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Block basis property of a class of 2 x 2 operator matrices and its
application to elasticity”
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A necessary and sufficient condition is obtained for the generalized eigenfunction systems of 2 X 2 operator matrices
to be a block Schauder basis of some Hilbert space, which offers a mathematical foundation of solving symplectic elasticity
problems by using the method of separation of variables. Moreover, the theoretical result is applied to two plane elasticity

problems via the separable Hamiltonian systems.
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1. Introduction

The semi-inverse method is the classical solution method
of elasticity problems. It is rather difficult to seek trial func-
tions satisfying special boundary conditions.!!! In order to
solve the analytical elasticity problems, Zhong!>>! has been
proposing the symplectic elasticity approach for deriving ex-
act analytical solutions to some basic problems in solid me-
chanics and elasticity since the early 1990s. In recent years,
the symplectic elasticity approach has been widely applied by
many investigators to solid mechanical problems in Refs. [4]-
[7] and the references cited therein. The essence of the sym-
plectic elasticity method is the separation method of variables
based on a Hamiltonian system, which needs the investigation
of the basis property of the eigenfunction systems of Hamilto-
nian operator matrices. 813!

Applying the analogy theory of computational structural
mechanics and optimal control [14], many elasticity equations
can be written as the following separable linear Hamiltonian

system: (15-17]

ﬁ=ffv+f7%=(g§),(>=a/8n (1)

where f denotes the external force vector and JZ is the
off-diagonal Hamiltonian operators.[!$191 Set v = (v{,v,)T
and f = (f1,/>)T. Suppose that the linear operator B has a
bounded inverse, then equation (1) is equivalent to

vw=Blv-Bf )
and

V1 = BCvy +Bf2+f1. 3)
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Hence, if solutions of Eq. (3) can be solved, the solutions of
Eq. (1) can be determined by Egs. (2) and (3). In this process,
the basis property of the generalized eigenfunction systems of
the product BC of two symmetric operators plays an important
role.

Throughout this paper, the symbol X denotes a Hilbert
space and Z(T) represents the domain of linear operator 7 on
X. And 0,(T) denotes the point spectrum of 7. The inner
product will be denoted by the uniform symbol (-, -). A closed
linear operator T is invertible if 7 has a bounded inverse.

Definition 1'*1 Let T be a linear operator on X. If there is
a nonzero ¢° € 2(T) such that T@" = p¢°, then u is called
the eigenvalue of 7 and ¢° is an eigenfunction of T corre-
sponding to u. If there is @' € 2(T) such that

To' =ue'+¢°%¢' #0,
then ¢! is the first-order Jordan eigenfunction of T corre-
sponding to u and ¢°. By induction, if the Jordan eigenfunc-

tion @*~! of order k — 1 of T has been well defined, then Jor-
dan eigenfunction @* of order k is defined by the formula

To = po*+¢ 1 " 0.

The union of all eigenfunctions and Jordan eigenfuctions of T
corresponding to all eigenvalues of T is called the generalized
eigensystem of 7'.

Definition 2?1 A sequence {e,} = in X is called a

Schauder basis of X if for every x € X there is a unique se-
—+oo
quence of scalars {a, } " satisfyingx = Y. aye,.
n=1
Definition 3!l A sequence {v,},= in X is a block

Schauder basis (or Schauder basis with parentheses) if for ev-
ery x € X there exist constant sequences {d,}, ] and mono-

tone increasing integers 0 = po < p; < ... such that x =
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+oo Pn+1

Y (¥ dow). And a sequence {us,}, < in X is called a
n=0 k=p,+1

block Schauder basis if for every y € X there exist constant

sequences {c., },% such that

too g1~
y= Z { Z (crug+c_ju_y)|,
n=0L k=r,

with monotone increasing integers 0 =rp <r; <....

The purpose of this paper is to study the block Schauder
basis property of a generalized eigensystem of the following
operator matrix:

EF
///z(GH).@(,///)CXxX%XxX, 4)

where E, F, G, and H are self-adjoint operators, and estab-
lish the mathematical foundations of solving Eq. (3) by using
separation of variables based on the product operator BC.

2. Main results

We begin with the following lemma.

