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In this paper, an optimal tracking control scheme is proposed for a class of discrete-time chaotic systems using the
approximation-error-based adaptive dynamic programming (ADP) algorithm. Via the system transformation, the optimal
tracking problem is transformed into an optimal regulation problem, and then the novel optimal tracking control method
is proposed. It is shown that for the iterative ADP algorithm with finite approximation error, the iterative performance
index functions can converge to a finite neighborhood of the greatest lower bound of all performance index functions under
some convergence conditions. Two examples are given to demonstrate the validity of the proposed optimal tracking control
scheme for chaotic systems.
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1. Introduction
During recent years, the control problem of chaotic sys-

tems has received considerable attention.[2,19] Many differ-
ent methods are applied theoretically and experimentally to
control chaotic systems, such as the adaptive synchronization
control method,[22] and the impulsive control method.[8–10,22]

However, the methods mentioned above just focus on design-
ing the controller for chaotic systems. Few considered the op-
timal tracking control problem, which is an important index of
chaotic systems.

As is well known, the dynamic programming method is
very useful in solving the optimal control problems of non-
linear systems. However, due to the difficulties of solving
nonlinear two-point boundary value problems and the time-
varying Hamilton–Jacobi–Bellman (HJB) equations using dy-
namic programming, the optimal control is hardly obtained.
Therefore, approximate solutions of the optimal control prob-
lems have been proposed.[1,11] Among these approximate ap-
proaches, the adaptive dynamic programming (ADP) algo-
rithm, which is proposed by Werbos,[16] has attracted much at-
tention. In the last few years, the ADP algorithm has been pro-
moted by Lewis,[13] Si,[3,12] Liu,[14,23] and so on. In Ref. [17],
the ADP approach is classified into four schemes: dual heuris-
tic dynamic programming, heuristic dynamic programming,
action dependent dual heuristic dynamic programming, and
action-dependent heuristic dynamic programming. Moreover,
the research overview and the development directions about
ADP were introduced in Refs. [5] and [15].

Although the iterative ADP algorithm has improved

greatly in control field, it is still an open problem about how
to solve the optimal tracking control problem for chaotic sys-
tems based on the ADP algorithm. The reason is that in most
implementation methods of the ADP algorithm, accurate op-
timal control and the performance index function are not ob-
tained, because of the existence of approximate error between
the approximate function and the expected one. While the
approximate error will influence the control performance of
the chaotic systems. Thus, the approximate error need to
be considered in the ADP algorithm. This motivates our re-
search. In this paper, we proposed an approximation-error
ADP algorithm to deal with the optimal tracking control prob-
lem for chaotic systems. First, the optimal tracking problem
of a chaotic system is transformed into an optimal regulation
problem, and the corresponding performance index function
is defined. Then, the approximation-error ADP algorithm is
established. It is proved that the ADP algorithm with approx-
imation error makes the iterative performance index functions
converge to a finite neighborhood of the optimal performance
index function. Finally, two simulation examples are given to
show the effectiveness of the proposed optimal tracking con-
trol algorithm for chaotic systems.

This paper is organized as follows. In Section 2, we
present the problem formulation. In Section 3, the optimal
tracking control scheme is developed and the convergence
proof is given. In Section 4, two examples are given to
demonstrate the effectiveness of the proposed tracking control
scheme. In Section 5, the conclusion is given.
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2. Problem formulation and preliminaries
Consider the MIMO chaotic dynamic system which can

be represented by the following form:

x1(k+1) = f1(x(k))+
m

∑
j=1

g1 ju j(k)

...

xn(k+1) = fn(x(k))+
m

∑
j=1

gn ju j(k), (1)

where 𝑥(k) = [x1(k),x2(k), . . . ,xn(k)]T is the system state
vector which is assumed to be available for measurement,
𝑢(k) = [u1(k),u2(k), . . . ,um(k)]T is the control input, gi j (i =
1,2, . . . ,n, j = 1,2, . . . ,m) is the constant control gain. If we
denote 𝑓(x(k)) = [ f1(x(k)), f2(x(k)), . . . , fn(x(k))]T and

𝑔 =

 g11 · · ·g1m
...
gn1 · · ·gnm

 . (2)

Then, the chaotic system (1) can be rewritten as

𝑥(k+1) = 𝐹 (𝑥(k),𝑢(k)) = 𝑓(𝑥(k))+𝑔𝑢(k). (3)

In fact, system (3) has a large family, and lots of chaotic sys-
tems can be described by (3), such as Hénon mapping,[4] the
new discrete chaotic system proposed in Ref. [7], and many
others.

