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Significant discrepancy between the ionization time for parallel and
anti-parallel electron emission in sequential double ionization∗
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The ionization time in sequential double ionization with an elliptically polarized laser pulse has been examined theo-
retically using a semiclassical method. The significant discrepancy between the ionization time for parallel and anti-parallel
electron emission is predicted numerically for the first time. The impact of the carrier envelope phase offset is also studied
in this work.
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1. Introduction
Double ionization can be classified into two categories:

sequential double ionization (SDI) and non-sequential double
ionization (NSDI).[1] It has been well accepted that for the
linearly polarized laser pulse, the dominating mechanism is
introduced by the recollision of the first electron, for laser
frequencies in near infrared and intensities around 1014 to
1015 W/cm2.[2,3] For the close-to-circularly polarized laser
pulse, the recollision can be avoided because the released elec-
trons tend to spiral out from the core and miss it. Therefore,
the recollision mechanism will be not important and the dou-
ble ionization is usually assumed to proceed sequentially in
independent steps.[2,4–6]

Recently, Pfeiffer et al.[7] measured the ionization time of
the first and the second electron during the double ionization
of argon atoms by using a close-to-circularly polarized laser
with the attoclock technique.[8,9] However, the parallel emis-
sion of the two ionized electrons was not detected due to the
limitations of the technique. The authors predicted a slight dif-
ference between the time for parallel electron emission (PE)
and anti-parallel electron emission (APE) in the supplemen-
tary information. In the electron–electron correction spectrum
for py (momentum component along the minor axis of the po-
larization ellipse), the parallel electron emission is in the first
and the third quadrants, while the anti-parallel electron emis-
sion is in the second and the fourth quadrants, the same as
Ref. [7]. This is crucial because it addresses the question of
fundamental understanding of strong-field double ionization.
van der Hart[10] developed a semi-classical double ionization
model which solves the coupled kinetic equations for sequen-
tial double ionization and is different from the Monte–Carlo
method[7] and the three-step semiclassical model.[11–13] In the

van der Hart model, the magnetic quantum numbers can be
taken into account. It has been observed that the redistribu-
tion of m states is fast and the core fully relaxes between two
successive ionization steps in the multiple ionization of rare
gas atoms[14] but at much higher intensities than those used
in Ref. [7]. In our simulation, fast rearrangement of magnetic
quantum number distribution is assumed to get a better agree-
ment with the experimental results. We would note that this
will not affect the results presented here.

In the present work, we investigate the ionization time for
parallel and anti-parallel electron emission during the SDI of
argon atoms by using a close-to-circularly polarized few-cycle
pulse with the ver der Hart model. Our results show the sig-
nificant discrepancy between the ionization time for parallel
and anti-parallel electron emission for the first time. Further-
more, the carrier envelope phase offset effect is investigated
numerically.

2. Model and methods
In this work, we model SDI as a stepwise ioniza-

tion process,[7,9] in analogy to the 3-step model[2] of high-
harmonic generation. In the first step, the electron is ejected
along the electric field. After the ionization the electron is ac-
celerated in the electric field of the laser pulse starting with
zero kinetic energy, neglecting the Coulomb field under the
strong-field approximation (SFA).[15]

The single-electron ionization rates strongly depend on
the absolute value of magnetic quantum number m[16] of the
initial state. The influence of distribution over the available
m values on ionization yields has already been investigated
theoretically and experimentally for argon atoms.[6,17] In our
calculation, we consider all 3p electrons with different mag-
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netic quantum numbers by using the double ionization model
developed by van der Hart.[10] In the present work, we assume
the rearrangement is fast compared with the inverse laser fre-
quency. In this case, two electrons of the 3p shell are in the
m = 0 state, and three in the |m|= 1 state for Ar+. The double
ionization process can be modelled by[10]

ṅ0 = −2W 0
1 n0−4W 1

1 n0, (1)

ṅ1 = 2W 0
1 n0 +4W 1

1 n0− (1.5W 0
2,g +1.5W 1

2,g

+0.5W 0
2,e +1.5W 1

2,e)n1, (2)

where n0 denotes the number densities of Ar, and n1 the num-
ber densities of Ar+ in 2P1/2 and 2P3/2 states. W i

1 and W i
2

(i = 0,1) are ionization rates for the first and second ioniza-
tion step. The subscribes g and e of W i

2 denote ionization
rates of Ar+ with respect to the ground state and the lowest
excited state of Ar2+, respectively. We note that states 3p4 1D,
and 3p4 1S are both accessible through ionization at the cost
of different ionization energy[18] and assumed as degenerate
states in this model.[10] The empirical ionization rates sug-
gested by Tong and Lin[19] are used in our calculation, because
the standard Ammosov–Delone–Krainov (ADK) rates[16] are
not valid in the over-the-barrier region.[20] In principle, the
empirical ionization rates are cycle-averaged rates, but in this
case are used as instantaneous rates.

