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Dynamical investigation and parameter stability region analysis of a
flywheel energy storage system in charging mode∗
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In this paper, the dynamic behavior analysis of the electromechanical coupling characteristics of a flywheel energy
storage system (FESS) with a permanent magnet (PM) brushless direct-current (DC) motor (BLDCM) is studied. The Hopf
bifurcation theory and nonlinear methods are used to investigate the generation process and mechanism of the coupled
dynamic behavior for the average current controlled FESS in the charging mode. First, the universal nonlinear dynamic
model of the FESS based on the BLDCM is derived. Then, for a 0.01 kWh/1.6 kW FESS platform in the Key Laboratory
of the Smart Grid at Tianjin University, the phase trajectory of the FESS from a stable state towards chaos is presented
using numerical and stroboscopic methods, and all dynamic behaviors of the system in this process are captured. The
characteristics of the low-frequency oscillation and the mechanism of the Hopf bifurcation are investigated based on the
Routh stability criterion and nonlinear dynamic theory. It is shown that the Hopf bifurcation is directly due to the loss of
control over the inductor current, which is caused by the system control parameters exceeding certain ranges. This coupling
nonlinear process of the FESS affects the stability of the motor running and the efficiency of energy transfer. In this paper,
we investigate into the effects of control parameter change on the stability and the stability regions of these parameters
based on the averaged-model approach. Furthermore, the effect of the quantization error in the digital control system is
considered to modify the stability regions of the control parameters. Finally, these theoretical results are verified through
platform experiments.
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stability regions

PACS: 84.50.+d, 84.60.Ve, 05.45.–a DOI: 10.1088/1674-1056/22/9/098401

1. Introduction
The permanent magnet (PM) brushless direct-current

(DC) motor (BLDCM) controlled flywheel energy storage sys-
tem (FESS) is becoming a new type of energy storage system
due to its simplicity in storing kinetic energy. The FESS is
used to take electric energy from a power network when in the
charging mode, store it in the form of rotating kinetic energy,
and deliver it according to the load’s need in the discharging
mode. The energy conversion is accomplished by power elec-
tronic circuits. With several advantages such as high efficiency
in a wide operating range, low maintenance, greater durabil-
ity, compactness, and higher power density, the FESS has be-
come a primary technology used to compensate for power in-
terruptions, smoothing of delivered power, and providing short
power interruption protection.

The FESS, including a BLDC motor, power electronic
circuits, and feedback controllers, is a multi-variable, nonlin-
ear, and strongly electromechanical coupling system. Though
they have not been perceived or observed, the irregular move-
ments of the FESS occur all the time.[1–3] The chaotic behav-
ior brings up complex issues both inside and outside the FESS.
This irregular phenomenon gives rise to torque instability and

electrical oscillation in the FESS itself;[4] at the same time,
it causes harmonic pollution and frequency instability in the
system connected to the FESS. In recent years, the rotor dy-
namics of the FESS has been widely studied. Coombs et al.[5]

studied the rotor dynamics of the flywheel system with the
control system factors considered, the dynamics differential
equations were established, and the coupling relationship be-
tween dynamic response and torque was obtained by real time
simulation. In Ref. [4], the electromechanical nonlinear dy-
namic model of the FESS with a hybrid permanent magnetic-
dynamic spiral groove bearing was first established. Chen[6]

established the dynamics model of an electric vehicle flywheel
with rolling bearings by using the finite-element method. In
Ref. [7], a nonlinear dynamic model of the permanent magnet
motor based mechanical elastic energy storage (MEES) unit
was derived, and the chaotic behavior under certain parame-
ters and operation conditions was demonstrated. Existing in-
vestigations mostly focus on the chaotic phenomena of the ro-
tor dynamics of the flywheel, but the coupled dynamic behav-
ior of the FESS, especially the dynamic interaction between
the power electronic subsystem and the mechanical subsystem
has been neither systematically studied nor thoroughly under-
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stood. The electromechanical coupling dynamic behavior not
only leads to the self-excited vibration of the energy transfer-
ring process, but also results in the global instability of the
FESS.

In this paper, based on the previous research, we dis-
cuss a nonlinear dynamic model and the generation mecha-
nism of nonlinear dynamic behavior in a current-mode con-
trolled FESS working in the charging mode.[8–11] The quan-
titative analysis of the nonlinear dynamic behavior and the
physical mechanism of bifurcation in such a system are also
discussed. For this purpose, the numerical time domain simu-
lation and averaged model approach are combined in the anal-
ysis. According to the bifurcation diagrams and the nonlinear
dynamical theory, the characteristics of the Hopf bifurcation,
the variation rule of the oscillation period, as well as the mech-
anism for the low-frequency oscillation in the electromechan-
ical coupling system are investigated systematically. The ap-
proach adopted in this paper is clear logically and well-defined
physically, which makes it useful in forecasting and discover-
ing the chaotic behavior in the FESS or other similar systems.