The objective of this paper is to construct an optimal
tracking controller, such that the system state x tracks the ref-
erence signal xd, and all the signals in the closed-loop system
remain bounded. To meet the objective, we make the follow-
ing assumption.

Assumption 1 The desired trajectory signal xd is contin-
uous, bounded, and available for measurement. Furthermore,
the desired trajectory xd has the following form:[18]

𝑥d(k+1) = 𝑓(xd(k))+𝑔𝑢d(k). (4)

Thus, we define the tracking error as follows:

𝑒(k+1) = 𝑥(k+1)−𝑥d(k+1). (5)

According to Refs. [21] and [24], we define the control error
as

𝑤(k) = 𝑢(k)−ud(k), (6)

and 𝑤(k) = 0, for k < 0, where ud(k) denotes the expected
control, which can be given as follows:

𝑢d(k) = 𝑔T(𝑔𝑔T + ε0)
−1(𝑥d(k+1)−𝑓(𝑥d(k))), (7)

where ε0 is a constant matrix, which is used to guarantee the
existence of the matrix inverse.

Then, the tracking error is obtained as

𝑒(k+1) = 𝑥(k+1)−𝑥d(k+1)

= 𝑓(x(k))−𝑓(𝑥d(k))+g𝑤(k)

= 𝑓(𝑒(k)+ xd(k))−𝑓(𝑥d(k))+𝑔𝑤(k). (8)

Remark 1 Actually, the term 𝑔T(𝑔𝑔T + ε0)
−1 in Eq. (7),

is the generalized inverse of 𝑔. As 𝑔 ∈ℜn×m, the generalized
inverse technique is used to obtain the inverse of 𝑔.

To solve the optimal tracking control problem, we present
the following performance index function:

𝐽(𝑒(k),𝑤(k)) =
∞

∑
l=k

𝑈(𝑒(l),𝑤(l)), (9)

where 𝑈(𝑒(k),𝑤(k)) > 0, ∀e(k),w(k), is the utility function.
In this paper, we define

𝑈(𝑒(k),𝑤(k)) = 𝑒T(k)𝑄𝑒(k)+(𝑤(k)−𝑤(k−1))T

×𝑅(𝑤(k)−𝑤(k−1)), (10)

where 𝑄 and 𝑅 are both diagonal positive definite matrices.
In Eq. (10), the first term means the tracking error, and the
second term means the difference of the control error.

According to Bellman’s principle of optimality, the opti-
mal performance index function satisfies the HJB equation as
follows:

𝐽∗(𝑒(k)) = inf
𝑤(k)
{𝑈(𝑒(k),𝑤(k))+𝐽∗(𝑒(k+1))}, (11)

and the optimal control error 𝑤∗(k) is

𝑤∗(k) = arg inf
𝑤(k)

𝐽(𝑒(k),𝑤(k)). (12)

Thus, the HJB equation (11) can be rewritten as

𝐽∗(𝑒(k)) =𝑈(𝑒(k),𝑤∗(k))+𝐽∗(𝑒(k+1)), (13)

and the optimal tracking control is

𝑢∗(k) =𝑤∗(k)+𝑢d(k). (14)