The electric field of the laser pulse is assumed to be the
same as that in Ref. [7] for comparison and given by

𝐸(t) = E0 f (t)[γ cos(ωt +ϕ)𝑒x + γε sin(ωt +ϕ)𝑒y], (3)

where f (t) is the field Gaussian envelope, ε is the elliptic-
ity, ϕ is the carrier envelope offset phase (CEP),[21–24] and
γ = 1/

√
ε2 +1. The focal intensity distribution effect is ac-

counted for by shifting down in intensity by a factor for fitting
the theoretical prediction of ionization time of the first electron
to the experimental data.

The motion of the ionized electron is described by 𝑥̈ =

−𝐸(t), with initial velocity 𝑣(t0) = 0. In the limit of slow
varying envelope, we have the final momentum[7,15]

𝑣f ≈ (E0/ω) f (t0)[γ sin(ωt0 +ϕ)ex

−γε cos(ωt0 +ϕ)ey]. (4)

In our simulation, the ionization time for the first and sec-
ond electron is randomly varied over the whole pulse duration
according to the distribution of the ionization probabilities of
argon atoms and Ar+ ions, respectively, taking into account
the restriction for physical motivation that the first ionization
occurs no later than the second one for each specific trajectory.

3. Results and discussion
Figure 1 shows the exact ionization time of the first

and second ionization steps and the elapsed time between

the two ionization steps for parallel (dashed line) and anti-
parallel (solid line) electron emission, respectively, as a func-
tion of laser intensity. The parameters were chosen to match
those in the experiment[7] for the 7-fs (FWHM) laser pulse
with the wavelength λ = 740 nm and the ellipticity ε =

0.78. In our calculation, the peak intensity ranges from 0.15
to 3.5 PW/cm2, covering the entire intensity range (≈ 1.0–
3.5 PW/cm2) used in the experiment and the electric field en-
velope is assumed to be a Gaussian form. The carrier envelope
offset phases are averaged from 0 to 2π , because the CEP was
not stabilized in the experiment.
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Fig. 1. (color online) (a) The mean exact ionization time in SDI as
a function of the intensity for parallel electron emission is shown by
dashed line and that for anti-parallel emission is shown by solid line
for comparison. (b) The elapsed time between the first and second ion-
ization versus intensity for both parallel (dashed line) and anti-parallel
(solid line) electron emission. The green dotted line at 1.55 PW/cm2 de-
notes the peak position for both cases. The mean ionization time of the
first released electron is earlier than that of the second one. The param-
eters used in our calculations match those in the experiment reported in
Ref. [7].

Comparing the curves of ionization time for the two cases
in Fig. 1(a), one can see that in the low-intensity region the
elapsed time for parallel electron emission becomes smaller
with decreasing intensity, which is qualitatively different from
that for the anti-parallel electron emission, and it is larger
than that for anti-parallel electron emission in high-intensity
region. The contrast between the elapsed time for parallel and
anti-parallel electron emission becomes much more obvious in
Fig. 1(b). For parallel and anti-parallel electron emission, the
curves of elapsed time are one-peak structure with different
slopes in logarithmic coordinates in the whole region by our
calculation. The peaks with maximum time difference show
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up at almost the same intensities (≈ 1.55 PW/cm2, green dot-
ted line) for both cases. Three distinct regions can be recog-
nized in Fig. 1. First, at low intensity region (< 0.7 PW/cm2),
the elapsed time for APE varies slowly approaching one half
laser cycle with the decrease of intensity whereas for PE it
varies more rapidly and gets more closer to the theoretical
limit zero. Second, at high intensity region (> 2.0 PW/cm2),
the elapsed time for APE decreases in slower rate comparing
with that for PE. Third, at intermediate intensity region, the
difference between elapsed time for APE and PE is marginal.
The discrepancy can be understood intuitively by comparing
the distribution of time difference between the first and the
second ionization step for parallel and anti-parallel electron
emission, as shown in Fig. 2. One can see that the evolution of
the distribution histograms for parallel and anti-parallel elec-
tron emission is qualitatively different for three typical intensi-
ties. Figure 2 also reveals that the peaks locate at odd or even
half laser cycles for anti-parallel and parallel electron emis-
sion, respectively, as expected. For parallel electron emission,
the first peak is much higher than the second one for low inten-
sity (red curves) while the first peak is much smaller than the
second one for high intensity (blue curves), and a third peak
appears for intermediate intensity (green curves). Therefore,
the mean elapsed time during SDI in low intensity region is
the shortest, and the maximum value is in the intermediate in-
tensity region. For anti-parallel emission, the distributions for
low and high intensities are very similar and consist of a major
peak located at one half laser optical cycle and a minor one at
one cycle later. For the intermediate intensity region, there are
three peaks spaced by the peaks for parallel emission leading
to a similar elapsed time for PE and APE in this regime.
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Fig. 2. (color online) The distribution of the time elapsed between the
first and the second ionization steps for 3 typical intensities selected
from Fig. 1. The plots for 1.58 PW/cm2 and 3.52 PW/cm2 are shifted 1
and 2 laser cycles, respectively, along the horizontal axis.

