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The effects of the Dzyaloshinski-Moriya (DM) interaction on the ground-state properties of the anisotropic XY chain
in a transverse field have been studied by means of correlation functions and entanglement. Different from the case without
the DM interaction, the excitation spectra &, of this model are not symmetrical in the momentum space and are not always
positive. As a result, besides the ferromagnetic (FM) and the paramagnetic (PM) phases, a gapless chiral phase is induced.
In the chiral phase, the von Neumann entropy is proportional to log, L (L is the length of a subchain) with the coefficient
A ~1/3, which is the same as that of the XY chain in a transverse field without the DM interaction for y=0and 0 < h < 1.
And in the vicinity of the critical point between the chiral phase and the FM (or PM) phase, the behaviors of the nearest-
neighbor concurrence and its derivative are like those for the anisotropy transition.
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1. Introduction

In recent years, the antisymmetric Dzyaloshinskii—
Moriya (DM) interaction has received much attention. The
DM interaction introduced by Dzyaloshinskii!!l and Moriya!?!
is a combination of super-exchange and spin—orbital in-
teractions, which can provide the microscopic mechanism
for the coexistence of ferroelectricity and incommensurate
magnetism in many multiferroics.’*! Some quantum anti-
ferromagnetic systems are described by the DM interac-
tion with underlying helical magnetic structures, such as Cu
benzoate,!®”1 YbsAs3,1®! Cs,CuCly,”! BaCu,Si,07,!'% and

UL12] Other materials, such as an Fe

kagome antiferromagnets.
double layer and a wheel single-molecule magnet, have also
been studied with the DM interaction. [!3:14]

Besides those real materials, one-dimensional spin
chains with the DM interaction have also been studied

[15-23] For example, the phase diagram of the

extensively.
Ising model (without external field) with the DM interaction
was studied with the quantum renormalization-group (QRG)
method, in which a quantum critical point separates the anti-
ferromagnetic phase and the chiral phase.l'>! The phase di-
agram of the XXZ model with the DM interaction was also
obtained with the QRG approach; three phases (ferromag-
netic, spin-fluid, and Neel phases) were found.!'®! The dy-
namic properties of the XXZ and the XY chains with the DM
interaction have also been studied.!'”!8] Very recently, the
effects of the DM interaction on the quantum and classical
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correlations®*! of the one-dimensional XY chain in a trans-
verse field were studied. Unfortunately, the authors used in-
correct excitation spectra, which brought doubts to their re-
sults. In fact, the excitation spectra and the critical points of
the anisotropic XY chain with the DM interaction were firstly
found by Siskens et al.,>>! however the properties of the ex-
citation spectra did not arouse enough attention. It should be
noticed that the excitation spectra & of this model are not sym-
metrical in the momentum space and are not always greater
than zero, which may cause some special behaviors of the sys-
tem.

On the other hand, quantum entanglement is viewed as a
main ingredient in quantum information processes and has at-
tracted considerable interest in various fields of physics. In the
last decade, much attention has been paid to the relationship
between quantum entanglement and quantum phase transitions
(QPTs) (see Ref. [26] for a review). There are two widely
used measures of entanglement for spin systems. One is the
concurrence,?’! and the other is the von Neumann entropy. >8]
By using the concurrence, Osterloh et al.!*”! found that for
the anisotropic XY chain in a transverse field, the derivative
of the nearest-neighbor concurrence presents a logarithmic di-
vergence for an infinite system in the vicinity of the critical
point 2 = 1, which is related to the critical properties of the
Ising transition.*%! For the same model, we found that®!] the
derivative of the nearest-neighbor concurrence changes little
with the increasing system size N in the vicinity of the critical
point Y =0 (0 < & < 1) corresponding to the anisotropy transi-
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tion. And Vidal et al. found that®?! the von Neumann entropy
Sy, is a constant in the noncritical region and Sz, ~ (clog, L)/3
at the critical points. The coefficient is given by the central
charge ¢ in the conformal field theory,*3 ¢ = 1/2 at h = 1
while c =1 at y=0 (0 < h < 1). However, for the anisotropic
XY chain in a transverse field with the DM interaction, the for-
mulas used to calculate the concurrence and the von Neumann
entropy should be both improved, which results from the char-
acteristics of the excitation spectra. We will study the effects
of the DM interaction on the entanglement of this model in
detail.