We can see that if we want to obtain the optimal tracking
control 𝑢∗(k), we must obtain 𝑤∗(k) and the optimal perfor-
mance index function 𝐽∗(𝑒(k)). Generally, 𝐽∗(𝑒(k)) is un-
known before all the control error 𝑤∗(k) is considered. If
we adopt the traditional dynamic programming method to ob-
tain the optimal performance index function, then we have to
face the “the curse of dimensionality”. This makes the optimal
control nearly impossible to be obtained by the HJB equation.
Thus, in the next part, we present an iterative ADP algorithm,
based on Bellman’s principle of optimality.
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3. Optimal tracking control scheme based on the
approximation-error ADP algorithm

3.1. Description of the approximation-error ADP algo-
rithm

First, for ∀𝑒(k), let the initial function ϒ(𝑒(k)) be an ar-
bitrary function that satisfies ϒ(𝑒(k)) ∈ ϒ̄e(k), where ϒ̄e(k) is
defined as follows.

Definition 1 Let

ϒ̄e(k) = {ϒ(e(k)) : ϒ(e(k))> 0,

ϒ(e(k+1))< ϒ(e(k))} (15)

be the initial positive definition function set, where 𝑒(k+1) =
𝐹 (𝑥(k),𝑢(k))−𝑥d(k+1).

For ∀𝑒(k), let the initial performance index function
𝐽 [0](𝑒(k)) = θ̂ϒ(𝑒(k)), where θ̂ > 0 is a large enough finite
positive constant. The initial iterative control policy w[0](k)
can be computed as follows:

w[0](k) = arg inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ J[0](𝑒(k+1))

}
, (16)

where J[0](e(k+ 1)) = θ̂ϒ(e(k+ 1)). The performance index
function can be updated as

J[1](𝑒(k)) =𝑈(𝑒(k),w[0](k))+ J[0](𝑒(k+1)). (17)

For i = 1,2, . . ., ∀𝑒(k), the iterative ADP algorithm will
iterate between

w[i](𝑒(k)) = arg inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ J[i](𝑒(k+1))

}
, (18)

and the iterative performance index functions

J[i+1](𝑒(k)) = inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ J[i](𝑒(k+1))

}
. (19)

In fact, the accurate iterative control policy w[i](k) and the
iterative performance index function J[i](e(k)) are generally
impossible to obtain. For example, if neural networks are used
to implement the iterative ADP algorithm, no matter what kind
of neural networks we choose, the approximate error between
the output of the neural networks and the expect output must
exist. In fact, as the existence of the approximation error, the
accurate iterative control policy of the chaotic systems cannot
generally be obtained. Thus, the iterative ADP algorithm with
finite approximation error is expressed as follows:

ŵ[0](𝑒(k)) = arg inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ Ĵ[0](𝑒(k+1))

}
+α

[0](𝑒(k)), (20)

where Ĵ[0](e(k+ 1)) = θ̂ϒ(e(k+ 1)). The performance index
function can be updated as

Ĵ[1](𝑒(k)) = 𝑈(𝑒(k), ŵ[0](k))+ Ĵ[0](𝑒(k+1)))

+β
[0](𝑒(k)), (21)

where α [0](𝑒(k)) and β [0](𝑒(k)) are the approximation error
functions of the iterative control and iterative performance in-
dex function, respectively.

For i = 1,2, . . ., the iterative ADP algorithm will iterate
between

ŵ[i](𝑒(k)) = arg inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ Ĵ[i](𝑒(k+1))

}
+α

[i](𝑒(k)), (22)

and the performance index function

Ĵ[i+1](𝑒(k)) = inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ Ĵ[i](𝑒(k+1))

}
+β

[i](𝑒(k)), (23)

where α [i](𝑒(k)) and β [i](𝑒(k)) are the approximation error
functions of the iterative control and iterative performance in-
dex function, respectively.

Remark 2 The proposed approximation-error-ADP-
based method for chaotic systems is the development of the
traditional ADP method. In the traditional ADP method, the
approximate error exists in the process of implementation.
However, the analysis of the traditional ADP method has no
regard for the approximate error. Therefore, in this paper, the
approximate error is considered in the algorithm analysis, and
the corresponding convergence proof is given. In the following
theorems, we will prove that the iterative performance index
function with approximate error is convergent if some condi-
tions are satisfied.

