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We study the topological properties of a one-dimensional (1D) hardcore Bose–Fermi mixture using the exact diago-
nalization method. We firstly add a hardcore boson to a fermionic system and by examining the edge states we find that the
quasi-particle manifests the topological properties of the system. Then we study a mixture with 7 fermions and 1 boson. We
find that the mixture also exhibits topological properties and its behaviors are similar to that of the corresponding fermionic
system. We present a qualitative explanation to understand such behaviors using the mapping between a hardcore boson
and a spinless fermion. These results show the existence of topological properties in a 1D hardcore Bose–Fermi mixture
and may be realized using cold atoms trapped in optical lattices experimentally.
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1. Introduction
Topological insulators (TIs) have been the focus of re-

cent studies in condensed matter physics.[1–5] Their many un-
usual physical properties are related to the Dirac cone on the
surface,[6,7] which makes them have potential applications in
spintronics and quantum computing.[8] After understanding
the topological properties of the non-interacting system, re-
searchers began to explore the interplay between the topology
and interactions.[9,10] Various numerical methods were applied
to these studies and consistent results were obtained.[11–16]

Meanwhile, formulas for calculating the topological invari-
ant of interacting systems were developed.[17–20] Also, clas-
sifications of different interacting topological systems were
made.[21,22] Besides these, the fractional Chern insulators
were predicted in interacting topological flat bands.[23–33]

Though there have been many theoretical studies, only a
few of them can be realized experimentally, for which a main
reason is the lack of ideal TI materials. However, due to the
achievements in the field of ultracold gases, loading atoms in
optical lattices has enabled the creation of quantum systems
that are unexpected in real materials.[34] This also shines a
light on the field of TIs and many non-interacting and inter-
acting models of TIs thus can be engineered and studied in
optical lattices.[35–38] Another advantage of these experiments
is the realization of Bose or even Bose–Fermi models besides
Fermi ones.[39,40] Usually, bosons in the topological bands do
not show topological properties anymore due to the breakdown
of the band structure.[11] Then, it is interesting to ask: what is

the situation for a Bose–Fermi mixture?
In this paper, we study the topological properties of a one-

dimensional (1D) hardcore Bose–Fermi mixture using the ex-
act diagonalization (ED) method. Firstly, we study the case of
adding a boson to a half-filling fermionic system. We find that
when it is added to a topological system, the quasi-particle
shows the features of edge states, indicating that the system
still manifests its topological properties even in the presence
of a different kind of particle. While for the case of the trivial
system, the quasi-particle is bulk like. Next, we study the topo-
logical properties of a mixture with 7 fermions and 1 boson. It
is found that the mixture also has topological properties and its
behaviors are similar to the corresponding fermionic system
except having different critical values. Finally, we present a
qualitative explanation to understand such behaviors using the
mapping between the hardcore boson and the spinless fermion.
These results show the existence of topological properties in
the 1D hardcore Bose–Fermi mixture.

2. Model and method
The Hamiltonian of the Bose–Fermi mixture in 1D inter-

acting topological band is described as[41,42]

H = Hf +Hb +Hint, (1)

Hf(b) = ∑
i
(M+2B)Ψ †

i,f(b)σzΨi,f(b)

−∑
i,x̂

BΨ
†

i,f(b)σzΨi+x̂,f(b)
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−∑
i,x̂

sign(x̂)iAΨ
†

i,f(b)σxΨi+x̂,f(b),

Hint = U ∑
i
(nc

i,b +nc
i,f)(n

d
i,b +nd

i,f),

with the constraint

nc(d)
i,b +nc(d)

i,f ≤ 1, (2)

where σx, σz are Pauli matrices, Ψi,f(b) = (ci,f(b),di,f(b))
T with

ci,f(b)(di,f(b)) fermion (hardcore boson) annihilating operator at
the site 𝑟i and nc

i,f(b)(n
d
i,f(b)) is the number operator of the orbit

c(d) for fermion (hardcore boson). In the fermionic version
of the non-interacting model (U = 0), depending on the values
of the parameters A, B, and M the system can be a trivial in-
sulator or a non-trivial insulator at half-filling. The non-trivial
insulator is protected by the chiral symmetry: Hf =−PHfP−1

with P transforming c,d to d,−c on each site. The inclu-
sions of hardcore bosons and interactions also maintain the
symmetry. In the following, we set A = B = 1 and the sys-
tem is in a topological phase for −4 < M < 0. The fermions
obey the anticommutation relation {ci,f,c

†
j,f}({di,f,d

†
j,f})= δi j,

while the hardcore bosons obey the commutation relation
[ci,b,c

†
j,b]([di,b,d

†
j,b]) = 0 at sites i 6= j but the anticommuta-

tion relation {ci,b,c
†
i,b}({di,b,d

†
i,b}) = 1 at sole site i.