The paper is organized as following. In Section 2, the
model is given. In Section 3, we obtain the detailed phase di-
agram by analytical and numerical methods. In Section 4, we
discuss the behaviors of entanglement. A brief conclusion is
given in Section 5.

2. Model

The Hamiltonian of the XY chain with the DM interaction

(in the z direction) in a transverse field reads!!”!

+Y 11—y
ne (oo 15

n=1

0,0, | +th)

_ZD n n+l n +1) ()

where N is the number of spins in the chain, y (-1 <y < 1)
is the anisotropy parameter of the system, D is the strength
of the DM interaction, 67 are the Pauli matrices, and 4 is a
uniform external transverse field.

By using the Jordan-Wigner transformation, ** Hamilto-
nian (1) can be written with spinless fermion operators ¢ and
¢cn, which yields

Mz

H = {[(1+21D) cn+1+}/cn ”H

n=1

+hclen] +hee} + i h. 2)

n=1
Through Fourier transforms of the fermionic operators, ¢, =
Yice % /y\/N (here k = 2pm/N for odd N and periodic
boundary condition or for even N and antiperiodic bound-
N-1)/2, —=(N-=3)/2, ..., (N=3)/2,
(N —1)/2), Hamiltonian (2) can be written in the momentum

ary condition, p = —(

space and be reduced to the diagonal form

H=Y &nm—1/2) ©)

k=—m

with!23]

& = —4Dsink + 2\/(cosk+h)2 + 72 sin® k 4)

by the Bogoliubov transformation

cr= e +ven’, ©)
U = —Vh = cos 6,
2(B — o/ Br)
v = Sk iging,, (6)
2(Bx — o/ Br)
with oy = cosk+h and i = of +7* sin® k.

€k

Fig. 1. Two typical excitation spectra. The solid and dashed lines cor-
respond to D =0.2, y=02, h=05and D=0.2, y=0.5, h=0.5,
respectively. The dotted line corresponds to & = 0.

The forms of u; and v; are independent of D and the
same as those in the XY model without the DM interaction.
But the excitation spectra &, are not symmetrical in the mo-
mentum space and not always greater than zero. Figure 1
shows two typical examples, in which & are positive for all
kwhen D =0.2, y= 0.5, h = 0.5, while they are negative for
1.7 <k <24 when D=0.2, y=0.2, h =0.5. In the ther-
modynamic limit (N — o), the ground state |G) of the system
corresponds to the configuration in which all states with g, <0
are filled and those with &, > 0 are empty, that is

{ n|G) =0, (& >0),

- 7
n}1G) =0, (g <0). @

The |G) can be written as |G) = [] Gy, and Gy can be derived

k>0
from the transformation 1 = ucy + v_kci %

—k+isinG[1)[1) , (& >0),

Gy = cos 6,[0)4/0)
! azo ®

G = [1)k[0) 4,

with |0) and |1); corresponding to the vacuum and the occu-
pied states of ¢y, respectively.

It must be pointed out that the above ground state is very
different from that used in Ref. [24] coming from incorrect
excitation spectra, where &, are always larger than or equal to
zero. Furthermore, because & may be negative, the formulas
used to calculate the correlation functions, the concurrence,
and the von Neumann entropy should be modified, which will
be discussed in detail in the following.
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3. Phase diagram

In view of the symmetry of Hamiltonian (1), here we con-
sider the case of y, D, h > 0. We use the general Lee—Yang
method!®! to find critical points. According to this method,
we solve equation & (h) = 0 in a complex % plane. The solu-
tions at the positive real axis correspond to the QPT points.

From excitation spectra (4), the solution of & (h) =0in a
complex £ plane is

h = —cosk—++/4D* — y2sink.

Three cases can be discussed.

