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Nonautonomous deformed solitons in a Bose—Einstein condensate”
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We study exact single-soliton solutions of an attractive Bose—Einstein condensate governed by a one-dimensional
nonautonomous Gross—Pitaevskii system. For several different forms of time-dependent atom—atom interaction and external
parabolic potential which satisfy the exact integrability scenario, we construct a set of new analytical nonautonomous
deformed-soliton solutions, including the macroscopic wave function and the position of soliton’s center of mass. The
soliton characteristics are modulated by the external field parameters and deformation factors related to the number of the
condensed atoms and the initial conditions. The results suggest a simple and effective method for experimentally generating

matter-wave deformed solitons and manipulating their motions.
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1. Introduction

Matter-wave solitons in a Bose-Einstein condensate
(BEC) have historically attracted a lot of attention due to its
possible relevance to many areas of physics. Recently, peo-
ple have created bright, dark, and gap matter-wave solitons in
BEC by using various methods.!'~!%! Such soliton motions are
governed by the Gross—Pitaevskii equation (GPE) with differ-
ent external potentials, which have been investigated theoreti-

=151 When the external potential is

cally and experimentally.!
time-dependent, the GPE becomes a nonautonomous nonlin-
ear Schrodinger equation (NLSE).[1%-18] Generally, it is very
difficult to obtain the exact analytical solution of the nonau-
tonomous NLSE, because of its nonintegrability. By using
the effective-particle approximation,[!%17] the soliton states in
terms of its position and velocity have been investigated for
such systems, and it has been found that the average velocity
of a soliton depends on the number of condensed atoms in the
soliton.

An analytically exact solution, of course, can provide
deeper understanding of the underlying physics than straight
numerical calculations. Therefore, several different methods
were adopted to analytically solve the autonomous and nonau-
tonomous NLSE.'%-2% One of the famous methods is the Dar-
boux transformation which can be used to construct the exact
solutions of the NLSE under some particular conditions. 1%-2?]
Lately, Serkin et al. studied the generalized nonautonomous
NLSE with time-dependent dispersion, nonlinearity, and gain
or loss, and established the scenario to judge whether the sys-
tem is integrable.?°! Based on the exact integrability scenario,
they obtained the relationship between the atom—atom interac-
tions and the external parabolic potentials, and offered the ex-
act nonautonomous soliton solutions of the NLSE.[?*-8] Such

DOI: 10.1088/1674-1056/22/9/090505

exact solutions have greater significance for testing the valid-
ity of the GPE at high densities and for investigating the time

evolution of the nonautonomous solitons.!°]

It is well known that a lot of exact one-soliton solutions
have been reported for different physical systems,?°-33] where
the soliton amplitudes were consistently described by a stan-
dard hyperbolic secant function of spatiotemporal coordinates.
In Ref. [36], we considered a class of deformed-soliton so-
lutions, and studied its ratchet effect. In this paper, for sev-
eral different forms of the time-dependent atom—atom inter-
action and external parabolic potential which satisfy the exact
integrability scenario, we gain different new nonautonomous
deformed-soliton solutions. They describe some new soliton
characteristics of the attractive BEC. We define the deforma-
tion factor modulated by the number of condensed atoms and
the initial conditions, and mathematically demonstrate that
one can change the position of the matter-wave soliton and its
propagation velocity by adjusting the deformation factor. The
results can be generalized to other physical systems governed
by the NLSE.

This paper is organized as follows. We demonstrate the
exact nonautonomous deformed-soliton solutions in Section 2.
In Section 3, we study the dynamical behaviors of the de-
formed solitons for different physical cases. Finally, we sum-
marize our results in Section 4.