One of the advantages of the semiclassical model is that
the absolute ionization time for the first and the second elec-
tron for every trajectory is known exactly in calculation. We
can use more of this advantage to extract insights into the SDI
process by analyzing the information of the absolute ionization
time. Figure 3 shows the scatter plots of ionization time of the

two released electrons during SDI. The horizontal and vertical
axes show the ionization time of the first electron and the sec-
ond electron, respectively. In our calculation, the ionization
time of the first and the second electron is exactly known, and
we do not symmetrize our results in the time-time correlation
spectrum. We can see that there is no data under the diagonal
te1 = te2 because the first ionization step occurs no later than
the second one in SDI. As expected, the fringes parallel to the
diagonal show up at odd and even multiples of optical half-
cycle corresponding to parallel (green points) and anti-parallel
(red points) electron emission in Fig. 3. We see that the fringes
overlap partially and we attribute this to the unstability of CEP.
The crucial impact of CEP stabilization on SDI is that it can
give more insights into the ionization process in the time do-
main. Figure 4 shows the same scatter plots as Fig. 3 except
with a stabilized CEP ϕ = 0. The patterns in Fig. 4 exhibit a
check board like structure and there is no overlap between the
ionization time for parallel and anti-parallel electron emission
because of the stabilized CEP.
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Fig. 3. (color online) The scatter plots of ionization time for the parallel
(green points) and anti-parallel (red points) electron emission. The CEP
is averaged over 0–2π .
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Fig. 4. (color online) Same as Fig. 3 with a stabilized CEP ϕ = 0.
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Now we review the problem about the ionization time in
SDI and present a qualitatively explanation using the time–
time correlation spectra in parts (a)–(d) from Figs. 3 and 4.
It is clear that with increasing intensity the scatter points are
shifted to the bottom left-hand corner along the diagonal, that
means the ionization time is shifted toward the beginning of
the pulse. For part (a), the intensity is so low that the double
ionization can only take place near the center of the pulse and
the ionization of the first and second electron occurs in both
sides of the center. Two fringes for parallel electron emission
are relatively even but the fringe near the diagonal is dominant
for anti-parallel electron emission which is in accord with the
results we got before. For part (b), the intensity is high enough
to ionize all the first electron before the center of the pulse but
not enough to ionize all the second electron before the center,
so only the second ionization step occurs in both sides of the
peak. Hence, the scatter points populate the second and the
third quadrants. The important feature is that the range of the
scatterers becomes larger and there are three obvious fringes
at least for either parallel or anti-parallel electron emission,
which means the elapsed time for PE and APE on average be-
comes larger and will be very close in this laser intensity re-
gion, which is in accord with the results we got before again.
For parts (c) and (d), the intensity is so strong that all the dou-
ble ionization processes take place in one or two optical cy-
cles before the peak of the pulse, therefore the scatter points
populate in the third quadrant. Centralization of the popula-
tion in scatters means the elapsed time becomes shorter with
the increase of intensity. In this case, by contrast, two fringes
for anti-parallel electron emission are relatively even and the
second fringe from the diagonal is dominant for parallel elec-
tron emission. Thus, a smaller elapsed between two ionization
steps can be predicted as we shown in Fig. 1. From the above
analysis, we can say that significant ionization time difference
between PE and APE for argon atoms with close-to-circularly
polarized light can be well understood.

4. Conclusion
In conclusion, we investigated the ionization time for par-

allel and anti-parallel emissions during the sequential double
ionization of argon atoms using a close-to-circularly polarized
laser pulse with a semiclassical van der Hart model, and our
numerical results have shown that the discrepancy of ioniza-
tion time for parallel and anti-parallel emissions is significant.

For anti-parallel emission, the time elapsed between the two
ionization steps in SDI approaches one half laser cycle with
decreasing intensity, whereas the limit is absent for parallel
emission by our calculation. Taking advantage of the semi-
classical model, we analyzed the insights into this problem.
Furthermore, the carrier envelope phase offset effect was in-
vestigated numerically. We hope that our calculation will shed
some light on the mechanisms of strong field double ionization
by a close-to-circularly polarized laser pulse.
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