3.2. Convergence analysis of the iterative ADP algorithm

In fact, the iterative index i→ ∞, the boundary of itera-
tive approximation error will also increase to infinity, although
the approximation error is finite in the single iteration.[6] The
following theorem will show this property.

Theorem 1 Let e(k) be an arbitrary controllable state.
For i = 1,2, . . ., define a new iterative performance index func-
tion as

∆
[i](𝑒(k)) = inf

𝑤(k)
{𝑈(𝑒(k),𝑤(k))+ Ĵ[i−1](𝑒(k+1))}, (24)

where 𝑤(k) can be obtained accurately. If the initial iterative
performance index function Ĵ[0](𝑒(k)) = ∆[0](𝑒(k)), and there
exists a finite constant ε1 that makes

|Ĵ[i](𝑒(k))−∆
[i](𝑒(k))| ≤ ε1 (25)

hold uniformly, then we have

|Ĵ[i](𝑒(k))− J[i](𝑒(k))| ≤ iε1, (26)

where ε1 is called uniform finite approximation error.
Proof The theorem can be proved by mathematical in-

duction. First, let i = 1, we have

∆
[1](e(k)) = inf

𝑤(k)
{𝑈(𝑒(k),𝑤(k))+ Ĵ[0](𝑒(k+1))}
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= J[1](𝑒(k)). (27)

Then, according to Eq. (25), we can obtain

|Ĵ[1](𝑒(k))− J[1](𝑒(k))| ≤ ε1. (28)

Assume that Eq. (26) holds for i−1. Then, for i, we have

∆
[i](𝑒(k)) = inf

𝑤(k)
{𝑈(𝑒(k),𝑤(k))+ Ĵ[i−1](𝑒(k+1))}

≤ inf
𝑤(k)
{U(𝑒(k),𝑤(k))

+J[i−1](𝑒(k+1))+(i−1)ε1}
= J[i](𝑒(k))+(i−1)ε1. (29)

On the other hand, we can have

∆
[i](𝑒(k)) = inf

𝑤(k)
{U(𝑒(k),𝑤(k))+ Ĵ[i−1](𝑒(k+1))}

≥ inf
𝑤(k)
{U(𝑒(k),𝑤(k))

+J[i−1](𝑒(k+1))− (i−1)ε1}
= J[i](𝑒(k))− (i−1)ε1. (30)

Thus, we have

− (i−1)ε1 ≤ ∆
[i](𝑒(k))− J[i](𝑒(k))≤ (i−1)ε1. (31)

Then, according to Eq. (25), we can obtain

|Ĵ[i](𝑒(k))− J[i](𝑒(k))| ≤ iε1. (32)

It is obvious that the property analysis of the iterative per-
formance index function Ĵ[i](𝑒(k)) and iterative control policy
ŵ[i](k) are very difficult. In next part, the novel convergence
analysis is built.

Theorem 2 Let 𝑒(k) be an arbitrary controllable state.
For ∀ i = 0,1, . . ., let ∆[i](𝑒(k)) be expressed as (24) and
Ĵ[i](𝑒(k)) be expressed as (23). Let both ζ < ∞ and 1≤ η < ∞

be constants that make

J∗(𝑒(k+1))≤ ζ𝑈(𝑒(k),𝑤(k)), (33)

J[0](𝑒(k))≤ ηJ∗(𝑒(k)) (34)

hold uniformly. If there exists 1≤ ι < ∞ that makes

Ĵ[i](𝑒(k))≤ ι∆
[i](𝑒(k)) (35)

hold uniformly, then we have

Ĵ[i](𝑒(k))≤ ι

(
1+

i
∑
j=1

ζ jι j−1(ι−1)
(ζ+1) j + ζ iι i(η−1)

(ζ+1)i

)
J∗(𝑒(k)),(36)

where, we define
i

∑
j
(·) = 0, for ∀ j > i and i, j = 0,1, . . ..