2. Exact nonautonomous deformed-soliton solu-
tions

We consider a one-dimensional BEC system in a time-
dependent parabolic potential. The governing dimensionless
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GPE reads?"!
8Q(x t) 1 82Q(x7t) 5
ot 27 o2 +R(1)|0(x,1)["Q(x,1)
_EQ (t)x2Q(x,t)=O, (1)

where Q2(t) and R(¢) denote the time-dependent strengths of
the parabolic potential and the atom—atom interaction, respec-
tively. The positive sign of Q2(¢) is related to the harmonic
potential and the negative sign is related to the inverted har-
monic potential.[>”] Similarly, the positive R(¢) is associated
with the attractive interaction and the negative R(r) is asso-
ciated with the repulsive interaction. In this paper, we study
the bright-soliton solution of Eq. (1) for the attractive inter-
action with R(r) > 0. For simplification, hereafter we adopt
dimensionless parameters in standard soliton units, as they are
commonly known, [26:27:36]

Applying the exact integrability scenario?®! to Eq. (1)
and setting R(¢) = Ry/®(t), we know that the system is ex-
actly solvable if the relation

S+Q>°P=0, ®=Ry/R, )

is satisfied between the time-varying nonlinearity and exter-
nal potential, with constant Ry being the initial interaction
strength. For a given parabolic potential strength, the atom—
atom interaction is determined by Eq. (2). If both the strength
of parabolic potential and the atom—atom interaction are de-
termined by Eq. (2), the form of function &(¢) is determined
entirely. In this paper, we will consider the cases in which
the strengths of the parabolic potential and atom—atom inter-
actions are known, as did in Ref. [27], and treat ®(¢) as the
corresponding known functions.

In previous work,3!*738 we have used the method of
ansatz solution to analytically study the GPEs. Here we take
the exact deformed-soliton solution 3!
of

into Eq. (1) in the form

0(x,1) = r(x,1)es),

_ h(t)
68 = I ke v T
S(x,t) = A(t)x* + B(t)x+C(t), 3)

where A(z), B(t), C(t), d(t), h(t), and f(z) are the unde-
termined functions, k is the deformed factor determined by
the initial conditions and physical parameters, and r(x,7) and
S(x,7) denote the amplitude and phase of the soliton, respec-
tively. Clearly, Eq. (3) denotes a kind of new single soliton
solutions. Differing from the standard one-soliton solution of
the hyperbolic secant form given in Refs. [26] and [27], the
deformed factor k # 1 enables the one-soliton solution to de-
viate from the standard shape. For different nonlinearity and

corresponding external parabolic potential, we can obtain dif-
ferent deformed-soliton solutions, and then study the influence
of the deformation factor k on the deformed soliton motions in
different external potentials.

Inserting Eq. (3) into Eq. (1), we derive the coupled equa-
tions of the undetermined functions as

A+24%+ = 92 0, B4+2AB=0,
d+2Ad:0, h+Ah=0, f4+Bd =0, 4)
P | , RK?

C+5B Eaz =0, d*— T (5)

The first expression in Eq. (4) is just the Riccati equation on
the undetermined function A(#), which can be solved exactly.
Given the exact solution A(r) as an explicit function of time,
the other equations of Egs. (4) and (5) can be decoupled and
be solved for other undetermined functions. It is well known
that the solution of the Riccati equation can be expressed by
the solution of the harmonic-oscillator equation (3).1373% Set-
ting A(r) =
Egs. (4) and (5) we obtain the undetermined functions and the

®/(2®) and using ®(¢) as a known function, from

deformation factor k as

) Bo 1 [d}—B}
=— t
 C0=3 q>2

d()= \/7 f()

Here, By, dy, and hq are the integration constants determined

d

Bod() h()R()

22, k=="2.(6)

by the initial conditions. Clearly, the functions B(t), d(t), and
h?(t) have the same function forms with only some different
constant factors. A similar relation exists between the func-
tions C(¢) and f(r). From Egs. (3) and (6), we know that By
is related to the initial phase, dy and hq are associated with
the initial width and height of the soliton. The constant k is
adjusted by the integration constants and the initial interaction
strength Ry = 47h’ag(0)/m, where ag(0) is the s-wave scat-
tering length at t = 0. From Eq. (6), we can see that once the
function ®(r)
in Eq. (3) will have explicit forms, then Eq. (3) becomes the

= Ry /R is given, all the undetermined functions

exact deformed-soliton solution. Substituting Egs. (3) and (6)
into the normalization condition [ |y(x,t)|>dx = N yields
T 2doN’

with N being the number of condensed atoms. Equation (7)

N

implies that we can adjust the deformed factor by changing
the number of condensed atoms. Combining the last formula
in Eq. (6) with Eq. (7), we gain the relationship between the
atomic number N and the initial constants as
2dy
= R

This relationship implies that for an experimentally given

®)

atomic number N, to produce the deformed-soliton solu-
tion (3), the initial conditions must be confined by Eq. (8).
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It is mathematically well-known that any special solution of
Eq. (1) is associated with a set of special initial and boundary
conditions. Particularly, for the bright-soliton case as well as
zero boundary conditions, different special solutions are deter-
mined only by different initial conditions. For the deformed-
soliton solution (3), the deformation factor k is related to the
number of condensed atoms according to Eq. (7).

