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Effects of transverse trapping on the ground state of a cigar-shaped
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We derive the coupled nonpolynomial nonlinear Schrödinger equations for a two-component Bose–Einstein conden-
sate in a quasi-one-dimension geometry and investigate the effects of a tightly transverse trapping on the ground state and
the miscibility–immiscibility threshold. We find that the density profile of the matter wavepacket is remarkably dependent
on the transverse width and the effective one-dimension nonlinear coupling strengths in miscible and immiscible regimes.
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1. Introduction
Since the first realization of Bose–Einstein condensates

(BEC) in 1995,[1,2] this field has been intensively studied. Un-
der the mean-field approximation, the Gross–Pitaevskii equa-
tion (GPE) has been successfully used to describe the be-
havior of BECs in free space and traps, and correctly pre-
dicts a variety of interesting phenomena such as vortex,[3,4]

soliton,[5,6] and disordered quantum gases.[7] Experimentally,
a BEC can be produced in a highly anisotropic trap to pre-
pare a low-dimensional quantum gas.[8–11] Then the BEC has
a cigar or disk shape, which can be described by a quasi-
one-dimension (1D) or two-dimension (2D) effective GPE de-
rived by integrating out the slow degrees of freedom under
the adiabatic approximation.[12–15] Taking the transverse trap-
ping effect into account, 1D and 2D nonpolynomial nonlinear
Schrödinger equations (NPSE) have been proven to be more
exact in the situations where a strong interaction or a dense
atomic sample has to be considered.[16]

With rapidly developing experimental techniques, multi-
component BECs have been produced with different hyper-
fine spin states or different atomic species.[17–22] A two-
component BEC (tBEC) has more complicated static and dy-
namical properties compared with the single-component BEC
due to the additional inter-component nonlinear coupling. One
of the most important phenomena is phase separation, which
has been observed unambiguously.[20,21] Depending on the
strength of the inter-component atomic interaction, the tBEC
can experience a miscibility–immiscibility transition, which
can be used as a prototypical platform for the investigation

of critical phenomena due to the unprecedented experimental
control of relevant parameters. So far, similar to the single-
component BEC, the coupled GPEs have been widely applied
to investigate the wavefunction at zero temperature and the
transport of matter wavepackets.[23–29] Subsequently, the cou-
pled NPSEs are introduced to improve the GPEs, especially in
the situation of strong interaction or dense gas, by considering
the transverse confinement more exactly.[30,31]

In this work, we compare the ground state of the tBEC
obtained by numerically solving the GPEs and NPSEs in the
miscible and immiscible regimes respectively. It is found that,
although both models grasp the physics of phase separation,
they predict different density profiles of the ground state and
different miscibility–immiscibility thresholds as a result of the
transverse trapping. We also find inhomogeneous transverse
widths and effective 1D nonlinear coupling strengths in the
NPSEs, while they are constant presented in the GPEs. In
turn, the density-dependent transverse widths have a dramatic
effect on the ground state obtained in the tBEC.

2. Theoretical model

We consider a two-component BEC with two hyperfine
states of the atom in a trap. By exerting a magnetic bias field
to counteract the gravitation, a highly anisotropic external har-
monic oscillator potential with an axial symmetry can be writ-
ten as follows:

V (x,y,z) =
1
2

mω
2
⊥
(
x2 + y2 +λ

2z2) , (1)
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where ω⊥ and ωz are the transverse and axial trap frequencies,
respectively, and λ = ωz/ω⊥ is the aspect ratio of the trap,
which characterizes the anisotropy of the trap. The BEC has a
cigar shape for λ < 1 , and a disk shape for λ > 1. In this work,
we focus on the situation with λ � 1,[8,9] so the dynamics of
the tBEC is only allowed to develop in the axial direction and
its motion degrees of freedom in the transverse direction are
frozen. Because the system’s evolution in the axial direction
is faster than the transverse one, we can concentrate on the
tBEC’s property in the axial direction. Integrating along the
transverse coordinates, we arrive at dimensionless effective 1D
GPEs for the axial wave functions ϕA(z) and ϕB(z)[26,27]

i
∂ϕA

∂ t
=

(
−1

2
∂ 2

∂ z2 +
1
2

λ
2z2 +UAA|ϕA|2 +UAB|ϕB|2

)
ϕA,

i
∂ϕB

∂ t
=

(
−1

2
∂ 2

∂ z2 +
1
2
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2z2 +UBB|ϕB|2 +UAB|ϕA|2

