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We investigate the roles of different qubit–environment decoherence models on the entanglement trapping of two
qubits. By considering three environmental models (the single photonic band gap model, the common photonic band
gap model, and the two independent photonic band gaps model), we note that the final values of entanglement trapping
are determined by these different models. We also give the conditions of obtaining the larger entanglement trapping by
comparing two-qubit entanglement dynamics in different decoherence models. Moreover, the comparison of entanglement
trapping between two Bell-like states in the same decoherence model are also carried out.
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1. Introduction
Realistic quantum systems are affected by decoherence

and entanglement losses because of the unavoidable inter-
action with their environments.[1] For example, in Marko-
vian environments, in spite of an exponential decay of the
single-qubit coherence, the entanglement between two qubits
may completely disappear at a finite time.[2–5] This phe-
nomenon, known as entanglement sudden death and experi-
mentally proven to occur,[6,7] limits the time when entangle-
ment can be exploited for practical purposes. Thus, the issue
of how to preserve quantum system entanglement in a realis-
tic physical system is especially important. Up to now, sev-
eral ways have been proposed for keeping the atomic entan-
glement for a long time by suppressing spontaneous emission.
One widely applied method is to place the qubits in a struc-
tured environment, e.g., a microcavity.[8,9] Other methods that
use dynamic manipulation, such as mode modulation[10] or the
quantum Zeno effect,[11] can be regarded as extensions of the
so-called bang–bang method.[11]

Besides the above methods, Refs. [12]–[15] examined the
possible conditions that lead to preservation of entanglement
by placing the atoms in the photonic band gap. Among re-
alistic physical situations, this scheme is known to occur for
atoms embedded in the band gap of photonic crystal materials
as an environment,[16] and high values of entanglement trap-
ping can be achieved. Such a system is easily and realistically
manipulated to perform quantum computation and quantum
information processing. From Refs. [14] and [15], it is inter-

esting to find that entanglement can be trapped in the band-gap
environmental models.

In this article, we will concentrate on the question: what
kind of local qubit–environment decoherence model can re-
sult in larger entanglement trapping in the dynamical process?
We consider a noninteracting two-qubit system under the in-
fluence of the photonic band gap environments. Three qubit–
environment models (the single photonic band-gap model,
the common photonic band-gap model, two independent pho-
tonic band-gaps model) are studied. By analytical and nu-
merical analysis, we find that the initial entanglement be-
tween two qubits via these three different decoherence models
all would display entanglement trapping. By comparing the
roles of different decoherence models on the atomic entangle-
ment trapping for the same initial entangled state, we examine
the conditions in which larger entanglement trapping can be
achieved. Moreover, we also compare the entanglement trap-
ping of two Bell-like states |Φ〉 = cosθ |eg〉+ sinθ |ge〉 and
|Ψ〉 = cosθ |ee〉+ sinθ |gg〉 in the same photonic band-gap
model.

The pseudomode approach[17–20] is applied in this paper.
It is exact and does not rely on either Born or Markov approx-
imation, and it is still possible to solve the dynamics without
any approximation. The analytic solution presented by using
this approach in this paper is valid for a general initial state of
the two-atom system.
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2. Theoretical model
Consider a system composed of two initially entangled

atoms A and B, in the ground and excited states |g〉 and |e〉,
with a transition frequency of ω0. Due to unavoidable interac-
tion with the environment, the open system is affected by de-
coherence and entanglement losses. In this paper, we start by
considering three different atom–environment models, which
we refer to as model 1, model 2, and model 3. In the model 1,
only one of two atoms is coupled with a photonic band gap,
while the other atom is isolated from all environments. In the
model 2, two atoms are interacting with a common photonic
band gap. An exactly solvable model for two atoms interacting
with two independent photonic band gaps is called model 3.