Proof The theorem can be proved by mathematical in-
duction. First, let i = 0. Then, equation (36) becomes

Ĵ[0](𝑒(k))≤ ιηJ∗(𝑒(k)). (37)

As Ĵ[0](𝑒(k)) ≤ ηJ∗(𝑒(k)), then we can obtain Ĵ[0](𝑒(k)) ≤
ηJ∗(𝑒(k)) ≤ ιηJ∗(𝑒(k)), which obtains (37). Thus, the con-
clusion holds for i = 0.

Next, let i = 1. According to Eq. (27), we have

∆
[1](𝑒(k)) = inf

𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ Ĵ[0](𝑒(k+1))

}
≤ inf

𝑤(k)
{𝑈(𝑒(k),𝑤(k))+ ιηJ∗(𝑒(k+1))} . (38)

As 1 ≤ ι < ∞ and 1 ≤ η < ∞, then ιη−1 ≥ 0. According to
Eq. (33), we have

∆
[1](𝑒(k))

≤ inf
𝑤(k)

{(
1+ζ

ιη−1
ζ +1

)
𝑈(𝑒(k),𝑤(k))

+

(
ιη− ιη−1

ζ +1

)
𝐽∗(𝑒(k+1))

}
=

(
1+ζ

ιη−1
ζ +1

)
inf
𝑤(k)
{𝑈(𝑒(k),𝑤(k))+𝐽∗(𝑒(k+1))}

=

(
1+

ζ (ι−1)
ζ +1

+
ζ ι(η−1)

ζ +1

)
𝐽∗(𝑒(k)). (39)

According to Eq. (35), we can obtain

Ĵ[1](𝑒(k))≤ ι

(
1+

ζ (ι−1)
ζ +1

+
ζ ι(η−1)

ζ +1

)
𝐽∗(𝑒(k)), (40)

which shows that equation (36) holds for i = 1.
Assume that equation (36) holds for i−1. Then, for i, we

have

∆
[i](𝑒(k))

= inf
𝑤(k)
{𝑈(𝑒(k),𝑤(k))+ Ĵ[i−1](𝑒(k+1))}

≤ inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ ι

(
1+

i

∑
j=1

ζ jι j−1(ι−1)

(ζ +1) j

+
ζ i−1ι i−1(η−1)

(ζ +1)i−1

)
J∗(𝑒(k+1))

}
. (41)

Hence, equation (41) can be rewritten as

∆
[i](𝑒(k))

≤ inf
𝑤(k)

{(
1+ζ

i−1

∑
j=1

ζ j−1ι j−1(ι−1)

(ζ +1) j

+
ζ i−1ι i−1(ιη−1)

(ζ +1)i−1

)
𝑈(𝑒(k),𝑤(k))

+

(
ι

(
1+

i−1

∑
j=1

ζ jι j−1(ι−1)

(ζ +1) j +
ζ i−1ι i−1(η−1)

(ζ +1)i−1

)

−
( i−1

∑
j=1

ζ j−1ι j−1(ι−1)

(ζ +1) j

+
ζ i−1ι i−1(ιη−1)

(ζ +1)i−1

))
J∗(𝑒(k+1))

}

=

(
1+

i

∑
j=1

ζ jι j−1(ι−1)

(ζ +1) j +
ζ iι i(η−1)

(ζ +1)i

)
090502-4
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× inf
𝑤(k)
{𝑈(𝑒(k),𝑤(k))+𝐽∗(𝑒(k+1))}

=

(
1+

i

∑
j=1

ζ jι j−1(ι−1)

(ζ +1) j +
ζ iι i(η−1)

(ζ +1)i

)
𝐽∗(𝑒(k)). (42)

Then, according to Eq. (35), we can obtain Eq. (36) which
proves the conclusion for ∀ i = 0,1, . . ..