2. Electromechanical coupling model and bifur-
cation characteristics of FESS

2.1. Electromechanical coupling model

The topology of the FESS is plotted in Fig. 1. It
mainly contains a power electronic subsystem (including a bi-
directional buck-boost converter and a three-phase full bridge
converter), a mechanical subsystem (BLDCM with a fly-
wheel), and a feedback control subsystem. In order to absorb
the transient increase of power as quickly as possible, the con-
trol system of the FESS in the charging mode is designed to
have a two-stage strategy, which includes an average current
control and a maximum speed limit control. When a power
increase is detected, the FESS will store energy immediately
to limit the current within boundaries according to the average
current control strategy. Thus the security of the whole system
is ensured by this operation. If the speed limit of the BLDCM
is taken into account, the maximum speed limit control pro-
gram will be executed when necessary. By counting the Hall
signals which are generated by the Hall sensing component
cycle by cycle, the control system outputs a speed signal used
to determine whether the speed of the BLDCM is out of limit,
and the charging mode will be shut down when necessary. This
paper only focuses on the normal charging mode controlled by
the average current control method, and the maximum speed
limit control is not included in the discussion.
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Fig. 1. Flywheel energy storage system.

The schematic diagram of an average current control
FESS in the charging mode is shown in Fig. 2. The feedback
control subsystem generates a pulse width modulation (PWM)
signal to drive the switch V1 of the bi-directional buck-boost
converter. Thus, the converter can supply the BLDCM with
electrical energy to achieve the average current control by
adjusting the duty cycle of switch V1. The VT1, VT2, . . .,
VT6 in the three-phase full bridge converter can be controlled
by the control system, which utilizes the Hall signal in the
BLDCM, thereby ensuring that the phase reversing operation
of the BLDCM operates correctly.
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Fig. 2. Schematic diagram of a charging mode closed-loop current-
programmed FESS.

If the circuit operates in the continuous mode, namely,
the inductor current iL > 0 in a switching cycle, the circuit has
two modes when switch V and diode VD are turned on or off,
i.e., mode 1 (nT < t < nT + dT ) in which switch V1 turns on
and diode VD2 turns off; mode 2 (nT + dT < t < (n+ 1)T )
in which switch V1 turns off and diode VD2 turns on. To de-
rive the state equations in each switch state, the corresponding
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equivalent circuit of the FESS is given in Fig. 3. The exact
state equations corresponding to each switch state can be writ-
ten as follows:

mode 1 (nT < t < nT + dT ) :

diL
dt

=
Ue

L
,

dv
dt

=− ia
C
,

dia
dt

=
v

Lm
− Keω

Lm
− Rmia

Lm
,

dω

dt
=

Kmia
J
− Bvω

J
− TL

J
,

mode 2 (nT + dT < t < (n+1)T ) :

diL
dt

=− v
L
,

dv
dt

=
iL
C
− ia

C
,

dia
dt

=
v

Lm
− Keω

Lm
− Rmia

Lm
,

dω

dt
=

Kmia
J
− Bvω

J
− TL

J
,

(1)

where iL is the current in the inductor L of the bi-directional
buck-boost converter, v is the voltage of the capacity C, ia is
the current in the equivalent BLDCM, ω is the angular veloc-
ity of the BLDCM, Ue is the DC bus voltage, Ke is the back-
EMF constant, Km is the torque constant, Bv is the equivalent
viscous damping, J is the load inertia, Rm is the resistance of
motor’s winding, Lm is the equivalent inductance of the mo-
tor’s winding, and TL is the load torque.
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Fig. 3. Equivalent circuit of FESS shown in Fig. 2.

The compensation effect plays an important part in the
control loop because it can gain robustness for the whole sys-
tem: an integral control should be included in the control loop
to satisfy the no-limit-cycle condition. Thus, the proportional-
integral (PI) control is used to compensate for the average cur-
rent error. The proportional coefficient is Kpi, the integral co-
efficient is Kii, and the sampling coefficients of voltage and

current are hv and hi, respectively. The output of the compen-
sator yc(t) can be described in the continuous time domain by{

Ẋc(t) =−hiiL(t)+hiIref,
yc(t) = Kpihi(Iref− iL(t))+KiiXc(t),

(2)

where Xc(t) = [x1c(t)] is the control state vector, Iref = Imax is
the reference value of the PI. Assume that Usaw is the inde-
pendent sawtooth ramp voltage of the control system, when
yc(t) > Usaw, the system operates in mode 1, when yc(t) <
Usaw, the system operates in mode 2.