Lemma 1 Let A be an eigenvalue of .# and (x,y)T be
the eigenfunction of .# corresponding to A. If F is invertible
and (F~'x,x) #0, theny = AF 'x— F~!Ex and

(F7'Ex,x) + (HF ~'x,x) £ /A,

A= 2(F~1x,x) ’

where

Ac = ((F'Ex,x)+ (HF 'x,x))?
—4<F*1x,x>(<HF71Ex,x> —(Gx,x)). 5)

Proof By using the assumptions, we have
Ex+Fy=Ax, Gx+Hy = Ay. (6)
Noting that F is invertible, we obtainy = AF ~'x— F~!Ex and
AN F - AF 'Ex—AHF 'x+HF 'Ex—Gx=0, (7)
consequently

A2 (F'x,x) = A(F'Ex,x) — A(HF "'x,x)
+ (HF 'Ex,x) — (Gx,x) = 0. (8)

The assertion follows from the above equation and the as-
sumption (F~lx,x) # 0.

In the following, we always suppose that ./ satisfies the
assumptions as follows:

(i) .# has at most countable eigenvalues;

(i1) F is invertible, E,F,G,H are self-adjoint operators
and E, F, H are commuted;

(iii) If (x},y1)T is an eigenfunction of .# corresponding
to eigenvalue A = A,,, then

_ 0,n=
(F lxn,xm>={i0,z#z, ©)

and
<F’1Ex,1,xm) = (HF*Ix,,,xm> =0 forn # m. (10)

Remark 1 Let (xT,yT)T be the eigenfunction of .# cor-
responding to A. The assumption (ii) shows that equation (8) is
a quadratic equation of real coefficients. Therefore, we can de-
scribe o, (.# ) by using the signs of discriminant A, in Eq. (5).
Considering (iii) and combining the proof of Lemma 1, we
obtain that x,, in assumption (iii) is a nonzero solution of the
following equation

A2F x, —AF 'Ex,— AHF 'x,
+HF 'Ex,—Gx, =0 (11)

and

(Gxpyxn) = 12<F71xn,xn> —l(FflExn,x,ﬁ
—A(HF "%, x,) + (HF 'Ex,,x,).  (12)

For convenience, we use the notations A, and A_,, to de-
note the two roots of Eq. (12) (n =0,1,2,...). Further, we
have

42 ) (F o x) = (F 1 Exy, %) 4+ (HF 'x,,x,) (13)
and

(A= 2A) (F o0, x) = /A, (14)

Herein, we assume that A9 = 0.

Lemma 2 If A, € 6,(.#) and x, is a nonzero solu-
tion of Eq.(11) associated with A = 4, (n = 0,1,...), then
(X, AnF ~'x, — F7'Ex,)T is an eigenfunction of .# corre-
sponding to A,. In addition, if Ay, # 0 and {x,}!% is a
Schauder basis of X, then A_,, also is an eigenvalue of .# and
(X, A_nF~'x, — F'Ex,)T is the eigenfunction of .# corre-
sponding to A_,,.

Proof If x, is a nonzero solution of Eq. (11) associ-
ated with A = A,, taking y, = A,F~'x, — F~'Ex,, we have
Ex, + Fy, = Apx, and Gx,, + Hy, = Ay, i.e., (X4, A F ~1x, —
F~'Ex,)7 is the eigenfunction of .# corresponding to A,,.

Noting that A, # 0 and from Eqgs. (9) and (13), we obtain

(A +7L,n)<F_1x,,,xm> - <F_1Exn,xm> - (HF_lxnxm> =0

. . . +oo -
for any nonnegative integers n,m. Since {x, },, is a Schauder
basis of X, therefore,

(Ap+A_p)F 'x,—F 'Ex,—HF 'x, =0. (15)

By straightforward calculation and using Eq. (15), we can
derive that (x,,A_,F~'x, — F~'Ex,)T is the eigenfunction of
M corresponding to A_,.
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For convenience, we abbreviate (x,, A, Flx, —
F~'Ex,)T and (x,,A_,F~'x, — F"'Ex,)T by U? and U°,,
respectively.

Lemma 3 Let U? be the eigenfunction of .# corre-

If Ay, #0 and {x,}, = is a

n=

sponding to A, (n =0,1,...).
Schauder basis of X, then the Jordan eigenfunction of .# cor-
responding to A, and U? does not exist, and the Jordan eigen-
function of .# corresponding to A_,, and U?, does not occur.

