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We investigate the particle-hole pair excitations of dipolar molecules in an optical lattice, which can be described
with an extended Bose—Hubbard model. For strong enough dipole—dipole interaction, the particle-hole pair excitations
can form bound states in one and two dimensions. With decreasing dipole-dipole interaction, the energies of the bound
states increase and merge into the particle-hole continuous spectrum gradually. The existence regions, the energy spectra
and the wave functions of the bound states are carefully studied and the symmetries of the bound states are analyzed with
group theory. For a given dipole—dipole interaction, the number of bound states varies in momentum space and a number
distribution of the bound states is illustrated. We also discuss how to observe these bound states in future experiments.
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1. Introduction

Cold and ultracold molecules are attracting more and
more attention due to their broad applications in the fields of
high-precision measurement, quantum chemistry, quantum in-
formation, and many-body physics.[!"?! In recent years, exper-
imental techniques using cold and ultracold molecules have
been developed greatly. The homonuclear molecular Bose—
Einstein condensation (BEC) was realized experimentally>-*]
and the quantum state with exactly one molecule at each
site of an optical lattice was created with a Feshbach res-
onance and STIRAP (stimulated Raman adiabatic passage)
techniques.>®! Meanwhile, ultracold heteronuclear molecules
were also produced.!’-!1]

Heteronuclear molecules, such as SrO, RbCs, or NaCs,
prepared in their electronic and vibrational ground states, have
a considerable permanent electric dipole moment. The dipole—
dipole interaction between molecules can be generated by the
external applied electric field.!!?l Moreover, the magnitude of
the dipole—dipole interaction can be controlled by the strength
of the electric field.['>!3] The tunable long range dipole—
dipole interaction may significantly modify the ground state
and collective excitations of trapped condensates. For exam-
ple, in trapped dipolar gases, it was shown theoretically!'4l
that the mean-field inter-particle interaction and the stability
diagram are governed by the trapping geometry. With the in-
crease of the dipolar interaction, the ground state of rotating
atomic Bose gases undergoes a series of transitions between
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“stripe”, and “bubble” phases.!!3! In rapidly rotating Fermion
gas, the dipole—dipole interaction may even result in fractional
quantum Hall-like states. [!6]

The particles with long-range interactions in an op-
tical lattice can be described with the extended Hubbard

model.[17-19]

Compared with the regular Bose—Hubbard
model with on-site interaction, the extended Bose—Hubbard
model has richer ground state phases, such as Mott insulator,
particle density wave, superfluidity or supersolid phases. 20281
On the other hand, the gapful particle and hole excitations in

¢!231 may bind together and form bound

the insulating phas
states due to long-range interactions. Although the excitons
(holon—doublon pairs) in the one-dimensional fermionic Hub-
bard model have been studied,?>341 the excitons in bosonic
molecules are less studied.

In this paper, we study the particle-hole pair excitations
of dipolar bosonic molecules in an optical lattice, especially,
the possible bound states due to the dipole—dipole interaction.
The paper is organized as follows. In Section 2, we introduce
the extended Bose—Hubbard model to describe the polarized
bosonic molecules in an optical lattice, and derive the eigen
equations to describe the single particle-hole pair excitation.
In Section 3, the existence regions, the energies and the wave
functions of the particle-hole bound states are calculated in
one and two dimensions. The symmetries of the bound states
are analyzed and possible experimental observation of these
bound states is also discussed. A summary is presented in

Section 4.
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2. Particle-hole bound states in extended Bose—-
Hubbard model

Considering only the nearest-neighbor interaction V' to
simulate the effect of dipole—dipole interaction, we write the
extended Bose-Hubbard model as

H = Hy+H|,
U \%
= Egnr(”lr - l) + E%nrnrﬂsa
Hy = —tY (bibys), (1)
70

where 1,. = b}.b,. is the number operator at site 7 with b,.(b}.)
the annihilation (creation) operator of particle, § denotes the
nearest neighbor vectors of site ». The on-site interaction U,
the nearest neighbor interaction V' and the hopping ¢ are ex-
pressed as