With the above analysis, the exact state equations corre-
sponding to each switch state can be derived as follows:{

𝑋̇(t) =𝐴1𝑋(t)+𝐵1𝑈 +𝐵1r𝐼ref, mode 1,
𝑋̇(t) =𝐴2𝑋(t)+𝐵2𝑈 +𝐵2r𝐼ref, mode 2,

(3)

where

𝐴1 =



0 0 0 0 0

0 0 − 1
C

0 0

0
1

Lm
−Rm

Lm
−Ke

Lm
0

0 0
Km

J
−Bv

J
0

−hi 0 0 0 0


,

𝐴2 =



0 −1
L

0 0 0

1
C

0 − 1
C

0 0

0
1

Lm
−Rm

Lm
−Ke

Lm
0

0 0
Km

J
−Bv

J
0

−hi 0 0 0 0


,

𝐵1 =

[
1
L

0 0 −1
J

0
]T

, 𝐵2 =

[
0 0 0 −1

J
0
]T

,

𝐵1r =
[

0 0 0 0 hi
]T

, 𝐵2r =
[

0 0 0 0 hi
]T

,

𝑈 =
[

Ue 0 0 TL 0
]T

,

𝑋(t) = [ iL(t) v(t) ia(t) ω(t) x1c(t) ]T.

2.2. Bifurcation characteristics

From Eq. (3), it can be seen that the topology of the cir-
cuits varies according to the state of the switch and the in-
ductor current in the bi-directional buck-boost converter. Two
consecutive dynamic behaviors are involved in the charging
mode, each of the dynamic behaviors is linear yet the overall
dynamic behavior is nonlinear, which is referred to as piece-
wise nonlinearity. Besides, the multiplication operation in the
BLDCM makes the behavior of the FESS more complex. The
dynamic behavior of the power electronic subsystem can in-
fluence the electrical characteristics in the mechanical subsys-
tem. The reverse influence of the mechanical subsystem on
the power electronic subsystem exists as well.
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Simulation models have been built according to the set
of parameters in Table 1, which originate from the previously
developed FESS platform. A series of computer simulations
is carried out to make an initial evaluation of the possible bi-
furcation phenomena. In order to observe the effect of the
feedback control subsystem on the dynamic behavior of the
FESS, we restrict our attention to the case where Kpi and Kii

are the control variables and the other parameters are treated
as fixed parameters. Figures 4 and 5 show the current wave-
forms of iL, the output voltage waveforms of v, and angular
velocity ω for the BLDCM with various Kii at Kpi = 6. Fig-
ure 4 shows that at Kii = 1, the inductor current iL follows the
input current reference, and the output voltage v and ω are ap-
proximately constant. As Kii increases, when Kii = 9.5, the
normal operation is no longer possible, and the system begins
to exhibit a limit cycle oscillation, where the Hopf bifurcation
occurs and a quasi-periodic orbit takes place, consequently the
oscillation amplitude increases to a comparatively large value.
Obviously, the amplitude and the frequency of the oscillation
both become steady and time-independent on the time scale
slower than the switching frequency. The inherent behavior
of the system is shown as a self-period oscillation, instead
of a non-recurring, randomly generated phenomenon. From
the nonlinear viewpoint, the occurrence of the low-frequency
quasi-periodic orbit reflects that the system undergoes a Hopf
bifurcation.[12,13] From a physical point of view, the system
behavior is characterized by the existence of two different in-
commensurate frequencies. One is the switching frequency,

while the other is related to the system parameters, which can
be derived by computing the characteristic multipliers of the
system when the Hopf bifurcation occurs.

Meanwhile, when the Hopf bifurcation occurs, the phase
current in the BLDCM is shown in Fig. 5(e), from which a
periodic oscillation together with the slow-scale instability of
the power electronics subsystem can be seen. The input power
P of the BLDCM is shown in Fig. 5(f), the periodically vary-
ing power affects the stability of the torque of the BLDCM,
reduces the efficiency of the FESS, and has a bad influence
on the stability of the whole FESS. Finally, in order to better
illustrate the dynamic behavior, some FFT spectra are mea-
sured. Figures 5(g)–5(h) illustrate the FFT spectra of iL and P
under the Hopf bifurcation, in which the waveforms of iL and
P contain not only the fundamental wave component but also
the harmonic components (about 266 Hz).

Table 1. Parameters of FESS.

Parameter Value
DC bus voltage Ue 48 V
Transfer inductance L 0.0007 H
Filter capacitor C 0.001 F
Resistance of the motor’s winding Rm 0.5 Ω

Inductance of the motor’s winding Lm 0.0036 H
Torque constant Km 7 V/krpm
Back-EMF constant Ke 6.5 V/krpm
Viscous damping Bv 0.0001 N·m/rad/s
Load inertia J 0.123 N·m/rad/s2

Load torque TL 0.1 N·m
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3. Evolution analysis and mechanism study of
the Hopf bifurcation

3.1. Evolution analysis for the Hopf bifurcation

In order to check the dynamic performance of the FESS,
assume xn = xnT = X(nT ) to be the instantaneous electrical
value at time instant t = nT when the switch is turned off, and
xn+1 = x(n+1)T = X((n+1)T ) to be the instantaneous electri-

cal value at time instant t = (n+ 1)T when the switch begins
a new cycle, as shown in Fig. 6. By using a successive sub-
stitution method, the value of xn+1 can be calculated through
Eq. (4) as

xn+1 = f (xn,dn)

= Noff(1−dn)Non(dn)xn +Noff(1−dn)Mon(dn)

×(𝐵1U +𝐵1rIref)+Moff(1−dn)(𝐵2U +𝐵2rIref),(4)
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where

Non(dn) = e𝐴1dnT , Noff(1−dn) = e𝐴2(1−dn)T ,

Mon(dn) =
∫ dnT

0
e𝐴1(dnT−τ)dτ,

Moff(1−dn) =
∫ T

dnT
e𝐴2(T−τ)dτ.