9

(i) D = 0, which corresponds to the XY chain in a trans-
verse field. Equation (9) can be transformed to 7 = —cosk +
iysink. There are two distinct critical lines, the line 7 = 1 and
the line segment i € (0,1) with y = 0. The phase diagram is
shown in Fig. 3(a). As it is well known, region I corresponds
to a ferromagnetic (FM) phase ordered along the x direction
(FM,), while region II corresponds to a disordered paramag-
netic (PM) phase. Following the standard notation, we refer to
the QPT across the critical line # = 1 driven by the transverse
magnetic field as the Ising transition, and the QPT across the
critical line ¥ = 0 driven by the anisotropy parameter Y as the
anisotropy transition.

(i) 0 < D < 0.5. If y> 2D, Eq. (9) can be transformed
to h = —cosk+1i/Y%> —4D?sink. It is easy to check that the
solutions, which lie on an ellipse, are cutting the positive real
axis at h = 1 in the complex & plane (see Fig. 2(a)). If y <
2D, Eq. (9) can be written as i = —cosk + \/4D? — y?sink.
The solutions are always real and the maximal value is h =
\/4D? — ¥+ 1, so they are all critical points from h = 0 to
h = +/4D? —y2+1 (see Fig. 2(b)). The phase diagram is
shown in Fig. 3(b), which is composed of three regions. Re-
gions I and II are noncritical regions with an energy gap, while
region III is a critical region without an energy gap. The ver-
tical solid line corresponds to & = 1, the horizontal solid line

corresponds to Y = 2D, and the curved solid line corresponds

toh=+/4D*—y2 +1.

(iii) D > 0.5. The 7y is always smaller than 2D for y < 1,
so the points from 4 = 0 to h = /4D? — y% + 1 are all critical
points . The phase diagram is showed in Fig. 3(c). The curved

solid line also corresponds to i = \/4D? — y2 4 1.

0.4
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Fig. 2. The solution of & () = 0 in the complex 4 plane with (a) y=0.5
or (b) y=0.05. Here D =0.2.

In the above three cases, € > 0 for all k in regions I and II,
while & < 0 for more than one & in region III. Obviously, re-
gion III may correspond to a special phase. Because the phase
diagram shown in Fig. 3(b) contains most of the phases, as
long as we make clear the properties of this phase diagram,
the properties of the other will also be understood. Therefore,
in this paper, we focus on the study of the QPTs in the case of
0 < D < 0.5. In the following calculations, we take D = (.2
without loss of generality.

1.0 1.0 1.0
(a) (b)
0.8} 0.8+ 0.8t
I
0.6} 0.6 0.6
& 1 I = 11 - I
0.4} 0.4 04r
0.2+ 0.2+ 111 0.2
0 - 0 . - 0 - -
0 0.5 1.0 1.5 0 0.5 1.0 1.5 0 0.5 1.0 1.5
h h h

Fig. 3. The phase diagrams for (a) D =0, (b) D =0.2, and (c) D =0.5. Regions I, II, and III between the solid lines and coordinate axes

correspond to FM, PM, and chiral phases, respectively. The dashed lines in region I of panels (a) and (b) correspond to 7 =

VI=7,

while the dotted lines in region I1I of panels (b) and (c) correspond to h = /4D? —2y2 + 1, which are discussed in Section 4.
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In order to study the properties of each phase of this
model, we study correlation function C; = C} = (ofoy /2>

and the chiral order parameter in the z direction3®/
1 N
Cr= 1 ) (670}, —0io)). (10)
4N & ! !

Usually, the phase with C] # 0 is referred to as the FM
phase ordered along the x direction, while the phase with
Ci =0 is referred to as the PM phase. And the phase with
Cj, # 0 is referred to as the chiral phase.