)
ϕB, (2)

where dimensionless effective 1D interaction strengths Uii =

2Naii/b⊥ (i = A,B) and UAB = 2NaAB/b⊥ are characterized
by intra- and inter-component scattering lengths aii and aAB,
respectively. The dimensionless units of length, time, and en-
ergy are b⊥ =

√
h̄/mω⊥, ω

−1
⊥ , and h̄ω⊥, respectively. In addi-

tion, the density of each component is normalized to the ratio
of its atomic number to the total number N.

Now we follow the routine of Salasnich et al.[16,30,31]

to derive the 1D effective coupled NPSEs, which have been
demonstrated as an exact model especially for the case with
a dense gas or a strong mutual-atom interaction. In our treat-
ment, it is different from the GPEs in that the transverse width
σi(z, t) is treated as a slow variable compared to the change of
the axial wavefunction. By taking wavefunction complex con-
jugation ϕ∗i and transverse width σi as variables, the Euler–
Lagrange equations, i.e. the so called effective 1D NPSEs, are
written as
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where
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A = σ

4
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A
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4
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with the dimensionless effective 1D nonlinear cou-
pling strengths U ′ii = 2Naii/(σ

2
i b⊥) and U ′AB =

2NaAB/[(σ
2
A +σ2

B)b⊥]. Here σi0 = (1+U ′2ii σ2
i |ϕi|2)1/4 is the

transverse width due to the intra-component interaction which
has been obtained in the single-component 1D NPSE.[16] Ob-

viously, the above NPSEs explicitly show the complicated
relations among the atomic density distribution, the transverse
trapping, and the nonlinear couplings. One can observe that,
in the weakly interacting limit, the above NPSEs (Eq. (3))
can be reduced to the familiar GPEs (Eq. (2)) as σi = b⊥. In
addition, the inter- and intra-component nonlinear coupling
strengths are also dependent on the corresponding transverse
widths. In turn, it is clearly shown in Eq. (4) that the transverse
widths are dependent on the density. Thus it is very difficult
to elaborate the influence of the above correction analytically.

3. Numerical results and discussion
Below we first numerically solve Eqs. (2) and (3) by prop-

agating an initial trial wavefunction with the split-step spec-
tral algorithm in imaginary time.[32] Taking account of the
transverse trapping effect, we update the transverse widths
(Eq. (4)) at each time step. In the simulation, we adopt the
experimental data measured by Nicklas et al.,[33] they have
prepared a tBEC close to the miscibility–immiscibility thresh-
old with a balanced mixture of two hyperfine levels of 87Rb
(NA = NB = 2200). The axial and transverse trap frequencies
are ωz = 2π×22 Hz and ω⊥ = 2π×460 Hz, respectively. The
scattering lengths are aAA = 95a0 and aBB = 100.4a0, where
a0 is the Bohr radius, whereas aAB can be tuned by the Fes-
hbach resonance, which can bring the tBEC into different pa-
rameter regimes.[34–36]

The main results are shown in Fig. 1, which depicts the
ground states of the tBEC in the miscible and immiscible
regimes. In the miscible regime, the overlap between the
wavefunctions of the two components is very large, while
the wavefunctions are separated (or immiscible) in space in
the opposite limit. With given intra-component interaction
strengths, the phase of the system is only dependent on the
inter-component interaction strength and the GPEs predict that
there is a miscibility–immiscibility threshold aAB =