Much work is focused on the position and velocity, with

1617401 Gjven the exact

the soliton acting as a quasi-particle. !
deformed-soliton solutions, we can easily establish the exact
formulas of the position and velocity. Applying the extremum
theorem to Eq. (3), from [9|Q(x,)|>/9x]y—x, = O we derive

the position formula of the atomic density peak as

Ink—2f). €))

X

= ﬂ(
The corresponding velocity formula is v, = x.. For a stan-
dard one-soliton solution with £k = 1 and Ink = 0, equation (9)
is reduced to the well-known position of the soliton’s center
of mass. In the presence of a perturbation, it has been stud-
ied by using the effective-particle approximation.!'®!71 Obvi-
ously, the position and velocity of the deformed soliton with
k # 1 and Ink # 0 completely differ from those of the standard
soliton. Substituting d(z), f(¢), and k given by Eq. (6) into
Eq. (9), we here can exactly show the position and velocity
of the soliton’s center of mass, and study the influence of the
deformation factor k on the soliton motions.

3. Dynamical behaviors of the deformed solitons

For different nonlinearity, by means of Eq. (2), the ex-
ternal parabolic potential is only confirmed. In Ref. [27], the
authors have given several different function forms of the non-
linearity strength R(¢) and parabolic potential strength Q2(¢).
Using different function pairs of R(¢) and Q(¢) which satisfy
the exact integrability scenario, we construct several different
deformed one-soliton solutions. Here we will investigate the
dynamical behaviors of different deformed solitons.

3.1. Spatiotemporal evolutions of the deformed solitons
near the Feshbach resonance

When the magnetic field is near the Feshbach resonance,
the s-wave scattering length ag(¢) can be tuned linearly or
exponentially.[?>?74!] Corresponding to the nonlinearity R(¢),
the time-dependent frequency function £(¢) is also confirmed
only by means of the exact integrability scenario. We will
study the dynamics behavior of the deformed soliton under
different cases.

Case 1 Linearly variable nonlinearity Inserting such a
nonlinearity into Eq. (2) produces the function pair of R(¢) and
Q(t) asl?”

27

R(t):1+')/1t, QZ(I):—W,

10)

where 7; is a constant adjusted by the magnetic field. Using
Eq. (2) and the last formula in Eq. (6), we obtain the function
®(t) = Ro/R(t) = 4kd? /[ho(1 + 11t)]. Utilizing the function
&(r) and Eq. (6), we arrive at the concrete forms of the unde-
termined functions as follows:

Vi Boho(1+11t)
Alt) = ———"—, B(t) = ————=
®) 2(1+n1t)’ ®) 4kd§ ’
_ I B 2 153
ho(1+nt) hi(1+ 1)
dit) = —— 272 ht) =] 21—
®) 4kdy ®) 4kd§ ’
Boh? 1
£l = =l (r+me2+ gyﬁﬁ) +fo. (1)
0

Inserting Eq. (11) into Eq. (3), we obtain the explicit form of
the deformed-soliton solution.

By combining Eq. (3) with Eq. (11), the spatiotemporal
evolution of the deformed soliton with k = 0.8 is shown in
Fig. 1. The other parameters are taken as y; = 1, By = 1,
dy=2,hp=1,and fy = 1. For fixed dy and hy, equations (7)
and (8) mean that different k values correspond to different
atomic numbers N and initial interactions Rg. From Fig. 1, we
find the self-compression behavior of the nonautonomous de-
formed soliton. With the increase in time, the solitonic width is
compressed continuously so that the solitonic height increases
simultaneously. Physical reason for the self-compression is
the linear increase of the nonlinearity strength.

‘‘‘‘‘

Fig. 1. (color online) Spatiotemporal evolution of the atomic den-
sity |Q(x,1)|? for the deformed soliton with k = 0.8. Other param-
eters are Y = ]730 = lydO :2’ ]10 = l,andfo =1.