Assume that Uramp is the independent sawtooth peak volt-
age of the control system, define the switching function as

s(dn,xn) =𝐶sxn +KpihiIref−dnUramp = 0, (5)

where 𝐶s = [−Kpihi 0 0 0 Kii ].

A1, B1 A2, B2

nT nT⇁dnT nT⇁T

Fig. 6. Schematic diagram of the state switching.

Due to Eqs. (4) and (5), the continuous-time dynamical
system can be modeled by an iterative map, also known as the
stroboscopic map. Although the analytical derivation of this
stroboscopic map is not discussed in this paper, the phase por-
traits of such a stroboscopic map will be used to identify the
qualitative nature of the observed dynamical behavior. More-
over, the bifurcation diagram is also plotted with the data gen-
erated from the stroboscopic map.

3.1.1. Influence of the power electronic subsystem on
the mechanical subsystem’s dynamics

In the switching mode, the dynamic behavior in the power
electronic subsystem disturbs the input energy of the mechani-
cal subsystem all the time. First, set Kpi = 6, increase Kii grad-
ually, and then collect the steady state of the sampled data at
the switching frequency at the turn-off instants. With the suf-
ficient number of sampled data, the bifurcation diagrams can
be constructed as required. The bifurcation diagram of Kii is
depicted in Fig. 7(a), from which it can be clearly seen that at
first the inductor current iL settles at the period-1 steady state
and then at about Kii = 7.3, the slow-scale oscillation shows
up. The sampled inductor current amplitude keeps increasing
and shows large variations subsequently, which degrades the
system performance significantly. The Poincaré section tool
is constructed and used to verify the existence of different be-
haviors in Fig. 7(a), including the period-1 steady state and
the Hopf bifurcation state in Figs. 7(b) and 7(c). When the
Hopf bifurcation appears, the power electronic subsystem in-
fluences the input voltage of the mechanical subsystem and
leads to torque instability.
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Fig. 7. (a) Bifurcation diagram with Kii as the bifurcation parameter,
(b) Poincaré section of period-1 steady state in panel (a), (c) Poincaré
section of Hopf bifurcation state in panel (a).

3.1.2. Influence of the mechanical subsystem on the
power electronic subsystem’s dynamics

As a load of the power electronic subsystem, the vari-
ations in the design parameters of the BLDCM including
the mechanical and electromagnetic parameters such as stiff-
ness and damping coefficient of both the upper and the lower
dampers can deeply influence the behaviors of the motor body,
and deliver the disturbance back to the former stage as well.
Set Kpi = 6 and Kii = 1, increase Lm gradually, and then col-
lect the steady state of the sampled data in the same way, the
bifurcation diagram of iL is obtained and depicted in Fig. 8(a),
from which it can be clearly seen that at first the inductor cur-
rent iL settles at the period-1 steady state and then at about
Lm = 3.9 mH, the Hopf bifurcation shows up, which verifies
that the reverse influence of the mechanical subsystem on the
power electronic subsystem exists as well.
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3.2. Mechanism study of the Hopf bifurcation
3.2.1. Jacobian matrix and Routh stability criterion

The averaged model approach is a commonly adopted
method to understand the operating physical meaning of con-
verters, in which the switching details are neglected and
only the envelope of the dynamical motion is taken into
account.[14,15] During the operation of the charging mode of
the FESS, the duty ratio d meets the requirement Dmin ≤ d ≤
Dmax. By setting all the derivatives to be zero, the following
equations can be obtained:

d〈iL(t)〉
dt

=
d−1

L
〈v(t)〉+ dUe

L
= 0,

d〈v(t)〉
dt

=
1−d

C
〈iL(t)〉−

1
C
〈ia(t)〉= 0,

d〈ia(t)〉
dt

=
1

Lm
〈v(t)〉− Rm

Lm
〈ia(t)〉−

Ke

Lm
〈ω(t)〉= 0,

d〈ω(t)〉
dt

=
Km

J
〈ia(t)〉−

Bv

J
〈ω(t)〉− TL

J
= 0,

d〈x1c(t)〉
dt

=−hi 〈iL(t)〉+hiIref = 0,

(6)

where 〈iL(t)〉, 〈v(t)〉, 〈ia(t)〉, 〈ω(t)〉, and 〈x1c(t)〉 are the aver-
age values of iL, v, ia, ω , and x1c during a switching cycle, and
d is the duty ratio and can be expressed as

d = [Kii 〈x1c(t)〉+KpihiIref−Kpihi 〈iL(t)〉]/Uramp. (7)

Combining Eq. (6) with Eq. (7), we can derive the fixed point
as

[
IL V Ia O X1c

]T
=

[
Iref

DUe

1−D
(1−D)Iref

Km(1−D)Iref−TL

Bv

DUramp

Kii

]T

. (8)

Equations (6)–(8) can be combined to obtain the stable duty ratio

D =

√
(2a−b+1)2−4a(a−b)+2a−b+1

2a
, (9)

where

a =
(KeKm +BvRm)Iref

BvUe
, b =

KeTL

BvUe
.