√
aAAaBB

as shown in Figs. 1(a) and 1(b). However, we cannot obtain
the same threshold from the NPSEs because the separation be-
tween the two components is not clear in this case (see the red
dashed line in the middle panel in Fig. 1(b)). Since the NPSEs
differ from the GPEs with the correction of the transverse trap-
ping, we can conclude that the tightly transverse trapping has
a remarkable influence on the density profile of the conden-
sate. Concretely, in the miscible limit (aAB <

√
aAAaBB), the

axial widths of the ground states derived from the NPSEs
are much narrower than those obtained from the GPEs.
In the immiscible regime (aAB >

√
aAAaBB), however, the

NPSEs predict that more atoms of component A occupy
the center and the boundary between the two components
is much closer to the center than that calculated in the GPEs.
Quantitatively, we introduce the central fraction of compo-
nent B (CB) and the overlap between the two components
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( f =
∫
〈ϕA|ϕB〉dz/

∫
〈ϕA|ϕA〉dz) to describe the phase separa-

tion of the tBEC in detail, as also shown in Figs. 1(c) and 1(d).
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Fig. 1. (color online) Axial density profiles of (a) component A and
(b) component B derived from the GPEs (black solid) and NPSEs
(red dashed) for different inter-component interaction strengths.
The scattering lengths aAA = 95a0 and aBB = 100.4a0 are fixed,
and aAB is scaled by

√
aAAaBB. (c) Central fraction of compo-

nent B (CB) in z ∈ [−10,10]. (d) Overlap of the two component
wavefunctions f =

∫
〈ϕA|ϕB〉dz/

∫
〈ϕA|ϕA〉dz, where red circles

and black squares are the results from the NPSEs and GPEs, re-
spectively.

Intuitively, the phase separation is expected to be associated
with the reduction of central fraction CB and overlap f , espe-
cially when they approach zero. In Figs. 1(c) and 1(d), both
CB and f change moderately when the components are misci-
ble or immiscible, however, there is a sudden drop across the
miscibility–immiscibility transition (aAB ∼

√
aAAaBB). The

GPEs and NPSEs agree with each other well in this sense.
But we can find that the two models predict different criti-
cal values of aAB when the separation happens. For exam-
ple, at the threshold aAB/

√
aAAaBB = 1 given by the GPEs,

CB approaches to 0.08 in the GPEs and 0.15 in the NPSEs.
Similarly, f goes down to 0.80 in the GPEs but 0.97 in the
NPSEs. It is clear that the NPSEs predict a larger threshold of
the miscibility–immiscibility crossover than the GPEs due to
the correction of the transverse trapping.

In the above discussion, we have demonstrated that the
transverse trapping has a remarkable influence on the den-
sity profile of the tBEC and thus obviously changes the de-
pendence of the miscibility–immiscibility threshold on aAB.
Now we can investigate the physical origin of this effect. As
Eq. (4) shows, the transverse widths are temporal- and spacial-
dependent in the NPSEs rather than constants in the GPEs.
Both intra- and inter-component interactions will contribute
to the modification of the transverse width, while the former
depends on the density distribution of one component itself
and the latter is related to the density profile of the other one.
Hence, the situation becomes a bit more complicated because
the density profile and the transverse width are greatly interde-
pendent. In Fig. 2, inhomogeneous transverse widths of both
components are given for several typical cases. For a miscible
quantum mixture, σA,B are like inverted parabolas and become
wider and wider when aAB increases. It can be easily under-
stood because the wavefunctions overlap and coexist in the
center of the trap, that is to say, the density profiles are simi-
lar to the inverted parabolas. Thus, the two terms in the right
side of Eq. (4) should share the same shape, which illustrates
that the shapes of σA and σB are similar. However, once the
system enters into the immiscible regime, a two-dump envelop
appears for σA, and simultaneously a raised plateau emerges
in the center for σB. Qualitatively, in this situation, the atoms
of component A still gather around the center of the trap, while
those of component B spread outwards along the axial direc-
tion. Therefore, it is indicated in Eq. (4) that the transverse
widths display different shapes. In addition, we also find an-
other interesting result that σA is almost unchanged in the cen-
tral zone whatever aAB is. This is because the contributions
from the two terms to σA are nearly canceled out in the cen-
tral zone. We can also find the support for the aforementioned
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results in Fig. 2(c), where the widths σA,B at the origin z = 0