For this model, the chiral order parameter is

q;;@@mw, (11)

where

1, x>0,
@“){o,x<0
Obviously, C;, = 0 in regions I and IT where & are always pos-
itive.
However, the correlation function C; should be discussed
in detail. From the Jordan—Wigner transformation, [34] we have

are
G, = <BlAn> = *<AnBl>

= %ngn(—ek)cos[(n—l)k—29;{]7 (13)
3

<A1An> = _<Ban>

_ { I_%Zk@(sk)sjn(n_l)ka Zii’ (14)

where 6y are defined in Eq. (6).
In regions I and II,

(A1A,) = —(BBy) = O, (15)
as & are greater than zero for all k. Because (4;A;) and (B,B,)
never occur,

Gl,z G173 Gl’,,

=] SR (16)
anl,Z Gn71,3 anl,n

In region III, & may be negative for some k , thus (4;A,)

1, =(010;) = (Bi1A2BA3...By_1A,), (12)  and (B;B,) are nonzero even if n # I. Therefore,!*’!
with A, = ¢/ + ¢, and B, = ¢! — ¢,,. This can be calculated X ()12 17
n . n l.n — ( ) ) ( )
by using the Wick theorem in terms of the products of the ex-
pectation values of just two operators. The basic contractions  where
|
0 (B1A2)  (B1By) (B1A3) (B1A,)
—(B142) 0 (A2B2)  (A243) (A2An)
U=| —(B1By) —(AxB,) (BrA3) (BoA,) |- (18)
—(B1A,) —(A2An) 0
\
Figure 4 gives Cj as a function of & for different y. We 0.08
can find that from region I to region II with y > 2D (the solid
line), C; continuously decreases to zero at 4 = 1, and from re- 0.06
gion III to region Il with y < 2D (the dashed line), C7 is always 0.04
Zero. S
0.02
0
0 0I2 0I4 OI.6 0I8 1.0

0 0.5 1.0 1.5
h

Fig. 4. Correlation function Cj as a function of 4. The solid and dashed
lines correspond to ¥ = 0.5 and 0.2, respectively. Here D = 0.2.

Fig. 5. Chiral order parameter C, as a function of y. The solid and
dashed lines correspond to 4 = 0.8 and 1.02, respectively. Here D =0.2.

Figure 5 gives Cj, as a function of y for different 7. We can
find that from region III to region I with & < 1 (the solid line),
C}, continuously decreases to zero at Y = 2D. From region III
to region II with 1 < h < v/1+4D? (the dashed line), C,, con-
tinuously decreases to zero at ¥ = v/4D? — h? + 1. The non-
analytic points of Cj and Cj, do agree with the critical points
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found by the Lee—Yang method (see Fig. 3(b)).

According to the above numerical results, we can find that
in region I, C; # 0 and C;, = 0, which corresponds to the FM
phase along the x axis. When k& — 0, there are two degen-
erate ferromagnetic ground states with all spins pointing ei-
ther parallel or antiparallel to the x axis, | ->—— -+ —) or
| <—<—< -+ <). Inregion II, C; = 0 and C}, = 0, which cor-
responds to the PM phase. When 4 >> 1, the ground state is a
paramagnet | 117 --- 1) with all spins polarized up along the
z axis. While in region III, C; = 0 and Cj, # 0, which corre-
sponds to the chiral phase induced by the DM interaction. A
classical picture!'! for this phase is that the spins orientate in
the xy plane and the angle between neighboring spins has a
nonzero value. It is worth mention that different from the FM
and the PM phases, the chiral phase is gapless.

4. Quantum entanglement

In order to acquire a better understanding of the effects
of the DM interaction on the ground-state entanglement, we
study the concurrence and the Von Neumann entropy in this
section.

4.1. Concurrence

Concurrence measures the entanglement between two
spins and is calculated with the density matrix p;; obtained
from the ground-state wave function in which all the spins
except those at positions i and j have been traced out. The
concurrence between sites i and j is defined as

where r,, are the square roots of the eigenvalues of the operator
R = pij(c”®0)pjj(0” © ") 20)

in decreasing order. Due to the symmetry of the Hamiltonian,
the density matrix p;; has the form

anr 0 0 ap
o 0 ax axy 0
plj - O a;:; ass O (21)
aT4 0 0 aqq

The matrix elements can be expressed in terms of the various
correlation functions

1
arr = 5 (1+2(05) + (075)),

1
an = az3 = 4 (1- {07 0j)),

a44 = %(1 —2(0;) + (o} 0})),
ars = §[<o;‘o;> —(0/0}) —i({00]) + (o] o)),
an = 1l(oio]) + (o)) +i((ora}) — (a7 a))]. (@)

It should be noticed that for the XY chain in a trans-
verse field without the DM interaction, the Hamiltonian is real,
pij = pi*j, therefore the imaginary parts of a4 and a3 are zero.
While for the XY chain in a transverse field with the DM inter-
action, Hamiltonian (1) is complex, the imaginary parts of a4
and a3 are no longer zero.