Combined with the average model discussed above, the Jacobian matrix of the fixed point is

𝐽(x) =



−
Kpihi(Ue +V )

LUramp

−KpihiIL +KiiX1c +KpihiIref−Uramp

LUramp
0 0

Kii(Ue +V )

LUramp

Uramp−KpihiIref +2KpihiIL−KiiX1c

CUramp
0 − 1

C
0 − KiiIL

CUramp

0
1

Lm
−Rm

Lm
−Ke

Lm
0

0 0
Km

J
−Bv

J
0

−hi 0 0 0 0


. (10)
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The characteristic equation of matrix 𝐽(x) is

det[λ𝐼−𝐽(x)] = 0. (11)

From Eq. (11), we have the characteristic equation of the
closed-loop transfer function

a0λ
5 +a1λ

4 +a2λ
3 +a3λ

2 +a4λ +a5 = 0. (12)

Set

s1 =
Kpihi(Ue +V )

LUramp
,

s2 =
−KpihiIL +KiiX1c +KpihiIref−Uramp

LUramp
,

s3 =
Kii(Ue +V )

LUramp
,

s4 =
Uramp−KpihiIref +2KpihiIL−KiiX1c

CUramp
,

s5 =−
KiiIL

CUramp
,

then we have

a0 = 1,

a1 =
BvCLm +CJRm +CJLms1

CJLm
,

a2 =
J+BvCRm +CKeKm +BvCLms1 +CJRms1 +CJLmhis3−CJLms2s4

CJLm
,

a3 =−
Js1−Bv−BvCRms1−CKeKms1−CBvLmhis3 +BvCLms2s4−CJhiRms3 +CJRms2s4−CJLmhis2s5

CJLm
,

a4 =
Jhis3 +Bvs1 +BvChiRms3 +CKehiKms3−BvCRms2s4−CKeKms2s4 +BvCLmhis2s5 +CJRmhis2s5

CJLm
,

a5 =
Bvhis3 +BvCRmhis2s5 +CKeKmhis2s5

CJLm
. (13)

According to the Routh stability criterion, if all elements
of the first column of the Routh array (see Table 2) are nonzero
and have the same sign, the system is stable.[14,16] Hence, con-
sidering the boundary condition T1 > 0, T2 > 0, T3 > 0, T4 > 0,
T5 > 0, and T6 > 0, the stable equation can be obtained as

0 < Kii < δ (Imax,Kpi). (14)

Table 2. Routh table.

λ 5 T1 = a0 a2 a4

λ 4 T2 = a1 a3 a5

λ 3 T3 =
a1a2−a0a3

a1
T31 =

a1a4−a0a5

a1
0

λ 2 T4 =
T3a3−a1a4 +a0a5

T3
T41 = a5 0

λ 1 T5 =
a1a4−a0a5

a1
− a5

T4
0 0

λ 0 T6 = a5 0 0

3.2.2. Physical mechanism of the Hopf bifurcation

From the perspective of energy, the power and control
circuits of the FESS together constitute a phase-shifting and
frequency-selecting unit. When the system is in the continuous
conduction mode (CCM), the state variables have the trend to
expand; while in the discontinuous conduction mode (DCM),
the state variables have the trend to shrink to the fixed points.
Thus the whole system presents enlarged nonlinear character-
istics as switching between CCM and DCM. With the opera-
tion mode changing back and forth, the frequency and ampli-
tude of the slow oscillation can be limited to a certain range.

As a strongly nonlinear system, the FESS contains both expan-
sion and contraction factors. On the other hand, as an energy
conversion device, the FESS should have the ability to release
and consume energy. The energy release can be seen as the ex-
pansion factor, while the energy consumption can be regarded
as the contraction factor. Furthermore, enhancing the energy
expansion harms the stability of the system while increasing
the energy consumption increases the stability of the system.

The energy release and augmented consumption verifying
the generalized existence of bifurcation is reasonable, and the
perspective of the physical mechanism will help explain the
route to chaos in depth. Further mechanism analysis can be
proposed according to the nonlinear system theory by exam-
ining the eigenvalues (characteristic multipliers) of the Jaco-
bian derived in the foregoing. In particular, we are interested
in the variation of the eigenvalues as some chosen parameters
are varied. This information essentially reveals the bifurcation
phenomena and the way in which the variation of parameters
affects the operation of the system.