In the following, we use the ED method to study the phys-
ical properties of Hamiltonian Eq. (1). Generally, for a finite
chain of N sites with the constraint Eq. (2), the full Hilbert
space has a dimension of 9N . Since in the Hamiltonian the
particle numbers of fermions and bosons are conserved sepa-
rately, the Hamiltonian can be diagonalized in a subspace with
a fixed number of particles, which greatly reduces the dimen-
sion of the matrix of the Hamiltonian . All subsequent calcula-
tions are with fixed numbers of hardcore bosons and fermions,
and are carried out on the systems with the length N = 8.

To characterize the topological properties of the system,
we calculate the quasi-particle energy spectrum (QPES), the
distribution of the quasi-particle, and the Berry phase, us-
ing the ground-state energy and the wave function obtained
with the ED method. The energy of a quasi-particle when
adding or removing a particle in a many-body system with
N particles is defined as ∆EN = ±(E0

N±1 − E0
N), where E0

N
is the ground energy of a system with N particles. Sim-
ilarly, the distribution of added or removed quasi-particles
is defined as ∆ni = ±(〈ψ0

N±1|n̂i|ψ0
N±1〉 − 〈ψ0

N |n̂i|ψ0
N〉) with

n̂i = nc
i,f + nd

i,f + nc
i,b + nd

i,b the operator of total particle num-
ber at site i and ψ0

N the ground-state wave function of a system
with N particles. The Berry phase of the ground-state of the in-
teracting system can be calculated using the twisted boundary
condition which is defined as[43–47]

γ =
∮

i〈ψθ |
d

dθ
|ψθ 〉, (3)

where θ is the twisted boundary phase which takes values
from 0 to 2π and ψθ is the corresponding ground-state many-
body wave function.

If the mixture has nontrivial topological properties, the
states in the gap of the QPES should appear when the boundary
condition changes from periodic boundary conditions (PBC)
to open boundary conditions (OBC), and the in-gap modes
mainly distribute near the edges of the chains. In addition,
the Berry phase has a quantized value π .

3. Adding a boson to a half-filling fermionic
topological system
One evidence of the topological properties is the exis-

tence of the edge states, i.e., states distributing mainly near
the edges appear in the gap when the boundary becomes open.
As has been stated, the edge states can be characterized by the
QPES and the distribution of the quasi-particle when adding or
removing a same kind of particle. It is also interesting to ask
whether the edge states remain when adding a different kind
of particle (such as hardcore boson) to a half-filling fermionic
topological system.
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Fig. 1. (color online) The energies of the quasi-particle when adding
a boson to a half-filling fermionic system with PBC and OBC. (a) The
phase at U = 0 is topological (M = −1); (b) the phase at U = 0 is
trivial (M = 1). For comparison, the corresponding ones of adding or
removing a fermion are shown in dashed lines. Here, Uc1 = 3.77 and
Uc2 =−2.89 are determined from the calculations of the Berry phase.

We firstly consider the non-interacting case. When a bo-
son is added to a topological phase at the half-filling case
(M = −1), as shown in Figs. 1(a) and 2(a) at U = 0, the ex-
citation energy of the quasi-particle is in the gap, and its dis-
tribution is mainly near the edges. However, when a boson
is added to a trivial phase [M = 1, see Figs. 1(b) and 2(b) at
U = 0], there is no in-gap state and the distribution has a bulk-
like feature. The results show that even in the mixture, the
system still has topological properties. We further confirm the
above results in the presence of on-site Hubbard interactions.
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As has been known,[38] when starting from a topological phase
at U = 0, the topological phase persists till a critical value
Uc1 > 0 (repulsive). While when the starting phase is trivial
at U = 0, the topological phase can be generated by a large
enough attractive interaction. In Fig. 1, we show the QPES

when adding a boson in (E,U) plane and the range where in-
gap states appear is consistent with the topological properties
of the interacting fermionic system. In Fig. 2, we show the
distribution of the quasi-particle at several typical values of
the interactions and the results give a further confirmation.
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Fig. 2. (color online) The distribution of the quasi-particle when adding a boson to the half-filling fermionic system with OBC. (a)
M =−1; (b) M = 1. For comparison, the corresponding ones of adding a fermion are shown in dotted lines.
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Fig. 3. (color online) The distribution of the added boson (a) M =−1 and (c) M = 1; the variation of the distribution of the fermionic
system due to adding the boson (b) M =−1 and (d) M = 1. For each line in (b) and (d), the sum of the values is zero.

Till now, we show that when adding a boson to a half-

filling fermionic topological system with OBC, the mixture

still has topological properties. To further understand the na-

ture of the edge states, it is helpful to study the distribution of

the added boson and the induced variation of the distribution

of the fermionic system. The results at M = −1 are shown

in Figs. 3(a) and 3(b). As shown in Fig. 3, the added boson

mainly distributes near the edges no matter whether the sys-

tem is topological or trivial. However, the remaining fermionic

system will be affected dramatically by the added boson de-

pending on the topological properties of the system.