Theorem 3 Let 𝑒(k) be an arbitrary controllable state.
Suppose Theorem 2 holds for ∀𝑒(k). If for ζ < ∞ and ι ≥ 1,
the inequality

ι <
ζ +1

ζ
(43)

holds, then as i→ ∞, the iterative performance index func-

tion Ĵ[i](𝑒(k)) in the iterative ADP algorithm (Eqs. (20)–(23)
is uniformly convergent into a bounded neighborhood of the
optimal performance index function J∗(𝑒(k)), i.e.,

lim
i→∞

Ĵ[i](𝑒(k))

= Ĵ∞(𝑒(k))≤ ι

(
1+

ζ (ι−1)
1−ζ (ι−1)

)
J∗(𝑒(k)). (44)

Proof According to (42) in Theorem 2, we can see that

for j = 1,2, . . ., the sequence

{
ζ jι j−1(ι−1)

(ζ +1) j

}
is a geometri-

cal series. Then, equation (42) can be written as

∆
[i](𝑒(k)) ≤

1+

ζ (ι−1)
ζ +1

(
1−
(

ζ ι

ζ +1

)i
)

1− ζ ι

ζ +1

+
ζ iι i (η−1)

(ζ +1)i

J∗(𝑒(k)). (45)

As i→ ∞, if 1≤ ι < (ζ +1)/ζ , then Eq. (45) becomes

lim
i→∞

∆
[i](𝑒(k)) = ∆

∞(𝑒(k))

≤
(

1+
ζ (ι−1)

1−ζ (ι−1)

)
𝐽∗(𝑒(k)). (46)

According to Eq. (35), let i→ ∞, we have

Ĵ∞(𝑒(k))≤ ι∆
∞(𝑒(k)). (47)

Considering Eqs. (47) and (46), we can obtain

Ĵ∞(𝑒(k))≤ ι

(
1+

ζ (ι−1)
1−ζ (ι−1)

)
𝐽∗(𝑒(k)). (48)

Furthermore, we can obtain the following corollary.
Corollary 1 Let 𝑒(k) be an arbitrary controllable state.

Suppose Theorem 2 holds for ∀𝑒(k). If for ζ < ∞ and ι ≥ 1,
the inequality (43) holds, then the iterative control policy
ŵ[i](k) of the iterative ADP algorithm (20)–(23) is convergent,
i.e.,

ŵ∞(k) = lim
i→∞

ŵ[i](k)

= arg inf
𝑤(k)

{
𝑈(𝑒(k),𝑤(k))+ Ĵ∞(𝑒(k+1))

}
. (49)

Therefore, it is proved that the new iterative ADP algo-
rithm with finite approximation error is convergent. In the
next section, the examples will be given to illustrate the per-
formance of the proposed method for chaotic systems.

4. Simulation study
To evaluate the performance of our iterative ADP algo-

rithm with finite approximation error, we choose two examples
with quadratic utility functions.

Example 1 Consider the following Hénon mapping as
follows: [

x1(k+1)
x2(k+1)

]
=

[
1+bx2(k)−ax2

1(k)
x1(k)

]
+

[
0.2 0
0 0.5

][
u1(k)
u2(k)

]
(50)

where a = 1.4, b = 0.3, x1(0) = 0.1, and x2(0) = −0.1. The
chaotic signal orbits are given by Fig. 1.

-1.5 -0.5 0.5 1.5
-1.5

-0.5

0.5

1.5

x1

x
2

Fig. 1. (color online) The Hénon chaotic orbits.

The desired orbit xd(k) is generated by the following ex-
pression:

𝑥d(k+1) =𝐴𝑥d(k), (51)

with

𝐴 =

[
coswT sinwT
−sinwT coswT

]
,

where T = 0.1 s and w = 0.8π . The initial state is se-
lected as [1, 0.5]T, and the utility function is defined as
𝑈(𝑒(k),𝑤(k)) = 𝑒T(k)Q𝑒(k) +𝑤T(k)𝑅𝑤(k), where 𝑄 =