By solving the cubic equation (11), five characteristic
multipliers λ1, λ2, λ3, λ4, and λ5 are obtained by expansion
and contraction near the operating point, and therefore they
can characterize its stability. When all the characteristic multi-
pliers are in the left half plane of the complex plane, the system
is stable. In particular, when a couple of complex conjugate
characteristic multipliers simultaneously stay on the imagi-
nary axis, a Hopf bifurcation occurs.[15,17–19] The characteris-
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tic multipliers for different values of Kii at Kpi = 6, Imax = 5 A
are given in Table 3, showing that a Hopf bifurcation takes
place at Kii = 7.266. The characteristic multipliers for differ-

ent values of Kpi at Kii = 8.551, Imax = 5 A are given in Table 4,
showing that a Hopf bifurcation takes place at Kpi = 8.000.
The locus is plotted in Fig. 9 for ease of reference.

Table 3. Characteristic multipliers for different values of Kii at Kpi = 6, Imax = 5.

Kii λ1/10−3 λ2/10−3 λ3/10−3 λ4/10−3 λ5/10−3 Remark
1.00 –0.0152 + 1.2750i –0.0152–1.2750i –0.0617 + 0.1017i –0.0617–0.1017i –0.0079 stable
3.00 –0.0095 + 1.3266i –0.0095–1.3266i –0.0673 + 0.1862i –0.0673–0.1862i –0.0080 stable
5.00 –0.0047 + 1.3777i –0.0047–1.3777i –0.0722 + 0.2353i –0.0722–0.2353i –0.0081 stable
7.00 –0.0006 + 1.4280i –0.0006–1.4280i –0.0763 + 0.2704i –0.0763–0.2704i –0.0081 stable
7.26 –0.0000 + 1.4346i –0.0000–1.4346i –0.0768 + 0.2744i –0.0768–0.2744i –0.0081 Hopf bifurcation
8.00 0.0013 + 1.4528i -0.0013–1.4528i –0.0781 + 0.2847i –0.0781–0.2847i –0.0082 unstable
9.00 0.0030 + 1.4773i -0.0030–1.4773i –0.0799 + 0.2974i –0.0799–0.2974i –0.0082 unstable
10.0 0.0046 + 1.5016i -0.0046–1.5016i –0.0815 + 0.3088i –0.0815–0.3088i –0.0082 unstable

Table 4. Characteristic multipliers for different values of Kpi at Kii = 8.551, Imax = 5.

Kpi λ1/10−3 λ2/10−3 λ3/10−3 λ4/10−3 λ5/10−3 Remark
1.00 0.0079 + 1.4659i 0.0079–1.4659i –0.0786 + 0.2921i –0.0786 - 0.2921i –0.0080 unstable
3.00 0.0056 + 1.4661i 0.0056–1.4661i –0.0788 + 0.2920i –0.0788 - 0.2920i –0.0080 unstable
5.00 0.0034 + 1.4662i 0.0034–1.4662i –0.0790 + 0.2919i –0.0790 - 0.2919i –0.0081 unstable
7.00 0.0011 + 1.4664i 0.0011–1.4664i –0.0792 + 0.2918i –0.0792 - 0.2918i –0.0081 unstable
8.00 –0.0000 + 1.4665i –0.0000–1.4665i –0.0793 + 0.2918i –0.0793 - 0.2918i –0.0081 Hopf bifurcation
9.00 –0.0011 + 1.4665i –0.0011–1.4665i –0.0794 + 0.2917i –0.0794 - 0.2917i –0.0081 stable
10.0 –0.0023 + 1.4666i –0.0023–1.4666i –0.0795 + 0.2917i –0.0795 - 0.2917i –0.0082 stable
11.0 –0.0034 + 1.4667i –0.0034–1.4667i –0.0797 + 0.2917i –0.0797 - 0.2917i –0.0082 stable
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Fig. 9. (color online) Loci of the complex eigenvalue pair correspond-
ing to Tables 3 and 4, showing (a) the characteristic multipliers for Kii
from 1 to 10, and (b) the characteristic multipliers for Kpi from 1 to 10.

According to the homotopy function theory,[20–22] λ1 and
λ2 correspond to iL and ia, respectively. From the analysis

above, it can be found that only λ1 and λ2 move across the
imaginary axis no matter which bifurcation parameter is cho-
sen, while the other characteristic multipliers stay in the left
half plane all the time. In other words, the current of the induc-
tor loses stability first regardless of the choice of bifurcation
parameters when the Hopf bifurcation occurs. For the average
current controlled FESS, the duty ratio signal is generated ac-
cording to the measured current of the inductor. Therefore, the
primary cause of the bifurcation behavior is the loss of control
over the inductor current. The slow oscillation of the duty ra-
tio in the Hopf bifurcation state is shown clearly in Fig. 10. In
this sense, the duty ratio D reflects the essential characteristics
of the dynamics of the FESS.
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Fig. 10. Duty ratio in the Hopf bifurcation state.
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3.2.3. Stability region estimation

To be ready for practical applications, some behavior
boundaries should be given in the parameter space. Such
boundaries can provide plenty of design-oriented information,
which allows the system parameters to be selected in an in-
formed manner for obtaining a stable operation system. Using
these boundaries, engineers can not only identify the type of
Hopf bifurcation, but also know how to place the nominal op-
erating point away from the behavior boundaries.
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Fig. 11. Stability region in the (Kpi,Kii) plane when (a) Imax = 5 A, (b)
Imax = 10 A, (c) Imax = 15 A.