U = g/dw|W(:c) 4

V= /da:dsc’|W(a: 1) PVaa(m — )W (& — (r+ )2,

- —/d:BW*(:c—r) [— ZVerVo(z)}

xW(x—(r+96)), (2)
where W (r) is Wannier function corresponding to the lowest
energy band and

Caa 1 —3cos’ 0
Vaa(@) = 50—

4n |z
is the dipole—dipole interaction of two particles separated with

a distance |x|.
Cyqq = d? /€ with d the electric dipole moment, & is vacuum

For the electric dipole—dipole interaction,

permittivity. We assume that the polarization of dipole mo-
ment is along the z-axial direction. In the following studies,
we consider particles confined in a one-dimensional chain or a
two-dimensional square lattice and treat the hopping term H;
as a perturbation.

In the atomic limit (t = 0), n,. is a good quantum num-
ber and the eigenstates of Hy can be written as the direct
product of number states. When the filling factor is one,
V >0 and zV < U, the Mott insulating ground state can
be written as |[I1111111..

Eo = NzV /2, where z is the coordination number and N is

.) with the ground state energy
the number of lattice sites. The excited states contain one
or more particle-hole pairs. A single particle-hole pair state
with a hole at r and a particle at 7 can be represented as
|r,r/y =110,111112,11..
term ¢, the particle and hole will move in the lattice. Similar

.). Taking into account the hopping

to the two-magnon states in a ferromagnetic system, > the
single particle-hole pair state can be written as a linear com-
bination of |r,7'):

= Z ¢,,.’,,./"r',’l"/>, (3)

where ¢, ,» will be determined by solving the approximate
eigen equation in single particle-hole pair subspace

<7'77a/|HW’> =E<7“77“/|‘I’>- “

Calculating H|r,r') and considering the boundary con-
dition ¢, , = 0 (a particle and a hole do not share the same
lattice site), we obtain

- Z(t¢r+5,r’ +2t¢7‘.r’+6) = 8¢7‘.7"
[

+ Zér’fr,é[vd)r,r/ + (_t)¢r+5,r’ + (—2t)¢,n_’7./,5]
é

- 57'/77',0 Z(t¢r+5,r’ +2t¢r,r’+¢5); (5)
8

where 0,/_,. 5 is the Kronecker delta function and € = E —
Eo—U. The particle-hole excitation energy is @ = E — Ey =
e+U.

Owing to the translational invariance, it is convenient to
apply a transformation ¢,.,» = ¢¥R¢(p)//N, where R =
(r+7")/2 and p = ' — r denote the center-of-mass and the
relative coordinates respectively and K the total momentum
of the particle and hole. At fixed K, the eigen equation (5)
becomes

Z iK-6/2 p75)+2t€iK'6/2¢(p+5)]
é

= e¢(p) +26p6 Vo(p)

+ (_telK 6/2 _ 22‘671K 6/2)¢(p _ 6)}
—8p0 ) [te K 029(8) + 2K 029(8)).  (6)
é

Considering the finite range character of the nearest
neighbor interaction V, we utilize the Green function approach
to solve the eigen equation. To this end, we introduce an ef-
fective Hamiltonian

Hefr = Hph o + Vphs @)
where

Hpno = —1 Y. 52| p)(p—a| =215/ |p) (p+ 4],
p,0

Von = Y (2t 502 4 1eH012) 8) (0] + h.c.
s
+Y (-
é

to describe the motion of a particle around a hole, where |p) is
the basis set in relative coordinate spaces. The K-dependent
Hyp 0 describes the kinetic energy of the particle and V,;, de-
With
|0) = X, 9¢(p)|p), it is easy to reproduce Eq. (6) from the

notes the interaction between the particle and hole.
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eigen equation He|@) = €|@). After a Fourier transformation,
the kinetic energy is obtained as

e0(K,q) tZe (K /2+q)-8 2t2ei(K/2’q)“s, (8)

8

where g is the relative momentum of a particle and a hole.
—Vin
Vpnh may result in the formation of particle-hole bound states.