Now we turn to discuss the behaviors of concurrence
across those three critical lines in Fig. 3(b). In this paper, the
nearest-neighbor concurrence Ci; of sites 1 and 2 is consid-

Cij =max{0,ry —r —r3 — 14}, (19) ered.
0.3 0.3
(2) (c)
0.2}
¢}
0.1
b
0 L L
0 0.5 1.0 1.5
6
2 vow T @ 2 (0
1 L
< S 3r S
s ! 3 S 0
= 3 S
SD; % 0 © 1
0 —ﬂ —1}
72 L cp
-1 : . -3 . . : .
0 0.5 1.0 1.5 0 0.5 1.0 1.5 0 0.4 0.8
h h y

Fig. 6. The C; as a function of & for (a) Y = 0.5 and (c) ¥ = 0.2. (e) The C, as a function of y for # = 0.8. Panels (b), (d), and (f) are
the derivatives of the curves in panels (a), (c), and (e), respectively. Here D = 0.2, cp represents the critical point.
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Figure 6 gives Cj, and its derivative. Because the forms
of u; and v in Eq. (6) are independent of D and &, > 0O for all
k in regions I and 11, all the results of the correlation functions
in Eq. (22) are the same as those of the XY model without
the DM interaction. Therefore, the behaviors of Ci, and its
derivative in the vicinity of the critical point from region I to
region II (see Figs. 6(a) and 6(b) for ¥ = 0.5) are related to the
critical properties of the Ising transition.[>”) However for the
cases from region III to region II (see Figs. 6(c) and 6(d) for
Y =0.5) and from region III to region I (see Figs. 6(¢) and 6(f)
for h = 0.8), the derivative of C; hardly changes with increas-
ing N in the vicinity of the critical point and these behaviors
are like the critical properties of the anisotropy transition. [3!]

In addition, there are some other nonanalytic points, such
as points a, b, and c in Fig. 6 corresponding to Cj» = 0. For
the XY chain in a transverse field without the DM interaction,
C12 = 0 occurs at h = /1 — 2,138 which was first found by
Barouch and McCoy.?**1 Furthermore, Miiller ef al. found
that at this boundary the ground state can be expressed as a

(411 The ground state is in fact doubly degener-

product state.
ated. This boundary is shown as a dashed line in Fig. 3(a). And
the DM interaction may also affect this boundary. For y > 2D,
it still satisfies & = /1 — 2, which is shown as a dashed line
in Fig. 3(b). But for 0 < y < 2D, we find by numerical fitting
that Cjp = 0 at h ~ \/4D? — 2¥% + 1, which is shown as dotted
lines in Figs. 3(b) and 3(c).

4.2. Von Neumann entropy

Von Neumann entropy measures the entanglement be-
tween a block of L contiguous spins and the rest of the chain,

which is defined as!*?

SL = —Tr(pL 10g2 pL) (23)

Here, p is the reduced density matrix obtained from the
ground-state wave function in which all the spins except first
L contiguous spins have been traced out.

Following the standard procedure,[*?! firstly, we consider
two Majorana operators my; and my; 1 for each site / of the
N-spin chain, which are defined as

-1 -1
mojy1 = (HG,Z> o), my= <HG,Z> o. (24
j=0 j=0

The operators m,, are Hermitian and obey the anticommutation
relation {m,m;} = 28;;. In the ground state, the correlation
matrix with the expectation values (m;m;) is a 2N x 2N matrix
written as

T Tip ... Tin
ov={: o
vy Tna - TN
(25)

_( gp iGj

Ty = ; .
g <'—1(hj &jt )
Here, G j; are also defined by Eq. (13) and

1

T . .
8= Z e —sen(&)ik(j=1)

k=—m

We should note that when D =0, gj; = 6;; and & > 0 for
all k. When D # 0, & may be negative in some regions, so g
are no longer equal to 6 ;

L, if j=1,
T
Y —isgn(g)sinfk(j—1)], if j#L.

k=—m

8jl =

However, we find that when j # [, g ; are pure imaginary num-
bers and g;; = —g;;, so the I'y matrix is an antisymmetric ma-
trix.