By means of Eq. (9), the trajectories of atomic density
peaks are illustrated in Fig. 2 for the standard soliton with
k =1 and the deformed solitons with k = 0.5 and k = 2, re-
spectively. Comparing the three curves in Fig. 2, we can see
that the motion velocities of density peaks, v, = X, are differ-
ent for different deformation factors. The dashed curve shows
that at ¢ = 4 the standard soliton varies its velocity from neg-
ative to positive, then the corresponding position x. increases
monotonically. The thick solid curve indicates the monotone
increasing position of the deformed soliton with the smaller
value k = 0.5. The thin solid lines indicate that for the defor-
mation factor k = 2, the soliton position decreases from r = 0
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to t ~ 10, and then increases monotonically. Clearly, before
t =~ 10, the solitons may change their motion directions. How-
ever, after t ~ 10, the three different solitons propagate toward
right with different speeds, and the speed increases with the
decrease in the deformation factor. Thus, the motion veloc-
ity of the soliton can be adjusted by changing the deformation
factor k, or equivalently, changing the number of condensed
atoms and the initial conditions. Such a change of the factor k
will lead to deformation of the soliton.*®! Therefore, we can
modulate the motion velocity of the deformed soliton simulta-
neously.

T

Fig. 2. (color online) The trajectories of atomic density peaks for
k =1 (dashed curve), k = 0.5 (thick solid curve), and k = 2 (thin
solid curve). The other parameters are the same as those in Fig. 1.

Case 2 Exponentially variable nonlinearity In such a
case, the function pair of R(¢) and Q(¢) reads!?”!

R(t) = sech(ppt), Q2(t) = -7, (12)

where 75 is a constant adjusted by the magnetic field. The
negative constant Q2 implies that the external potential is a
inverted harmonic one. A detailed study has been carried
out in Refs. [22] and [31] for this case.
mainly research the influence of factor k on the movement

Hence, here we

of soliton. Inserting Ry in Eq. (6) into Eq. (2), we obtain
®(t) = Ro/R = 4kd3 /[hosech(7t)]. The undetermined func-
tions can be derived from Eq. (6) as

A(r) = ptanh(pr), B() = f,gj;g sech(p),

C@t) = Wtanh(yﬂ)—&—@,

() = o sech(n). hir) = Zd’fﬁ V/sech(p1),

ft) = mtanh(ym+fo~ (13)

According to Egs. (13) and (3), we obtain the deformed-
soliton solution. Combining Eq. (13) with Eq. (9), we obtain
the trajectory of atomic density peak, which is plotted in Fig. 3
withdy=1,p=1,By =1, hy =1, fo = 1, and different de-
formation factors, i.e., k=1, k=0.12, and k = 6.

Figure 3 shows that for the deformation factors k£ > 1,
the two solitons propagate with the same direction and dif-
ferent speeds. The speed of the deformed soliton with k = 6
is slower than that of the standard soliton. The propagation
direction of the soliton is reversed and its speed is increased,
when the k value is changed to k = 0.12. Therefore, the motion
direction of the soliton can be adjusted by changing the defor-
mation factor k. The change in the factor k£ will cause change

e.136] Similar to Case 1, we can modulate

in the soliton shap
the shape and motion velocity of the deformed soliton simul-
taneously. However, here the average velocities of solitons,
%(7) = (1/7) Jo %cdt for a larger time 7, are much greater
than that for Case 1, because of the difference between the

exponentially and linearly variable nonlinearities.

30
k=0.12
0 ________
Tt~ —_k=6
& —30 ‘\\\
N
60 k=1 N
N
\
\
—90 \
\
0 2 4

Fig. 3. (color online) The trajectories of atomic density peaks for
do=1,r=1,Byp=1,hg=1,and fo = 1. The deformation factor
is taken as k = 1 (dashed curve), k = 0.12 (thick solid curve), and
k = 6 (thin solid curve).

3.2. Spatiotemporal evolutions of the deformed solitons
with periodically variable nonlinearity

It is well known that for a periodic magnetic field the s-
wave scattering length can be a periodic function, whose fre-
quency is the same as that of the magnetic field. Such periodic
nonlinearity includes two cases, namely, it can be proportional
to or inversely proportional to a sinusoidal function.?”!