When a particle is adjacent to a hole, the energy offset

Introducing  retarded Green functions Gy =
lim;) o+ 1/(€ — Hpno +1in) and G = lim;,_,+ 1/(€ — Hegr +
in), we could calculate G through the Lippmann—Schwinger
equation G = Go + GV G.

function G has a general form

In the real space, the Green

Z¢m P)¢n(p)

G /
e~ Eytin (0, p,e),

(6/|Glp) = Tim
where the contributions of the continuous spectra are ne-
glected and E,,s are the eigenvalues of the bound states with

5.1361 We can determine

¢ns the corresponding eigenfunction
the eigenvalues and eigenfunctions by analyzing the poles and
residues of the obtained Green’s function.

From Eq. (7), we have
v ddqeiq-(p/fp)

1
(P'|Golp) = . 2y /48780(1{7(1)“'7’

and

(0'|Glp)

= (¢'|Golp) + ), (¢'|Golp1) (p1|Vamlp2)(p2]Glp). (9)
P1,P2
For specific pr = 0 or 8, equation (9) can be reduced to a
set of simultaneous linear equations. Green functions {p’|G|p)
with p/ =0 or 6 can thus be obtained exactly. The residues of
(0|G|p) always vanish for non-vanishing bound states energies
€ in our calculations, which is consistent with the boundary
condition ¢ (0) = 0. We present our results in the next section.

3. Bound states in one and two dimensions
3.1. Bound states in one dimension
In the Mott insulating phase, the excitation energy of a

single particle/hole was calculated as

1
wp,h = j:{—zo+U<no—2)+2an0—u}

2 271/2
& 1 U
— U = — 10
+[<2) +& (no+2>+ 4} , (10)
with the dynamical Gutzwiller approach. 3!l Up to the first or-
der of t /U, the single particle-hole pair excitation energy is

o = 0,(k,) + on(kn)

:U+80(Kaq)v (11)

with the total momentum K = kj, + ky, and relative momen-
(kn—kp) /2. For the extended Bose—Hubbard model,
however, a particle-hole pair may form a bound state due to

tumq =

the interaction [See Eq. (7)]. In the following calculations, we
take the lattice constant as 1 and use ¢ > 0 as the unit of energy.
Conditions of 7/U < 1 and zV < U are assumed to make sure
that the ground state of the system is the deep Mott insulating
phase.

In the one-dimensional case, &(K,q) = —2t;cos(g +
0:) with #; = t\/9 cos?(K,/2) +sin’*(K,/2) and 6; =
arctan(tan(K,/2)/3].
particle-hole continuous spectrum are

The top and bottom boundaries of

Q') (k) = 21, (12)

(see Fig. 1). Compared with particle-hole pairs in fermion
Hubbard model with half filling,*8! the minimum of band-
width of the continuous spectrum is non-zero at K = . This
is because that there is no particle-hole symmetry in the Bose—
Hubbard model.

6
4
—=— V=28t
2 —— V=5t
0 —A— V=3t
= —o— V=2t
N —2‘ |:|continuous sped b

_6<W>
- w

—-1.0 —-0.5 0 0.5 1.0
K/n

Fig. 1. (color online) Energy spectra of the bound states of a particle—
hole pair in one dimension for different nearest-neighbor interactions
V =2t (black circles), V = 3t (red triangles), V = 5¢ (black diamonds)
and V = 8¢ (red squares) respectively (K = K). As a comparison, the
continuous spectrum of a particle-hole pair excitation is also shown
(green shaded region).

For a specific nearest-neighbor interaction V and total
momentum K, we search for bound state solutions outside the
continuum. In the case of € < —2¢;, the free Green function is
calculated asP7]

1 T ddqeiQ‘(P/—P)
Golp) = 1i /
wGele) = I8 Gyt | e— ey
= aplePly=r, (13)
where o = —1/,/e2— 412, y=¢'% and f = e ¥ with k =

arccosh(|e|/2t;).
With p’ = 0, £1, equation (9) is reduced to three linear
equations. The Green functions of (—1|G|p), (0|G|p), and
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(1|G|p) can be exactly obtained as

6(—p)(B/y)"P*Y

(0[G|p) =0,
“1
(lGlpy = SRNBY"Z 5L, (14)

—(t—VB)/B

where 6(p) is the Heaviside step function. From these Green
functions, we obtain two degenerate bound states correspond-
ing to the particles on the left and right of the hole respectively.