According to Table 2 and taking Imax = 5, 10, 15 for
example, considering the real parameter values of the FESS
in Table 1, we find that T1 = a0 = 1 > 0 and T2 = a1 =

(BvCLm +CJRm +CJLms1)/(CJLm) > 0 can be always sat-
isfied, then only the positive regions of T3, T4, T5, and T6 are to
be considered. Figure 11 shows the curves of T3 = 0, T4 = 0,

and T5 = 0. The regions below the three curves are the posi-
tive regions (for the parameters of the FESS used in this paper,
close to the computed results, T6 > 0 is always satisfied). By
taking the intersection, the stability region is located in the
area under the critical curve T5 = 0, which is shaded in gray
(Fig. 11).

Strictly speaking, Eq. (14) does not give a formal con-
dition for the occurrence of Hopf bifurcation. By consid-
ering the previous studies for the Hopf–Routh bifurcation
criterion.[23,24] and combining with Table 2, the exact Hopf
bifurcation boundary conditions can be expressed as

T5 = 0,
Ti > 0, (i = 1,2,3,4) . (15)

By considering the analytical result obtained from the
critical curves in the (Kpi,Kii) plane in Fig. 11, the T5 = 0
critical curve can be taken as the Hopf bifurcation boundary
condition

δ (5,Kpi) = 5.29651−0.24676Kpi+0.12954K2
pi

−0.00744K3
pi+1.7621×10−4K4

pi,

δ (10,Kpi) = 2.38978+0.21137Kpi+0.00403K2
pi

−4.02744×10−5K3
pi+2.90335×10−6K4

pi,

δ (15,Kpi) = 1.715+0.14339Kpi+0.00173K2
pi+2.50926

×10−6K3
pi+6.52305×10−7K4

pi. (16)

The typical critical values of the control parameters can
be calculated from the critical curves above, as shown in Ta-
ble 5.

An interesting phenomenon appears during the operation
of a real FESS, the limit cycle oscillation occurs before the pa-
rameters of the control system enter into the instability region,
which is due to the quantization effect. An unexpected oscil-
lation appears even at values of Kpi and Kii which satisfy the
stability conditions established by the Routh analysis.

Despite the resolutions satisfying the static no-limit-cycle
conditions, limit cycles can come forth because of the dynamic
gain caused by the quantizer.[25] By taking the worst case into
account, AD and DPWM would both have maximum equiv-
alent gain 4/π . The stability region (14) can be rewritten as
follows:

0 < Kii <

(
π

4

)2

δ (Imax,

(
4
π

)2

Kpi). (17)

Using Eq. (17), the new boundary of the stability region can
be located again, as shown in Fig. 12.
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Table 5. Typical critical values of control parameters.

Imax = 5 A

Kpi 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00 10.00

Kii 4.67 5.15 5.67 6.19 6.76 7.26 7.89 8.55 9.24 9.98

Kpi 11.0 12.00 13.00 14.00 15.00 16.00 17.00 18.00 19.00 20.00

Kii 10.7 11.63 12.54 13.38 14.43 15.56 16.80 18.16 19.64 21.28

Imax = 10 A

Kpi 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00 10.00

Kii 2.60 2.83 3.07 3.31 3.56 3.78 4.05 4.33 4.61 4.90

Kpi 11.0 12.00 13.00 14.00 15.00 16.00 17.00 18.00 19.00 20.00

Kii 5.20 5.51 5.79 6.12 6.47 6.82 7.20 7.59 7.98 8.34

Imax = 15 A

Kpi 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00 10.00

Kii 1.85 2.01 2.16 2.32 2.48 2.63 2.80 2.97 3.15 3.33

Kpi 11.0 12.00 13.00 14.00 15.00 16.00 17.00 18.00 19.00 20.00

Kii 3.52 3.71 3.88 4.08 4.29 4.50 4.72 4.95 5.11 5.38
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Fig. 12. (color online) Estimated stability region in (Kpi,Kii) plane by
considering the quantization effect of the digital control system when
(a) Imax = 5 A, (b) Imax = 10 A, (c) Imax = 15 A.

4. Experimental verification

To verify the above theoretical analysis, experiments

are carried out on an FESS platform, which is shown in

Fig. 13.[26,27] The parameters are set to those in Table 1. The

IGBT module is IRG4PH50UD from the IR Company, the

drive chip is M57962AL from the Mitsubishi Electric Com-

pany, and the IPM is PS21267 from the Mitsubishi Electric

Company. The voltage signals are transformed by Hall sen-

sors. The transformation ratio of the oscilloscope probe is 10 :

1. Under such conditions, the result is 1 V for 4 A and 1 V for

40 V. As a result, the vibration of the voltage seems smaller

than that of the current. The waveforms of current and voltage

shown in Figs. 14–17 match the phenomenon observed from

the simulations well.