Case 3 Nonlinearity proportional to a sinusoidal func-
tion Applying such a nonlinearity to Eq. (2) yields[*”!
R(t) = 1+ psin(@yt),

Y3021 + 13 cos? (@) + sin( @y )]
- [1+ yssin(w1)]2

Q1) = , (14
with 3 being a constant adjusted by the magnetic field. It can
be seen from Eq. (14) that for constant |y3| > 1, the parabolic
potential keeps an inverted harmonic one. When |3] < 1 s set,
the parabolic potential periodically varies its sign between har-
monic and inverted harmonic potentials. The periodic varia-
tion features of nonautonomous soliton in a periodically driven
parabolic potential are studied in Refs. [27], [42], and [43],
where the period of time evolution of the standard soliton is
the period of the external potential (27/®)). In this section,
we mainly study some properties of the deformed soliton. Us-
ing Egs. (2) and (6), we have ®(t) = 4kd3/(hoR). Combining
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this expression with Eqgs. (6) and (14), the undetermined func-
tions in Eq. (3) are expressed as

A(r) = —2eostan) gy Booll+7 Zln(wlt)}’
2[1+7ssin(en1)] 4kd?
_ (d§ - Bg)hg o1ty
Clt)=- 2ok2d] {(Dlt-i- 3 —2ycos(mi1)
1, .
— Z}’32 sm(2w1t)} + Co,
d(0) = 29 [14psin(@nr)], h(H) = h—%m sin(o1)]
= Jkdg 4] 17)], = 4kd§ ) 1],
_ Bodo(ho)? o1yt
f(t) - 16a)1k2d% |:(l)1t+ ) 2'}/3 COS((J)][)
1, .
— 13@2 s1n(2w1t)} + fo. (15)

From Eq. (15), for 3 = 0.5 and w; = 0.8, time evolutions of
the nonlinearity and the parabolic potential V (¢) =x3Q2(t)/2
with xo = 2 are plotted in Fig. 4(a), respectively. The spa-
tiotemporal evolution of soliton density for £k = 0.8 is shown
in Fig. 4(b).

00

Fig. 4. (color online) (a) Time evolutions of the nonlinearity

(dashed line) and parabolic potential (solid line) for w; = 0.8,

¥ =0.5, and x = x9 = 2. (b) Spatiotemporal evolution of the soli-

ton density for By =1,hg =1, fy =6,dy =1, and k =0.8.

It is noted from Fig. 4(a) that the external potential can
change not only its amplitude but also its sign that means the
transformation between the harmonic trap and inverted har-
monic barrier. The positive R(¢) confirms the attractive inter-
action. From Fig. 4(b), we see that the amplitude and width of
the deformed soliton oscillates periodically, due to the modu-
lation of the external periodic field. When the soliton ampli-
tude increases (or decreases), the soliton width becomes nar-
row (or wide).

Now, we consider the effect of the deformation factor k on
the soliton motion. Setting 3 =0.8, Bo=1,dy =1, hg =1,
Jfo =1, and w; =2, combining Eq. (15) with Eq. (9), we plot
the trajectory of the soliton density peak for k = 1 and k = 0.2
respectively in Figs. 5(a) and 5(b). It is worth noting that func-
tion f(¢) in Eq. (15) contains the terms proportional to time #
and periodic functions, and the second term of Eq. (9) is pro-
portional to f(¢). Therefore, the trajectory x. of the soliton
oscillates aperiodically.

It can be seen from Fig. 5 that for different deformation
factors k, the trajectory, velocity, and the oscillation range of
the solitons are different. As shown in Fig. 5(a), we see that
for + < 10 the standard soliton oscillates aperiodically in the
range of x, < 0. With the increase in time, it oscillates in the
range of x. > 0 and the oscillation amplitude is less than 10 for
the time interval of 0 <t < 20. However, figure 5(b) shows
that the deformed soliton with k = 0.2 oscillates with a very
large amplitude in the range of x. > 0. From both figures, we
know that for both cases the soliton always oscillates aperiod-
ically and the oscillation amplitude increases with time. The
high-speed oscillation of soliton will lead to loss of the system
stability.