We first consider the model 1 (the single photonic band-
gap model) in which atom A is coupled to a photonic band
gap, while the other atom B is isolated from all environments.
The Hamiltonian of the system can be written by

H1 =
ω0

2
σ

A
z +

ω0

2
σ

B
z +

N

∑
k=1

ωka†
kak

+
(

σ
A
+

N

∑
k=1

gkak +h.c.
)
, (1)

where a†
k and ak are the creation and annihilation operators of

quanta of the reservoir, σ
j
+ = |e j〉〈g j| and σ

j
− = |g j〉〈e j| are

the inversion operators of the j-th atom ( j = A, B), ω j is the
transition frequency of the j-th atom, ωk and gk are the fre-
quency of the mode k of the reservoir and its coupling strength
with two atoms. Then, in the model 2 (the common photonic
band-gap model), we consider two atoms interacting with a
common photonic band gap. Thus, the Hamiltonian of such a
system is given by H2 expressed as

H2 =
ω0

2
σ
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. (2)

However, in the model 3 (two independent photonic band gaps
model), two atoms interact with their independent photonic
band gap. We describe the Hamiltonian of this system as fol-
lows:

H3 =
ω0

2
σ

A
z +
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2
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]
. (3)

In order to study the dynamics of two atoms, we solve the
master equation by using the pseudomode approach. This ex-
act master equation describes the coherent interaction between
the atoms and the pseudomodes in the presence of decay of
the pseudomodes due to the influence of a Markovian reser-
voir. The number of pseudomodes relies on the shape of the
reservoir spectral distribution. We focus on an idealized pho-

tonic band gap model, in which both Lorentzians are centered
at the same frequency, and the second is given by a negative
weighting, so that[18]

D(ω) =
W1Γ1

(ω−ωc)2 +
(
Γ1/2

)2 −
W2Γ2

(ω−ωc)2 +
(
Γ2/2

)2 ,

where the weights of the two Lorentzians satisfying W1−W2 =

1 and Γ2 < Γ1 ensure positivity of D. The ωc is the center of
the spectrum, and Γ1 and Γ2 are the full width at half maxi-
mum of two Lorentzians, respectively. There are two poles in
D, which are located at ωc− iΓ1/2 and ωc− iΓ2/2, and there
is a change in sign of the residues of D between these poles.
Thus, the photonic band gap model includes two pseudomodes
a1 and a2 decaying with decay rates: Γ ′1 = W1Γ2−W2Γ1 and
Γ ′2 =W1Γ1−W2Γ2, respectively.

For three different atom–environment models, let us con-
sider that the photonic band gap is initially in the vacuum state
|0̄〉= ∏

N
k=1 |0k〉, corresponding to the pseudomode theory, |0̄〉

equals |01〉|02〉. In the model 1, the exact pseudomode master
equation is given by

dρ
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= −i
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where
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)
, (5)

where ρ is the density operator for two atoms and the pseu-
domodes, and the two pseudomodes are coupled with the
strength of the coupling V =

√
W1W2(Γ1−Γ2)/2. The atom

interacts coherently with the second pseudomode (the strength
of the coupling Ω ), which is in turn coupled to the first one.

Then, we treat model 2 in which two atoms are coupled
with a common photonic band gap; the pseudomode master
equation can be written as

dρ
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= −i
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where
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. (7)

According to model 3, in the case of two atoms interact-
ing with their independent photonic band gap, the dynamics of
two atoms and pseudomodes obey the following master equa-
tion:

dρ

dt
= −i
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]
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where
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To illustrate the role of different atom–environment mod-
els on the entanglement dynamics of two initially entangled
atoms, we consider the case that two atoms are initially in
the Bell-like states |Φ〉 = cosθ |eg〉+ sinθ |ge〉 and |Ψ〉 =
cosθ |ee〉+ sinθ |gg〉. These initial conditions are of funda-
mental importance in quantum information theory since they
include the four Bell states that can be used on their own for
universal quantum computation and are associated with an unit
of entanglement.

For the case in which the total system initially contains
only one excitation |Φ〉⊗ |0̄〉, the evolutional density matrix
of atoms and pseudomodes ρ can be obtained by Eqs. (4), (6),
and (8). While for the case of |Ψ〉⊗|0̄〉, there exist at most two
excitations in the total system, the evolutional density matrix
of atoms and pseudomodes ρ still can be acquired by Eqs. (4)
and (6) in the models 1 and 3. However, for the common
photonic band-gap model 2, we must modify the calculation
method. Due to Ref. [20], in the basis {|0〉 = |gg〉, |+〉 =
(|eg〉+ |ge〉)/

√
2, |−〉= (|eg〉−|ge〉)/

√
2, |2〉= |ee〉}, and us-

ing the pseudomode approach, the dynamics of two atoms in-
teracting with a common photonic band gap can be treated in
the following pseudomode master equation:

dρ

dt
= −i[H2′

eff,ρ]−
Γ ′1
2
[a†

1a1ρ−2a1ρa†
1 +ρa†

1a1]