are shown. Evidently, both σA(0) and σB(0) increase slightly

in the miscible regime. In the immiscible regime, however,

σA(0) approximately remains unchanged and σB(0) increases

markedly when aAB becomes large enough, which is in good

agreement with the rising plateau in Fig. 2(b).
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Fig. 2. (color online) Inhomogeneous transverse widths of (a)
component A and (b) component B for aAB/

√
aAAaBB = 0 (black

squares), 1 (red circles), 1.1 (blue triangles), 2 (dark cyan stars).
(c) Transverse width at z = 0. Components A and B are labeled by
black squares and red circles, respectively.

As predicted by the NPSEs, the modification of the

ground state of the tBEC originates from the transverse trap-

ping, and the effect cannot be ignored especially when the ef-

fective 1D nonlinear coupling strength between the compo-

nents is strong enough. Below we will demonstrate that the

inhomogeneous distribution of the transverse width reflects the

fact that the effective 1D nonlinear coupling strengths are also

inhomogeneous. As shown in Fig. 3, we pay special attention

to U ′AA, U ′BB, and U ′AB that are all related to the density profiles

of the condensates. Since U ′AA and U ′BB are inversely propor-

tional to the squares of their respective transverse widths, we

can easily obtain them from Figs. 2(a) and 2(b). For a strong

inter-component interaction, it is clearly depicted in Fig. 3(a)

that U ′AA is convex and U ′BB is concave in the center. The situ-

ation becomes quit different for U ′AB when two peaks present

in the background of a parabola. It can be explained based on

the expression of U ′AB ∼ (σ2
A +σ2

B)
−1, a local maximum can

be reached at z ' ±10 where the sum of σ2
A and σ2

B becomes

minimum.
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Fig. 3. (color online) Effective 1D nonlinear coupling strengths
for an immiscible bosonic mixture: (a) U ′AA and U ′BB, (b) U ′AB.
The scattering lengths are aAA = 95.0a0, aBB = 100.4a0, and
aAB = 2

√
aAAaBB.

4. Conclusion

In summary, we have derived the effective 1D NPSEs for
the tBEC trapped tightly in the transverse direction and high-
lighted the effects of the transverse trapping on the ground
state of the condensates. We have demonstrated that in the
limit of strong interaction or dense gases, the NPSEs predict
a larger threshold of the miscibility–immiscibility transition
than the GPEs. The inhomogeneity of the transverse width
and the effective 1D nonlinear coupling have been also stud-
ied in detail. The results presented here are expected to be
relevant to experiments realizable in the near future.
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[10] Greiner M, Bloch I, Mandel O, Hänsch T W and Esslinger T 2001 Phys.
Rev. Lett. 87 160405

[11] Schreck F, Khaykovich L, Corwin K L, Ferrari G, Bourdel T, Cubi-
zolles J and Salomon C 2001 Phys. Rev. Lett. 87 080403

[12] Mateo A M and Delgado V 2008 Phys. Rev. A 77 013617
[13] Kamchatnov A M and Shchesnovich V S 2004 Phys. Rev. A 70 023604
[14] Massignan P and Modugno M 2003 Phys. Rev. A 67 023614
[15] Jackson A D, Kavoulakis G M and Pethick C J 1998 Phys. Rev. A 58

2417
[16] Salasnich L, Parola A and Reatto L 2002 Phys. Rev. A 65 043614
[17] Myatt C J, Burt E A, Ghrist R W, Cornell E A and Wieman C E 1997

Phys. Rev. Lett. 78 586
[18] Mertes K M, Merrill J W, Carretero-González R, Frantzeskakis D J,
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