𝑅= 𝐼2. Let θ̂ = 6 and ϒ(𝑒(k)) = 𝑒T(k)𝑄𝑒(k) to initialize the
algorithm. For illustrating the performance of the proposed
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optimal tracking control scheme, two different approximate
precisions, i.e., ε1 = 10−2 and ε1 = 10−8 are selected. Then,
for ε1 = 10−2, we obtain the performance index function tra-
jectory as shown in Fig. 2. In Fig. 2, the iterative performance
index function is not convergent. The state tracking trajecto-
ries are shown in Figs. 3 and 4, and the tracking error trajecto-
ries are as shown in Fig. 5. We can see that the iterative control
cannot make the system track the desired orbit satisfactorily.
For ε1 = 10−8, the convergence conditions are satisfied, and
the performance index function is shown in Fig. 6. The state
trajectories are shown in Figs. 7 and 8, and the tracking er-
ror trajectories are as shown in Fig. 9. From the results of the
simulation, we can see that the optimal tracking control of the
chaotic systems can be obtained if the convergence conditions
are satisfied.
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Fig. 2. (color online) The performance index function trajectory for
ε1 = 10−2.
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Fig. 3. (color online) The trajectories of x1 and xd1 for ε1 = 10−2.
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Fig. 4. (color online) The trajectories of x2 and xd2 for ε1 = 10−2.
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Fig. 5. (color online) The trajectories of e1 and e2 for ε1 = 10−2.
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Fig. 6. (color online) The performance index function trajectory for
ε1 = 10−8.
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Fig. 7. (color online) The trajectories of x1 and xd1 for ε1 = 10−8.
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Fig. 8. (color online) The trajectories of x2 and xd2 for ε1 = 10−8.

0 100 200
-0.2

0

0.2

0.4

0.6

Time step

S
ta

te
 e

rr
o
r

 

 
e1
e2

Fig. 9. (color online) The trajectories of e1 and e2 for ε1 = 10−8.

Example 2
Consider the following continuous time chaotic

system:[10]

ẋ1 = θ1(x2−h(x1))+u1,

ẋ2 = x1− x2 + x3 +u2,

ẋ3 = −θ2x2 +u3, (52)

where h(x1) = m1x1 +(1/2)(m0−m1)(|x1 + θ3| − |x1− θ3|),
θ1 = 9, θ2 = 14.28, θ3 = 1, m0 =−1/7, and m1 = 2/7.

According to Euler’s discretization method, the continu-
ous time chaotic system can be represented as follows:

x1(k+1) = x1(k)+ T̂ (θ1(x2(k)−h(x1(k)))+u1(k)),
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x2(k+1) = x2(k)+ T̂ (x1(k)− x2(k)+ x3(k)+u2(k)),

x3(k+1) = x3(k)+ T̂ (−θ2x2(k)+u3(k)), (53)

where T̂ = 0.001. The discrete chaotic system is given in
Fig. 10.
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Fig. 10. (color online) The chaotic attractor of system (53).

The initial state is selected as [0.2,0.13,0.17]T, and the
reference trajectory is [0.5,−0.5,0.4]T. The utility function
is defined as 𝑈(𝑒(k),𝑤(k)) = 𝑒T(k)Q𝑒(k) +𝑤T(k)𝑅𝑤(k),
where 𝑄 = 𝑅 = 𝐼3. Let θ̂ = 6 and ϒ(𝑒(k)) = 𝑒T(k)𝑄𝑒(k)
to initialize the algorithm. The performance index function is
shown in Fig. 11. The system states are shown as in Fig. 12.
The state errors are given in Fig. 13. It can be seen that the
proposed algorithm is effective and the simulation results are
satisfactory.
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Fig. 11. (color online) The performance index function trajectory for
ε1 = 10−8.
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Fig. 12. (color online) The trajectories of x1, x2, and x3 for ε1 = 10−8.
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Fig. 13. (color online) The trajectories of e1, e2, and e3 for ε1 = 10−8.

5. Conclusion
This paper proposed an optimal tracking control method

for chaotic systems. Via system transformation, the optimal
tracking problem was transformed into an optimal regulation
problem, and then the approximation-error ADP algorithm
was introduced to deal with the optimal regulation problem
with rigorous convergence analysis. Finally, two examples
have been given to demonstrate the validity of the proposed
optimal tracking control scheme for chaotic systems.
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