The bound state energy is

=-V-=. 1
€ Vv v (15)

Accordingly, 8 is simplified as § =#;/V < 1 and the condition
for the existence of the bound state is obtained as

K, ww.¢
V>t\/9cosz(2)+sm2(2). (16)

When 0 <V <1, the interaction between a particle and a hole
is too weak to bind them together and no bound state is found.
When ¢ <V < 3¢, two degenerate bound states exist in the
region of 2arccos/(V2 —12)/(8¢2) < |K,| < m. The region
becomes larger with the increase of V. When V > 3¢, bound
states may be found in the whole first Brillouin zone. In Fig.1,
we show the spectra of the bound states for the interaction
V =2t, 3t, 5t, and 8¢, respectively. The energies of the bound
states decrease with Vincreasing. At V = 2t, the calculated
existence intervals are 0.587 < |K,| < 7.

From the residues of the Green function, we can also ex-
tract the bound state wave functions. For example, the bound
state with a particle on the right of a hole is written as

RN
ooy = (1) e, s

%
¢r(p) =0, p<l, a7

where C = /1 — (12/V?) is the normalized constant. In Fig. 2,
we show the probability distribution of the wave function for
K=0andV = 8&t.

The mean size of the bound state is calculated as d =
(dr(p)|p|9&(P)) =V?/(V?—12). InFig. 3, we show the mean
size of the bound state as a function of the nearest-neighbor in-
teraction V at K, = 0. The stronger the interaction, the smaller

the size and the closer the particle and hole bind.

0.8}

0.6}

lor(p)[?

0.4r

0.2}

0 ——=—=17 =20

p

Fig. 2. (color online) Probability density of a bound state in real space

in the case of V = 8¢ and K = 0. The probability density decreases
exponentially with the increase of distance.

3 4 5 6 7 8
v/t

Fig. 3. The mean size d of bound states as a function of V at K =0
in one dimension. When the nearest-neighbor interaction V approaches
the critical value V = 3¢, the mean size of the bound state becomes
divergent and the bound state energies merge into a continuous spec-
trum (see the red triangles in Fig. 1), indicating the disintegration of the
bound states.

3.2. Bound states in two dimensions

Before presenting the numerical results, we discuss the
symmetries of the effective Hamiltonian Heg in Eq. (7) in de-
tail. After a gauge transformation

9 = by = 100 ) — e 10000 ) (1)

with 6; = arctan[tan(K,/2)/3] and 6; = arctan[tan(K,/2)/3],
we could remove the phase factors in the Hamiltonian and ob-

tain
Heyy = Hpy, o+ Von, (19)
Hyo=—1: Y, 1p)(p—6) -1 ) |p)(p—06,,
p.0x p,0y
Vi = =V Y 16) (3] +1: ¥ [8.) (O +h.c.
5 &,

+13Y16,)'(0] +h.c.,
5y

where d, and 6, denote the nearest neighbors along the x and
y directions, respectively, and

t = 11/9¢0s2(K,/2) +sin? (K. /2)
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and

ty = 11/9c08? (K, /2) +sin? (K, /2)
are effective hoppings along the x and y directions.

When K, = Ky, t; = t;, H.; has symmetries of the Dy
group. According to the irreducible representations of this
group, the bound states can be classified and labeled with s,
Px(y)> and d,>_» waves, respectively. Among them, the s wave
belongs to an identical representation A; of D4 group, the de-
generate p, and py, waves form a two-dimensional irreducible
representation £ of D4 group, and the d,>_» wave belongs to
an irreducible representation B of D4 group.

When K, # £K,, t; # t3, the symmetry reduces to D, a
subgroup of Dy4. For simplicity, we still label the four bound
states with s, py(,), and d,2_». Differently, here, all the s and
d waves belong to identical representations A; of D, group,
while p,(p,) wave belongs to an irreducible representation
B3(B») of D, group. The degeneracy of p, and p, waves is
lifted.

