[1  coexp(p + 10) lcoexp(pm + 7o) 7]
o(n) = pa(e? — 1){1+cscoexp[p(n +1) + 1ol }es +coexp(pn +1o)]
(=1+es)(ese? — 1){1 +coexp[p(n + 1) +nol }[1 + coexp(pn +10)]’
u(n) = _ePpPa*{1+cacoexplp(n +1) + nol}{ea + coexplp(n — 1) + 1o}
(c2eP —1)2[14coexp(pn +no)]? ’
Z(n) =— a‘ept(ca—1)(e*cr = 1){1 +coexp[p(n —3) +mol H{1 +coexp[p(n +1) + 1o}

(€* +eP +1)(eP — 1)*(cze? — 1)>{1+ coexp[p(n —2) + o] }1 + coexp(pn + 10)]”

where p, co, ¢z, cs are arbitrary parameters. Then, it follows that

a’e”p’(cy — 1)(e*cy — N)eoexp[p(n—at/y) + o]

P 3 er =) (caer — 12{1 + coexplp(n— ot /y) + Mol Heoexplp(n — ot /y) + o] +e7}’
. pa(e’ = D{l +escoexp[p((n—oat/y)+1) +mo]}{es +coexplp(n —ar/y) +mol}

" y(=1+cs)(ese? — 1){1 +coexplp((n—at/y) + 1)+ o] {1+ coexp[p(n— oz /y) +M0]}’
i = ePp*a? {1 +cacoexplp((n—au/y) + 1) +nol}{e2 + coexplp((n—at/y)) — 1) + mol}

" Y (c2e? — 1)2{1 +coexp[p(n— at/y) +no }? ’
N e pt(ca — 1)(e* e — 1) {1 +coexplp((n—at/y) —3) + o]}

YH(e? +eP +1)(eP —1)*(cre? —1)2{1 +coexp[p((n—at/y) —2) +no]}
. W +coexp[p((n—ar/y) +1)+nol}
{1+ coexp[p(n—at/y) +no]}
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Fig. 2. (color online) Solutions (7) of (a) p,, (b) ry, (¢) gn, (d) sy, withp=1, =1, y=1,mM=0,co=—1,c =2,¢c5 =2.

4. Generalized symmetries and conservation
laws

In this section, we firstly discuss the generalized sym-
metries to the Blaszak—Marciniak four-field lattice equation
(1) through an algorithmic approach developed by Hereman et
al.['3-161 1t is obvious that equation (1) is invariant under the
scaling symmetry

(I’Pn,rmqu,sn) — (A'ta/173pnaAilrnaafizqm/liéﬂgn)- (8

Hence, pn, ru, qn, Sp correspond to three, one, two and
four derivatives with respect to ¢, respectively. Next, based
on the definition of the “rank” proposed by Goktas and
Hereman,[13-1%] we firstly derive the generalized symmetries
of ranks (3, 2, 4, 5) denoted by gi”, ggl), ggl), gg”.

ing all the monomials in p,, r,, q,, s, of rank 2 gives the
13-16]

Form-

following:!
2
['2 = {qn7r117rn}7
then, we introduce the necessary ¢ derivatives in each mono-

mial of £,. Using Eq. (1), we have

RZ - {rzaQn7qn+l}7
(1)

then, g, * can be obtained by considering a linear combination
of terms in R, that is
(1) _p 2
8 = bir, +b2gn+b3gnt1. €))
In a similar way, g(ll), ggl), gé(‘l) can be expressed
1
gl = @+ axgui 2+ a3qui1 12+ aager’