107 (a)

—10

120

90

60

30

0 5 10 15 20
t

Fig. 5. (color online) The trajectory of soliton density peak for
0 =2,3=08By=1,hp=1, fo=1,anddy = 1. (a) k=1; (b)
k=0.2.

Case 4 Nonlinearity inversely proportional to a sinu-

soidal function Such a case implies the function pair(*’!
1 o sin(wnt
R1) = Q2= BEIE)
1+ vy sin(st) 1+ v sin(st)

Here, 74 is a constant adjusted by the magnetic field. The peri-
odic Q7 (t) means that the parabolic potential transforms peri-
odically between harmonic and inverted harmonic ones. Using
Egs. (2) and (6), we obtain & = 4kd3 /(hoR). Substituting it
and Eq. (16) into Eq. (6), we have
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_ anyycos(mnt) _ Boho
Alr) = 2[1 + yysin(wnt)]’ Bl = 4kd3[1 + ys sin(wyt)]’
) = (d} — B3)h3 {—Ym/l — ¥} cos(nt) — 2arctan {(74+tan(wzt)/2)/ 1— }/ﬂ [+ sin(wzt)]] .
32k /1= 2 (1 + yasin(@nt)] ’
- ho - hZ - 2Body
dlr) = 4kdo[1 + yssin(wat)]’ hio) = \/4kdg[1 —I—Yjsin(a)zt)]’ )= _M[Cm Gl + o .

Applying functions d(z) and f(¢) to Eq. (9) results in the posi-
tion x(¢) of density peak, which is a complicated function.

Let 74 = 0.6, @, = 1.4, and the other parameters be the
same as those in Fig. 5, we show the spatiotemporal evolutions
of one-soliton densities for k = 1 and k£ = 0.4, respectively, as
shown in Figs. 6(a) and 6(b).

From Fig. 6, we observe that the shape of the deformed
soliton with k = 0.4 is changed compared to the standard soli-
ton, the height of the deformed soliton is increased, the soliton
width is compressed, and the wavepacks shift toward the right.
Thus, the position, speed, and amplitude of the density peaks
can be modulated by changing the deformation factor k.

Fig. 6. (color online) The spatiotemporal evolutions of one-soliton
densities for (a) k=1 and (b) k =0.4. We set Y4 =0.6 and @, = 1.4.
The other parameters are the same as those of Fig. 5.

4. Conclusions and discussion

In summary, we have considered a one-dimensional
nonautonomous Gross—Pitaevskii system, where the time-
dependent parabolic potential and nonlinearity satisfy the ex-
act integrability scenario. It is well known that a lot of exact

one-soliton solutions have been reported for different physical
systems, where the soliton amplitudes were consistently de-
scribed by a standard hyperbolic secant function of spatiotem-
poral coordinates. There is a very interesting question: does
a deformed-soliton solution whose amplitude is deviated from
the standard form exist in a nonautonomous NLSE? Utilizing
different nonlinearity strengths and corresponding parabolic
potentials, we find a set of new exact solutions of the macro-
scopic wave function and the position of a soliton’s center of
mass, which describes a nonautonomous deformed one-soliton
in an attractive BEC. Furthermore, we study the dynamical be-
haviors of the deformed-solitons and show some new soliton
characteristics of the BEC. On one hand, the deformed soliton
has general dynamical characteristics, which include those of
the standard one-soliton solutions. On the other hand, defining
the deformation factor modulated by the number of condensed
atoms and the initial conditions, we reveal some new soliton
characteristics, namely, the shape, position, and propagation
velocity of the matter-wave deformed soliton can be manip-
ulated by adjusting the deformation factor k, or equivalently,
changing the number of condensed atoms and the initial con-
ditions. When k = 1, the exact deformed-soliton solution is
reduced to the standard nonautonomous one-soliton solution.
The results could be generalized to a nonautonomous optical
system and other physical systems governed by the NLSE.

It is worth noting that as one of the most attractive
topics, a periodical perturbation to an integrable NLSE can

144471

lead to a chaotic solito or other chaotic dynamical

behaviors. #3311 When the periodical external potential has
a small deviation from the exact integrability scenario, such
perturbation exists in our system, which may result in chaotic
nonautonomous deformed solitons.
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