−Γ ′2
2
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where

H2′
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1a1 +ωca†
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+
√

2Ω(a†
2|0〉〈+|+a†
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+V (a†
1a2 +a1a†

2). (12)

For the case where there are at most two excitations in the
total system, we can solve the differential equations obtained
from Eqs. (11) and (12). Now we can completely solve the
evolutional density matrix of atoms and pseudomodes ρ in the
initial states |Φ〉 ⊗ |0̄〉 and |Ψ〉 ⊗ |0̄〉. By tracing the matrix
of the pseudomode degrees of freedom, we obtain the density
matrix of the reduced atomic system for these two different
initial states.

To quantify the entanglement, we use the Wootters
concurrence[21] defined as C(t)=max{0,

√
λ1−λ2−λ3−λ4},

where {λi} are the eigenvalues of the matrix M = ρ(σA
y ⊗

σB
y )ρ

∗(σA
y ⊗ σB

y ), with ρ∗ denoting the complex conjugate
of ρ , σA

y and σB
y are the Pauli matrices for qubits A and B.

This quantity attains its maximum value 1 for maximally en-
tangled states and vanishes for separable states. In this paper,
the initial reduced density matrix of the atomic system has
an X form,[22] with nonzero elements only along the main
diagonal and antidiagonal. Due to the structure of the master
equations (4), (6), (8), and (11), the X form is preserved dur-
ing the evolution. Thus, the concurrence has a simple analytic
expression C(t) = 2max{0, |ρ00,11|−

√
ρ01,01ρ10,10, |ρ10,01|−√

ρ00,00ρ11,11}, where ρi j,kl = 〈i j|ρAB(t)|kl〉 is the element of
the atomic density matrix ρAB(t).
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Fig. 1. (color online) Time evolution of the concurrence of two
atoms as a function of the dimensionless quantity Ω t and θ in the
model 1 for the initial state |Φ〉 or |Ψ〉. The parameters used are
W1 = 1.1, W2 = 0.1, Γ1 = 11Ω , and Γ2 = Ω .

3. Numerical results and discussion
For two kinds of Bell-like states |Φ〉 = cosθ |eg〉 +

sinθ |ge〉 and |Ψ〉 = cosθ |ee〉+ sinθ |gg〉, we plot the time
evolution of concurrence as a function of both the parameter θ

and the dimensionless quantity Ω t, and mainly look at the dy-
namics in the weak-coupling regime. As we know, the role of
the Lorentzian with negative weight is to introduce a dip into
the density of states function D(ω). When we have W1/Γ1 =

W2/Γ2, there exists a perfect gap D(ωc) = 0, for the case where
two atoms are resonant with the gap in the weak coupling
regime, there will appear the single-atom excited state popula-
tion trapping during the dynamics process.[9] From Figs. 1–3,
in particular we choose the parameters Γ1 = 11Ω , Γ2 = Ω and
W1 = 1.1, W2 = 0.1, in which the photonic band gap satisfies a
perfect gap, and two atoms are resonant with the gap ω0 = ωc;
the initial entanglement between two atoms via these three dif-
ferent atom–environment models all would display entangle-
ment trapping. Figure 1 shows that the entanglement dynamics
in model 1 is independent of the initial Bell-like states. That is
to say, in this case the initial entanglement states |Φ〉 and |Ψ〉
have the same dynamic process.

In Fig. 2(a), we show the entanglement dynamics for
two atoms in a common photonic band gap (the model 2)
for the initial state |Φ〉. Depending on θ , different dynami-
cal behaviors are clearly visible. We firstly find that Fig. 2(a)
seems to indicate the presence of entanglement sudden birth
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for θ = 0,π/2, and π . A physical interpretation of the result
is that the common photonic band gap plays a role as a bridge
to create this atomic entanglement. When the initial state is
|eg〉⊗ |01〉|02〉 or |ge〉⊗ |01〉|02〉, the evolutional state can be
composed of |eg〉⊗ |01〉|02〉, |ge〉⊗ |01〉|02〉, |gg〉⊗ |11〉|02〉,
and |gg〉 ⊗ |01〉|12〉. The decoherence-free subspace (DFS)
state |φ−〉 = 1√

2
(|eg〉 − |ge〉) is included in this evolutional

states, so the generation of stationary entanglement can oc-
cur when θ = 0 and π such as entanglement sudden birth for
a Markovian common reservoir.[20]