+asqutnrn—1+ Aeqn+-1rntn+1
2 2
+arqnty,_1 +a8q, + a9Gn+19n+2 +a10Pnln

+ a1 Por1tn +ai2Ppt2tn +a13Pnrn—1

010201-4

+a14pn+17n+1 +a15pn+2rn+1 + alé‘]ﬁ-H
+a17Pptn—-2 +aA18Pn+17n—1 + A19 P27 n+2

4+ a20qnqn—1 + a219nqn+1 + a2y

+a23Sp+1 1+ A248p42 + 4255743,

C1ry 4 C2Gntn—1 + C3qn 1170+ Calni1 Fnt
+C5qntn +C6Pn+ C1Pn+1 + C8Pn42,

di Py 152+ doruSnss +daqury y +dagl 1 Tas
+dspniarn1rny2 + deqndn—17n—2
+d7Gngn+17n+1 + d8qndn+17n—1 + doGni1Gn+2Tn 41
+d10Gn+19n+2rnt2 + di1gngn+17n
+di12gnt1qn+2mn + d13Pns1Tnln—1 + d14Pp2rnlnt2
+d15GnGn—17n + d16GnTnrn_ |

+d17qni1 al gt + disPataln—1 +d1oPusi Fals1
+ d20Pni2talnrt + d21qurpta—t

+d22Gn i1 FpTnst + do3Ptatn—2 + d2aPpln—2Tn—1
+d25qnqn—1rn—1+ d26Pn+1Tn—1"n+1

+d1Pn—1Gn + o3y ra—1 + d2oTnr 15013

+ d3opn+2rﬁ+2 +d31 pui1Gn +d32gnia 7y
+d337n—25n +dsaPus 1751 + d35Pni2Gn
+d36Ppn2qni2 +d377n—1Sp—2 + d3gpus1 rﬁ+ 1
+d3opur_y +dsoPn2Gn+3 + a1 Prs1dn-1
+darrn—2Sn1 +dazPp1qn+2 + daaprgn+i

+ disPudn—1 + dasTn—15n+1 + darTnsn + dasqyrn
+dagrnsuia+dsopuiaty +dsi priiry

+dsopara +ds3puiarisy +dsaPui3qns
+dssTu—15n + dseTuSur1 +ds1Pns 1501 +dssr;,
+dsorn—35n + de0qz41Tn + do1 Pugn + deaTn 25043

+d63 Pun—2 + deaqnry + des Put2qn+1
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2

+despnty_o +de7¥n35n43 + degTnr25n42
3

+deoPnr1gni1 +d70qn117741-

To determine the coefficients above, we introduce a lattice
13,14]

equation!
dp oy dr _ @) dg _ ) ds ()
dt 51 qr S20 g 83 gp 84

and
1 1 1 1
D@\ =D.F, D" =D.F, Dg\" =D.F;, D" =D,

where Dy is the total derivative, Fy, F>, F3 and Fj are the right-
hand side terms of Eq. (1). Then, the coefficients can be deter-
mined and the symmetries can be expressed as

1

g(l ) = Sp+1 —Sn+ Pntn—2 = TnPn,
1

g% ) =ddn+1 —Y4n,
1

gé )= Pn+1 = Pn+Gntn—1—Tnqn,
(1)

84 = Sntn-3 — nSn-

In a similar procedure, we can obtain the generalized symme-
tries of ranks (5, 4, 3, 6)

2
85 ) = Fat1Snt1 + Padnt1 + TnSni1 + Paly—s + Pudn

2
— DPnqn—1—T"n-250 — n—38Sn — Pnqn—2 — Pnly,
(2 _

& = —qnln—1tGni1Tn +Gn1Tnt1 = Tndn+ Pn — Pni2,
g§2> = Sn —Sn+2 — Pnln—1 — anﬁ — Pn"n—-2 — qnqn—1

+ Pr 1P+ Gnlay + Pt 1 st + Gnnt 1
85 = 125wt Sultn + Suns1 + a3 — Sudln—2 — Sulin—3-

It is straightforward to derive the generalized symmetries with
ranks > 7, therefore, we refrain from presenting those here.