Based on the system parameters and the control param-

eters, the corresponding switching frequency is selected as 4

kHz, the effect of switching noise on the system dynamics can

be ignored. Set Imax = 5 A and Kpi = 6, the integral gain Kii

is first given a small value. The FESS operates at the steady

period-1 state when the integral gain is Kii = 1, as shown in

Fig. 14, the waveform of iL is a steady triangular wave and v

is a constant over time. At Kii = 7.2, a nearly sinusoidal limit

cycle and quasi-periodic oscillation behavior appears, as Kii

increases up to the critical value of the Hopf bifurcation, as

shown in Fig. 15, the waveform of iL mixes with a sinusoidal

oscillation of a small amplitude and little has been changed

for v, which confirms the foregoing analysis. Therefore, the

control parameters tested with the analog controlled converter

cannot be converted into the digitally controlled ones directly

because of the phase delay brought by the ZOH and the quan-

tization effect induced by the DPWM. The limit cycle due to

the quantization effect and the slow scale low frequency oscil-
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lation in the FESS are not desirable and therefore should be
avoided. Then set Kii = 7.3, it can be observed that the Hopf
bifurcation oscillation takes place and a limit cycle appears, as
shown in Fig. 16. The trajectories of iL and v lose stability and
a Hopf bifurcation oscillation with stable frequency and am-
plitude apears, and the peak-to-peak current oscillation ampli-
tude can be as high as 8 A. In Fig. 17, a chaotic behavior of
the phase current in the BLDCM is observed for Kii = 7.3, an
evident oscillation exists in this phase current. Here the influ-
ence of the power electronic subsystem on the motor running
state can be clearly noticed.

Comparing the results of simulation, platform experi-
ments, and theoretical analysis, deviations can still be ob-
served. The main reasons are as follows. 1) The system de-
scription of the FESS is approximate. 2) Errors between the

measured and actual values of the system parameters cannot be

completely avoided. 3) The parasitic parameters of the FESS

have not been considered.

Fig. 13. (color online) A real FESS in the lab.

iL

V

(a) (b)

Fig. 14. Period-1 steady state behavior of the FESS platform when Imax = 5 A, Kpi = 6, Kii = 1: (a) the measured waveforms of iL and
v, (b) phase trajectory of the platform with iL and v.

nearly sinusoidal limit cycle
and quasi periodic oscillation

(a) (b)

V

iL

Fig. 15. Nearly sinusoidal limit cycle and quasi-periodic oscillation behavior of the FESS platform when Imax = 5 A, Kpi = 6, Kii = 7.2:
(a) measured waveforms of iL and v, (b) phase trajectory of the platform with iL and v.
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hopf bifurcation oscillation

hopf bifurcation oscillation

hopf bifurcation oscillation

(a)
(b)

(c) (d)

iL

V

Fig. 16. Hopf bifurcation oscillation behavior of the FESS platform when Imax = 5 A, Kpi = 6, Kii = 7.3: (a) measured waveforms of
iL and v, (b) phase trajectory of the platform with iL and v, (c) close-up view of (a), (d) close-up view of (c).

Fig. 17. Phase current of the BLDCM in Fig. 16.

5. Conclusion
The FESS has become a primary choice for energy stor-

age due to its high efficiency and low cost, and is now widely
used in power systems. This paper deals with the generation
process and mechanism of the coupled dynamic behavior of
the FESS, especially the interaction between power electronic
subsystem and mechanical subsystem. Extensive analysis and
discussion of the Hopf bifurcation and chaotic behavior in an
average current controlled FESS have been carried out. Re-
search in this paper shows that the Hopf bifurcation in the
electric transmission process of the FESS is directly due to the
loss of control over the inductor current, which is caused by
the system control parameters exceeding certain ranges. When

such an instability occurs, the system inevitably enters into a
complex transition state of the coexistence of fast-scale and
slow-scale behaviors. Conclusions can be drawn that for an
electromechanical coupling system like an FESS, a larger pro-
portional coefficient leads to a more stable state; meanwhile, a
larger integral coefficient reduces the stability. Through deter-
mining and modifying the parameter stability regions with the
Hopf–Routh bifurcation criterion, the instability problems can
be eliminated considering the effects of the quantization error.
This provides a certain guide for the design and control of an
FESS in power systems. Finally, an experimental FESS proto-
type is built to verify the analyses and research results in this
paper. The approach adopted in the paper is clear logically and
well-defined physically, which makes it useful for forecasting
and discovering the chaotic behaviors in an FESS or other sim-
ilar systems. The work is of great significance for improving
the stability and reliability of the FESS and of benefit to the
development of renewable resources.
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