Proof 1t is sufficient to consider that the assertion holds
for the case of A,, and U,?. To this end, assume to the contrary
that there exists a first-order Jordan eigenfunction U,! such that
MU} =1, U} +UY. Setting U! = (x},y])T yields

1 1 _ 1
{Exn+Fyn7L,1xn+xn, (16)

Gx) +Hy! = 4y} + A F~'x, — FEx,.

Since F is invertible, y} = A,F ~'x} — F~1Ex} + F~lx,. Again,

from Eq. (16), we have

A2F ) — A FVEx) — A, HF 'x) + HF ~'Ex!
—Gx! +2A,F'x, —HF 'x, — F'Ex, = 0.

Moreover, we conclude that

<xr117 (An _In)[(ln —|—I,1)F71x,1 —F'Ex, —HF71X11]>
+ (A = A ) (F1xp,x,) = 0.

If Ay, >0, then A, € R, and then A, — 1, = 0. If A,, <0,
then A_,, = A,,. Since {xn ;r:l is a Schauder basis of X, then
equation (15) holds. Thus, for A,, # 0, we obtain

(s (Aon = 2)[(An + ) F '3y = F ' Ex,y — HF~'x,]) = 0,

and therefore (F~'x,,x,) = 0, a contradiction.

In a way similar to the proof of Lemma 3, the next lemma
can be proved.

Lemmad4 Let U, ,? be an eigenfunction of .# correspond-
ing to A, (n=0, 1, ...). If A,, =0 and {xn}::O is a Schauder
basis of X, then .# only has the first-order Jordan eigenfunc-
tion (x!,y})T corresponding to A, and U?, where x! = x,, and
vy = F 1%, —F 'Ex, + Fx,.

Remark 2 The zero eigenvalue of the operator matrix
arising from symplectic elasticity is usually very important.
The generalized eigensystem of a zero eigenvalue formulates
the physical solutions in Saint-Venant problems of structural
statics and elastic statics.[¥! If 29 = 0 € 6,,(.#) and (x0,y0)T
is the eigenfunction of .# corresponding to Ay, then, by

Gxo = HF 'Exq, (17)
|

we have

<F71EX()7)C()> + <HF71)C(),)C()>
2<F*1x0,x0> ’

Aog=

especially,

Uy = (x0,—F 'Exo)7,

Uy = (x0,A—oF 'xo—F 'Exo)", if Ao #0;
U = (x0,—F 'Exo)T,

Ug = (x0,—F "Exo+F 'x0)T, if 19 =0,

where xq is a nonzero solution of Eq. (17).

The following theorem is the main result of this paper. It
concerns the block Schauder basis property of the generalized
eigensystem of block operator matrix . .

Theorem 1 The generalized eigensystem of ./ is a block
Schauder basis of Hilbert space X x X if and only if the first
components of generalized eigensystem of .# is a Schauder
basis of X.

Proof The necessity is obvious, it suffices to prove the
sufficiency. By Lemma 2, the eigenfunction U,? of .# corre-
sponding to 4, has the following representation:

U? = (xp, AF %, — F'Ex,)T, (18)

where x, is a nonzero solution of Eq. (11) associated with
A=

Suppose that {x, n*:l is a Schauder basis of X. The as-
sumption of the invertibility of F implies that {F~'x,} also is
a Schauder basis of X.

Case I: Ay, # 0 for every nonnegative integers 7.

From Lemma 1, Lemma 2, and Lemma 3, the eigen-
functions U?,, of .# corresponding to eigenvalues A+, (n =
0,1,2,...) have the following forms:

U? = (x4, AsF~'x, — F1Ex,)T,
UE,, = (X, A Flx, fF_lExn)T.