After that, we begin to construct conservation laws of
Eq. (1). We define p,, is the conserved density and J, is the
associated flux, such that

dpn
dt

=Jn = Jns1, (10)

we firstly consider the conserved density with rank 2. For the
terms of R, using the criterion applied in Refs. [13] and [14],
we set ¢, = ¢n+1 and obtain Mj = {r,zl,qH 1}, then the con-
served density with rank 2 can be obtained by linearly com-
bining the terms in M>

p’gz) = C1qn+1 +Czr,%~
Using Eq. (10), we have

dpy”
dt

= (Cl +202)f]n+17’n + (_Cl - 2C2)Qn+lrn+l

2 2
+ (P —I2),

with
(2)
Jn = —C1Pn+1 — ZCzrnqn.
Considering Eq. (10) and choosing ¢; = 1/2, we have ¢; = —1.
Then, it holds that

s 1
Pr<z )= —qn+1+ Erﬁa

2
Jr(t ) = Pn+1 —4n'n-

In a similar way, we can obtain a sequence of conservation

laws
(3) _ L
Pn’ = Pn+2+ grn —qn+1"n — Gn+1Tn+1,
](3) _ 2
n = —Snt2 T qnqn+1 + Put17n — qnly + Pnt1¥n+1,
) 1, 14
Pn’ = —Sp43+ EQn—H + Zrn + Pnt2tnt2
2 2
T Gn19n+2 = Gn 17 — Gn 1) T TnDnt2
+ Pt 1Pn+2 — Fndnt+17n+1,
JW 2 2
n = —DPnt149n+1 — Pn+1qn+2 + Pn+17y + Pnt1Vh41
3
—YqnPn+2 —Yqnly — Sn42n — Sn+2Fn+1
—Spt2Tn42 F Pk 110 + 200Gt + Gntns1Gn+1,
) _ 1 2
Pn - = grn — Pn+2qn+2 — Pn+2qn+3 + Pnt27p42
3 3
—qni1Pn+2 — 4n+1Pnt3 — 4ni 1ty — qni114
2 2 2
F G 1Tn F Q1 Pkl — FaSn43 + 1 Doy
2
— Tt 18043 T Py 1 P2 — Tnt28n+3 — Sn+3Fn+3
+ @nr1qn+2Tnt2 + Gus17nqn+2 + 2qn+1 n+19n+2
2
+ rnDn2Fn+2 = I'nqn+1Vy41 + Tnlnt1Pn42
2
— I dn+1"n+1 + "'n+-1Pn+2"n+2,
5
Jr(l ) = —Sp2Tn42Tn — Sn2Vn+1"n — Sn4-2Fn4-2 n+-1

— qngn+29n+1 — Gntn+2Pn+2 + Qnr5+] qn+1
—qnPn+2Vn+1 — Pn+1"n+249n+2 — Pn+14n+2"n

= 2Pn+19n+2"n+1 +Pn+1”5+1”n + Pn+17’n+1”5
+3ang%z+l —2qnPnt2Tn — 2Pn 1 nGnt1

= 2P 1 1qn 1 — Sn+2”5+1 + Sn+2qn+1

- Sn+2”;%+2 - Sn+2”5 + Sn+2Gn+3 + Sn+2qn+2

- ‘Inq’21+1 + qnSn+3 + Pn+1Pn+3 + Pn+1r2
+pn+1r2+1 + Pn+1Pnt+2 — ‘Inri +2quTnt1Gn+17n-

It is straightforward to derive the conservation laws with
higher order, so we omit it here.

5. Conclusions

In this paper, we discussed the Lie point symmetries of
one Blaszak—Marciniak four-field lattice equation and two in-
teresting solutions of a rational form and a soliton form to the
reduced equation are given. A sequence of generalized sym-
metries and conservation laws are derived, which further con-
firms the integrability of the BM system. However, it is well

010201-5
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known that once the generalized symmetries of a soliton equa-

[15]

tion are obtained, the master symmetries and hereditary oper-

ators may also be constructed.!!3-1] Therefore, motivated by
[13,14]
S,

the remarkable work of Sahadevan and his collaborator:

it is still of interest to investigate its master symmetries, hered-

itary operators, etc.
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