The above calculations are carried on a system of N = 8

sites with 8 fermions and 1 boson. For PBC, both the fermions

and boson are uniformly distributed on the chain. When the

chain is broken and edges appear, the boson is pushed to the

edges, which is not due to the topological properties but the

tendency for phase separation in the mixture. The response

of the fermionic system depends on the topological properties.

For the cases of U = 0 and U = 1 in Fig. 3(b), when the sys-

tem is in a topological phase, the distribution of the 8 fermions

is weakly perturbed and thus combined with the hardcore bo-

son at the edges, and edges states appear. While for the case of

U = 5 shown in Fig. 3(b), when the system is in a trivial phase,

the distribution of the 8 fermions is strongly perturbed both in

the bulk and at the edges, which makes the whole distribution

of the quasi-particle becomes bulk like. We also calculate the
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case of M = 1 and the results are similar, which are shown in

Figs. 3(c) and 3(d).

4. Topological properties of a hardcore Bose–
Fermi mixture at half-filling

Next, we study the topological properties of a hardcore

Bose–Fermi mixture. Only the half-filling case of 7 fermions

and 1 boson on a N = 8 chain is considered since the ground

state becomes degenerate if there are more bosons. We first

study the non-interacting case. Figure 4 shows the lowest two

eigen-energies of the mixture for PBC and the Berry phase of

the ground-state. For−3.94 < M <−0.06, the ground-state is

gapped and its Berry phase has a quantized value π . Therefore,

the system is in a topological phase for −3.94 < M < −0.06,

which is slightly different from that of a fermionic system.

Compared with the pure fermionic system, we notice that: the

gap separating the ground-state is greatly reduced in the topo-

logical region; the ground-state becomes degenerate outside

the topological region. The difference between the topologi-

cal and trivial regions is the value of M. For the trivial case,

the term (M + 2B)σz in Eq. (1) is larger, and thus makes the

orbits c and d more different from each other, which may be

the reason for the vanishing gap here.

Then, we study the effect of interactions on the topolog-

ical properties of the mixture. We consider two typical cases:

(i) M =−1 when the mixture is in a topological phase at U = 0

and (ii) M = 1 when the mixture is in a trivial phase. By cal-

culating the Berry phase of the mixture, it is found that for

the former case the topological phase is broken by a repul-

sive interaction with the critical value U ′c1
= 3.65 while for the

latter case it can be generated by an attractive one and the crit-
ical value is U ′c2

= −3.21. We calculate the QPES in (E,U)

plane. For the mixture, the added or removed particle can be
a fermion or a hardcore boson. For both cases, in-gap states
appear at U where the Berry phase is π (see Fig. 5). The above
results are further confirmed by the distribution of the quasi-
particle on the system with OBC.

These results show that replacing a fermion with a hard-
core boson almost does not change the topological prop-
erties of a 1D system. A qualitative explanation can
be given by mapping the hardcore boson to the spin-
less fermion with Matsubara–Matsuda and Jordan–Wigner
transformations.[48,49] Since there is only one boson in the sys-
tem, the phases in the transformation will vanish. However,
the constraint Eq. (2) will modify the transformations. Since
there is one particle averagely on each site in the mixture, the
modification is small. Thus, the hardcore boson is similar to a
fermion and the mixture behaves like a pure fermionic system.
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Fig. 4. (color online) (a) The lowest two energies of the mixture for
PBC versus M. (b) The Berry phase versus M. The vertical dashed
lines denote the critical values. Here, the interaction U = 0. The ran-
domness of the Berry phase outside the topological phase is due to the
degeneracy of the ground-state.
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5. Conclusion
In conclusion, we study the topological properties of the

1D hardcore Bose–Fermi mixture by calculating the QPES,
the distributions of the quasi-particle, and the Berry phase us-
ing ED method. Firstly, we probe the edge states using a hard-
core boson. When it is added to a topological fermion system,
the quasi-particle shows the features of edge states. While for
the case of trivial fermionic system, the quasi-particle is bulk
like. The results show that a system manifests its topological
properties even in the presence of a different kind of particle.
Then, we study a mixture with 7 fermions and 1 boson. It is
found that the mixture also has topological properties and its
behaviors are similar to that of the corresponding fermionic
system except for different critical values. We present a quali-
tative explanation to understand such behaviors using the map-
ping between the hardcore boson and the spinless fermion.

These results show the existence of topological properties
in a 1D hardcore Bose–Fermi mixture. The cases in higher di-
mensions are also interesting, which will be further researched
later. Due to the rapid development in the field of cold atoms,
a Bose–Fermi mixture in an optical lattice has been realized
experimentally. It is very hopeful that the model Eq. (1) is
engineered and the results are realized experimentally.
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