In order to prove that {Uy, ::1 in X x X is a block

Schauder basis, it is sufficient to prove that for every (f,g)T €
X x X, there exists sequence of scalars {an}::‘x’o such that

f N
( >: lim Y (CUY+c?,U°,). (19)

g N—p-+oo =0

Indeed, setting

CO _ <faF7]Xn>[<F71xmxn>)~—n - <F71Exn;xn>] - <F71x"’x”><g’xn>
"= (A= A) (F~ T, 3)2
and
O — (U F 7 ) [(F o, x0) Ay — (F 7V Exy, %)) — (F 1 x0,%0) (2,%0)
Op=- (= 2 ) (F~ i) ’
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and by straightforward calculation, we have

N

Y o +c°,u°,)

n=0
<faF71xn> X
(F~1x,,x,) "

N
B n;() <f,F71Xn>
(F~Lxy, x,)

(2. x%) , (20
(F~Lxy, x,)

5 0+ Fflx,,

where o, = (F~ Ex;, x,)F ~'x, — (F~'x,,) F ' Ex,,.
Noting that

<an7xn> = <F71Exn7xn><F71xnaxn>
—(F ', x,)(F ' Ex,,x,) = 0,

and by Eq. (9) in the assumption (iii), we have

<an7xm> = <F71Exnaxn><F71xnaxm>

— (Fflxn,xn><F71Exn,xm> =0, n#m.

Since {x,} % is a Schauder basis of X, &, = 0 for every non-
negative integers n. Therefore, we have

Moreover,

N—+oo &t (F~ 1, xp)
N

lim Y _(&xn)

F_lxn =g.
N—oo =t (F =L, x)

This proves that equation (19) is true.

Case II: A,, = 0 for every nonnegative integers n.

By Lemma 4, the generalized eigenfunctions of .# cor-
responding to A, are

0 _ n
Un'= (A,,F‘x,, —FlEx,,> ’

U] — xn
n MF I, —F 'Ex,+F 'x, )’

and the Jordan eigenfunction of order more than one does not
occur.

In the sequel we prove that for every (f,g)T € X x X there
exists sequence of scalars {C0},"= and {C}},"= such that

(f,Fxa) L
N N ﬁxn § - NILT&Z(C,?U,%C,;U,}). (22)
Y@u)+ctut,) =Y o Q1) o
n=0 n=0 (8:xn) Fly
(F~Txy, %) n In fact, we take
|
0 = <f,F_1xn>(<F_1x”,xn>7Ln - <F_1Exn,xn> + <F_1xn,xn>) - <F_1xn,xn><g,xn>
" <F71xn7xn>2
and
C] __ <f7F71xn>(<F71xnaxn>Afn - <F71Exn7xn>) - (F’lxn,xnﬂg,xn)
" <F_1xn7xn>2 .

It is similar to Case I that

N
Jim ¥ (U iU

=0
N F1
lim Y <f7 : xn> x,
_ N-steo =0 (F~1xy, x) _ (f)
N .
llm Z <g7'xn> F*lxn g

N—+oop—( <F71X”,x”>
Case I1I: A,, # 0 for every nonnegative integer n # n’, but

Ay, =0.

n

In this case, it is sufficient to note that

N
Ccous+cun+ Y (U +c°,u0,)

n=0,n#£n’'
<f7F71xn>
_ i (F~Lp,20) "
n=0 <gaxn> F_lx
(F~Vx,xn) "

The proof is completed.

\
3. Application to symplectic elasticity

In this section, we apply Theorem 1 to two symplectic
elastic models.

Example 1!>2! Considering the rectangular thin plate on
elastic foundation of double parameters. The governing equa-
tion is given by

G K q
4 S o2
v o VWt D (23)
The bending moments are described by
I W W
M, = _D(ajcz—i_va)lz)’
I W PW
My:—D(ayz—FV&xz), (24)

where W denotes the vertical deflection of the plate, D =
ER?/[12(1 — v?)] is the flexural rigidity; E, v, and h are the
elastic modulus, Possion’s ratio and thickness of the material,
respectively; G and K denote the shear modulus and reaction
modulus, respectively.

094601-4
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Introduce
M.+ M, oW
D(1+v)’ dy’
oM D
=—— =—-M 25
0=—5y N=gM (25)

then equations (23) and (24) can be rewritten as the separable
Hamiltonian system

U _ vy £ (26)
dy

where U = (W,N,0,9)T, f =(0,0,0,—¢/D)", and

0 B 1 0
%_<CO>7B_<O_D>7
K

92 K
ox? D

K K(9J G

D D (ax2 a D)

Let U = (W,N)T, U, = (8,9)T, and f, = (0,—¢q/D)".

Then equation (26) is equivalent to

C:

J
v,— B2 @7
dy
and
82
U _Beu, +4. (28)
dy?