With p’ = (0,0), (+1,+1), equation (9) reduces to
five linear equations in the two-dimensional case. The
free Green function Gy(p,p’) can be expressed with elliptic
integrals.!3%3° Although no brief solution of (p|G|p’) could
be found, we may factorize the particle-hole bound state
equations and analyze the existence conditions for the bound
states along the symmetric lines of K, = +K, = K.[*%! Con-
sidering the asymptotic behaviors of elliptic integrals, we get
the thresholds of the interaction V as follows: Vi s(K) = 3
for s wave, Vrp(K) = [27/(27 — 4)]tz for py(,) wave, and
Verda(K) = [27/(8 —27)]t; for d,2_,» wave. From these thresh-
olds, the existence region of every bound state is obtained re-
spectively. For s wave, we have

2 2

2arccos

<IK|<mV e (1,3,

When V > 3¢, the s wave bound state may be found in the
whole Brillouin zone. The existence region of p-wave bound
states is

_ 2_p2
2arcc05\/{[(n 2)5;]‘/} ! <|K|<m,

Ve TC t 37 t
T-2"n-2]
When V > [3n/(7 — 2)]z, the existence region extends to the

whole Brillouin zone. For d wave, existence region is ex-
pressed as

_ 2_p2
2arcc05\/{[(4 ﬂ)éz]V} ! <|K|<m,

Ve TE t 37 t
4d—mw'd—7m |
When V > [37/(4 — )], the d-wave existence interval is the
whole Brillouin zone.

Now, we present the numerical results in two dimen-
sions. At K = (0,0), four bound states could be found when
V > Ver.a(0) = 10.97z. The wave functions with s-, p,-, and
do_,
the decrease of V, the highest d,»_,wave, the degenerate p,,)

»-wave symmetry for V = 12¢ are shown in Fig. 4. With

waves, and the lowest s-wave merge into the continuous spec-
trum one by one. Finally, all the bound states disappear when
V < Vi s(0) =3¢. In Fig. 5, we illustrate the variations of the
bound state energies with the changes of V.

4 ) | (e e e e
] 1 I E
O CEIE [,
e
> o ICII(CIC o

IR OE |
e

e
_4 | [ [ e
4 e e e ey e

] T T M-
: [ [ EEEE 9

CICIECICE
= o JJIRCIIRCIC | o

N e
-2 I I

|

Fig. 4. (color online) The wave functions of bound states in the two-
dimensional case at K = (0,0) and V = 12¢ (non-normalized). (a) s-, (b)
Px- and (c) d,2_ »-wave symmetries can be observed respectively.
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| —=— S wave

—e— Da(y) Wave

—16}

—A— d,2_ 2 wave
Le=-V

—— the boundry of continuous spectrum
0 4 8 12 16
V/t

Fig. 5. (color online) Variations of the energies of different bound states
in two dimension at K = (0,0). The energies of different bound states in-
crease with the decrease of V and cross the particle-hole continuum [—12¢
at K = (0,0)] at different V.

—20

We then search for bound state solutions along the line
of K, = K, = K. As shown in Fig. 6, there are four bound
states for all K € [—m, ] at V = 12¢. AtV = 6r, s-wave ex-
ists in the whole region, while p,(,)- and d,»_,2-wave states
appear at 0.527 < |K| < w and 0.697 < |K| < 7 respec-
tively. Decreasing V further, we find that the regions of the
bound states shrink, and all the bound states disappear when
V < Virs(£7) = 1z. Similar results are obtained along the line
of Ky = —K, =K.

—o—s wave (V=12t)
—0— Pa(y) wave (V =12t)
—B—dga_ye wave (V=12t)
—=—s wave (V=06t)

—@— Da(y) Wave (V=06t)

—A—d,2 > wave (V=6t)

[ continuous spectru

—-0.5 0 0.5 1.0
K/m

Fig. 6. (color online) Dispersion relations of bound states along the
line of Ky = K, = K for V = 6t and V = 12¢. As a comparison, the
particle-hole continuum is also shown (green shaded region).