Secondly, considering L spins at sites 1,2, ..., L, we can
get a 2L x 2L submatrix Iy from Iy by eliminating the rows
and columns corresponding to those spins belong to the rest of
the chain. Obviously, I7 is also antisymmetrical and can be
always brought into a block-diagonal form

T =QrqQ" =r1+oljiv, (_01 é) 0. (26)

Here, Q is an orthogonal matrix, and I is a unit matrix. There-

fore, the von Neumann entropy is given by*?)

Er 14w 1+v
SL:Z[— 2/10g2< 2’)

j=0

1—Vj 1—Vj
i logz( > )} 27

We find that the behaviors of the von Neumann entropy

are similar in the same phase, so without loss of generality we
only give Sz at some typical points in Fig. 7. In regions I (the
solid line in Fig. 7(a)) and II (the dashed line in Fig. 7(a)), St
is a non-zero constant when the block is large enough. Differ-
ently, in region III, Sy, is proportional to log, L with the coeffi-
cient A ~ 1/3 (the dashed and dotted lines in Fig. 7(b)), which
is the same as that of the XY chain in a transverse field without
the DM interaction for y =0 and 0 < & < 1, so the whole re-
gion represents the critical property. In the critical line 7 = 1,
Sy, is proportional to log, L with the coefficient A ~ 1/6 (the
solid line in Fig. 7(b)), which is the same as that in the Ising
transition line of the XY chain in a transverse field without the
DM interaction.

Especially, on the dashed line of Fig. 3(b), where the re-
lationship between & and v satisfies h = /1 — ¥2 for v > 2D,
there is Sy = 1 and the ground state is doubly degenerated.
For example, the result of Sy, at the point (k,y) = (0.866,0.5)
is shown as a dotted line in Fig. 7(a). However, for 0 < y < 2D,
Sy ~ (logyL)/3, even if h = \/4D? —2y*>+1 (the dotted line
in Fig. 7(b)) while Cj, = 0.
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1.2

Lol .

0.8

St

0.6

0.4 L’ L L L L

loga L

Fig. 7. (a) The S;, as a function of L in noncritical regions. The solid,
dashed, and dotted lines correspond to the points 2 = 0.5, 1.1, 0.866
with D = 0.2, y = 0.5, respectively. (b) The S;, as a function of log, L.
The solid, dashed, and dotted lines correspond to the points in the Ising
transition line at 2 = 1.0, Y = 0.5 and in region IIl at y = 0.2, h = 0.5,

h=/4D% —2y2 +1 = 1.039 for D = 0.2, respectively.

Therefore, under the effects of the DM interaction, the
critical behaviors of the XY chain for0 < y<2Dand 0 < h <
\/4D? — y% 41 are similar to that of the XY chain in a trans-
verse field without the DM interaction for y=0and 0 < h < 1.
And the properties of the chiral phase are distinctively differ-
ent from the FM and PM phases, where Sy, is always a non-
zero constant.

5. Conclusion

In summary, we have studied the effects of the DM in-
teraction on the ground-state properties of the XY chain in a
transverse field. By the analytical and numerical results we
find that (i) a gapless chiral phase is induced by the DM in-
teraction for Y < 2D; (ii) from the chiral phase to the FM (or
PM) phase , the QPTs are like those in the anisotropy transi-
tion; (iii) the von Neumann entropy Sy, in the chiral phase is
proportional to log, L with the coefficient A ~ 1/3, which is
the same as that of the XY chain in a transverse field without
the DM interaction for Y =0 and 0 < h < 1. Moreover, the
above ground-state properties mainly attribute to the special

excitation spectra which are not symmetrical in the momen-
tum space and are not always positive.
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