The eigenvalues of .# can be obtained by direct calcula-
tion

G 2
lin:(nn?)2+ﬁi <) ——=,n=12,....

Moreover, .# only has basic eigenfunctions corresponding to
AnsAn(n=1,2,...), and

T
) D . G, G; K.
Ul = {sm(mrx), X [@ - (@)2 D ] sm(nn'x)} )

T
U, = {Sin(”m)a % [% + M] sin(nnx)} .

It is easy to check that F is invertible and E, F, H are
commute with each other. Further

1 . | #0,n=m
(F~ " sin(mmx),sin(nmx)) = { 0 ntm (32)
(F~'Esin(mmx),sin(nmx))
= (HF~'sin(mnx),sin(nmx)) = 0,n # m. (33)
Thus .# satisfies all assumptions of Theorem 1. Since

~+o0

{sin(nmx)},~ is a Schauder basis of L,(0, 1), the eigenfunc-

where g = B~ f, = (0,¢/K)T and

02 K
ox2 D
BC =
—1 _8724_%
ox2 D

Therefore, the solution of Eq. (26) comes down to solving
Eq. (28), we should consider the basis property of generalized
eigensystem of block operator matrix

d? K
_(EF\_| a2 D
jf‘(cH)‘ | & G | 9)
BT )

Without loss of generality, consider the following bound-
ary conditions for simply supported edges

o*w

w=o0, 20
T ox2

=0,x=0,1. (30)

Set X = L,(0,1). According to Egs. (25) and (30), the
domain of .# is given by

D(M) = D(E) x D(H), 31)

where

v(0) =v(1) =v"(0) =v"(1) =0, V' is
absolutely continuous and v/,v" € X ’

\
tion system of .# is a block Schauder basis in X x X by The-
orem 1.

Example 2!'* Consider the free vibration equation of
rectangular thin plates

2 I\
D|=5+55 | W=0 34
(9)62 " 3y2) oY
subjected to the boundary conditions for simply supported
edges

0w

W=0, =5
aayz

=0,y=0,1. (35)

Introducing the bending moments

I?wW W
s =-0( G +v )

’W W
Mv:_D( 0y? +v ox2 )’

and setting

M.+M, . oW M
olrvy YT 9T GO

094601-5
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we have the following separable Hamiltonian system

al:;gﬂu 37
ox
B T (0B (01
where V = (W, M, 0,¢) ’%<C 0 B = 10 »and
az
0 P
C: 82 ayz
- 1
dy?

Let Vi = (W,M)" and V5 = (8,¢9)T. Then system (37)
can be rewritten as

V;=B~! Wi (38)
ox
and
2’V
55 =BCVi. (39)

Thus the solution of Eq. (37) is closely dependent on Eq. (39),
in which, the basis property of generalized eigensystem of
block operator matrix

d2
— 1
_(EF\ dyz
///_<GH>_ 2 (40)
0 ~qe

is considered first of all.

Set X = L,(0,1). In view of Egs. (30) and (36), the do-
main of . is as Eq. (31).

By straightforward calculation, the eigenvalues of .# are

= mm)n=12,....

The Jourdan eigenfunctions of .# corresponding to A, have
the following representations:

U,
U,

(sin(nmx), 0)T,

(sin(n7mx), sin(nmx))T, n=1,2,....

It can be checked that .# satisfies the all assumptions
of Theorem 1. Note that {sinnzmx},™ is a Schauder ba-
sis of L(0,1), the generalized eigensystem of .# is a block
Schauder basis in X x X by Theorem 1.

4. Conclusions

The symplectic elasticity approach realizes a transition
from the Euclid space to the Hilbert space, and implements a

conversion from a Language system to a Hamiltonian system.
Since many elasticity problems can be derived into a separable
Hamiltonian system, the solving of the system is considered
in this paper. In order to reduce the dimension of the prob-
lem and provide the corresponding mathematical foundation,
we proved the generalized eigensystem of a 2 x 2 block oper-
ator matrice to be a block Schauder basis. Moreover, we ap-
ply the proved theorem to the thin plate on elastic foundation
and the free vibration problem of thin plates via the separable
Hamiltonian systems and show that the feasibility of solving
the problems by using the method of separation of variables.
It can be seen that the operator matrix .# is non-self-adjoint
in general. The presented approach and technique can be used
as a reference for more complex non-self-adjoint problems.
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