Away from the lines of K, = +£K,, the degeneracy of p,
and p, bound states is lifted, as mentioned before. At a given
V, different bound states have different existence regions in K
space. Consequently, the number of bound states vary in the
(Ky,Ky) space. As an example, we show the number distribu-
tion of the bound states for V = 6¢ in Fig. 7.

1.0

0.5
£
s 0
X
—0.5
~1.0 - - -
—1.0 —0.5 0 0.5 1.0
K,/m

Fig. 7. (color online) The number distribution of bound states in the
first Brillouin zone at V = 6¢. As shown, there are more bound states at
the corners than that at the center in the first Brillouin zone.

3.3. Discussion of observations of the bound states

Inelastic light scattering directly measures the dynamical
structure factor S(q, @), the Fourier transformation of density
correlations. Bragg spectroscopy has been proposed to detect
quantum phases in an optical lattice and successfully applied
to measure the excitation spectra (phonons of BEC), the com-
position of the excitations, and the Higgs-type amplitude mode
in the superfluid condensate, as well as the particle-hole ex-
citation energies in the Mott-insulator state.[*-61 When this
technique is utilized in the study of ultra-cold polar molecules
in the optical lattice, we may expect extra resonance peaks cor-
responding to the particle-hole bound states lying outside the
particle—hole continuum.

Compared with the traditional solid state counterparts,
the deep Mott insulating state with /U < 1 and zV < U
can be realized by tuning the interaction parameters ¢, U,
and V in ultra-cold dipolar molecules in the optical lattices.
In deep optical lattices, the hopping is approximately eval-
uated as 1 = (4/+/T0) Ex(Vopt/Ex)*/* exp[—2(Vopt/Ex) /%], with
Vopt = 18E; ~ 20E; the optical lattice depth and E; the lattice
recoil energy.[*”! Under the condition of as/a, < 1, where ag
is the s-wave scattering length and a; = \/W with @
transverse trapping frequency in one dimension or trapping
frequency of the z direction in two dimensions, the on-site in-
teraction is estimated as Ujp = \/Wha) L as/lp and

V8nh’ay
Up = ———7,
ma;(2m)l§

with Ip = (E;/Vopt)'/*(a/7), and a the lattice constant.[+7:43]
Taking Bose molecule 2*Na’Li as an example, we may
estimate the typical values of #, U, and V for observing
the particle-hole bound state. The molecule prepared in
the ground state has a permanent electric moment d = 0.58
Debye. ) With a lattice constant a ~ 0.5 um, as/a ~ 0.01,
and the transversal tapping frequency @, ~ 27 x 10* Hz, we

have t ~ 1 nK, Ujp ~ 25 nK, and U,p ~ 50 nK. The nearest-
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neighbor interaction V can be tuned as V ~ 10 nK with an
applied electric field.

4. Summary

In summary, we have investigated the bound states of
the particle-hole pair resulting from the dipole—dipole inter-
action between polar molecules in an optical lattice. For a
large enough dipole—dipole interaction, two degenerate bound
states, which correspond to a particle on the left and the right
of a hole, are shown to exist in one dimension. While in the
two-dimensional case, four bound states, with s-, Px(y)™ and
d,>_»- symmetries respectively, are found along the lines of
K, = +K,. Away from the lines of K, = %K, the degener-
acy between p, and p, waves is lifted. With the decrease of
the nearest-neighbor interaction V, the energies of the bound
states increase and merge into the particle-hole continuum
gradually. The wave functions, the dispersion relations, and
the existence regions of the bound states are studied in detail.
For a given nearest-neighbor V, the number of bound states is
different in different regions of K space and a number distri-
bution of bound states is given for the nearest-neighbor V = 6¢
in two dimensions. The possible experimental observation of
the particle—hole bound states is also discussed.

The work will help us to understand the nature of dipole—
dipole interaction in cold molecular physics. It is expected
that the investigation of the particle—hole bound states in dipo-
lar molecules will simulate further study interest in the cold
molecules. On the other hand, our study on the particle-hole
bound states in bosonic systems enriches our understanding
of elementary excitations in quantum many-body systems and
stimulates more research efforts on the bound state phenom-
ena in various systems such as magnets, superconductors, and
atomic systems.
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