θ

Ω
t

Ω
t

θ

0
1.0

2.0
3.0 0

2
4
6
8
10

0

0.4

0.8

(a)

C
o
n
c
u
rr
e
n
c
e

0
1.0

2.0
3.0 0

2
4
6
8
10

0

0.4

0.8

(b)

C
o
n
c
u
rr
e
n
c
e

Fig. 2. (color online) Time evolution of the concurrence of two
atoms as a function of the dimensionless quantity Ω t and θ in
model 2 for (a) the initial state |Φ〉 and (b) the initial state |Ψ〉. The
parameters used are W1 = 1.1, W2 = 0.1, Γ1 = 11Ω , and Γ2 = Ω .

From Fig. 2(a), we also note that the values of entangle-
ment trapping in the case of [0,π/2] are much smaller than
that for the region [π/2,π]. This result is basically due to the
fact that the initial state |Φ〉 can be written as

|Φ〉= cosθ + sinθ√
2

(|eg〉+ |ge〉)+ cosθ − sinθ√
2

(|eg〉− |ge〉).

It is easy to see that the weight of |φ−〉 in the initial Bell-
like state |Φ〉 is bigger in the case [π/2,π] than in the region
[0,π/2]. As an example, for θ = 3π/4, the weight of |φ−〉 in
the initial Bell-like state |Φ〉 is 1, so the initial entanglement
is unchanged during the dynamical process. The concurrence
corresponding to the initial Bell-like state |Ψ〉 in model 2 is
shown in Fig. 2(b) as a function of the dimensionless time Ω t
for various values of θ . This figure displays that the values of
entanglement trapping are the same in the regions [0,π/2] and
[π/2,π] for the same initial entanglement C|Ψ〉(0) = |cos2θ |.
From Fig. 2, we can know that the phenomenon of atomic en-
tanglement sudden death can never occur for any pure Bell-
like states in the common photonic band gap model. The rea-

son for this result is that, when the photonic band gap satisfies
a perfect gap (W1/Γ1 = W2/Γ2) and two atoms are resonant
with the gap, the single-atom excited state population trapping
will appear during the dynamics process.
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Fig. 3. (color online) Time evolution of the concurrence of two
atoms as a function of the dimensionless quantity Ω t and θ in the
model 3 for (a) the initial state |Φ〉 and (b) the initial state |Ψ〉. The
black region means that the two-atom entanglement occurs sud-
denly. The parameters used are W1 = 1.1, W2 = 0.1, Γ1 = 11Ω , and
Γ2 = Ω .

Figure 3 shows the entanglement trapping of concurrence
in the model 3 where two atoms interact with their independent
photonic band gap by the same coupling coefficients between
the atoms and their band gaps ΩA = ΩB = Ω . We note that ei-
ther in the initial state |Φ〉 or |Ψ〉, the values of entanglement
trapping are the same in two regions of θ for the equal initial
entanglement, as shown in Figs. 1 and 2(b). We also find that
the smaller initial entanglement leads to lower asymptotic val-
ues of entanglement trapping, and the entanglement trapping
phenomenon can occur for the whole range of θ in the case of
|Φ〉 (see Fig. 3(a)). However, in Fig. 3(b), the black regions
θ ∈ [0,arctan0.3626] and [π− arctan0.3626,π] show that the
initial Bell-like state |Ψ〉 would undergo entanglement sudden
death; that is to say, entanglement trapping could not occur
in these areas. Then, we will consider different entanglement
trappings due to different coupling coefficients. By choosing
ΩA = Ω , Fig. 4(a) shows the time evolution of the concur-
rence of two atoms as a function of the dimensionless quantity
Ω t and ΩB/ΩA for the initial state |Φ〉 in model 3. We can
obviously find that the lager values of ΩB/ΩA can lead to the
lower asymptotic values of entanglement trapping. It can be
also shown in Fig. 4(b) that, for ΩB = 0.5ΩA, ΩB = ΩA, and
ΩB = 2ΩA, the values of entanglement trapping are getting
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smaller and smaller. If ΩB/ΩA = 0 ( model 3 can be sim-
plified to model 1), the largest entanglement trapping can be
acquired. For another type of atomic initial state |Ψ〉, the re-
lationship between entanglement trapping and ΩB/ΩA is the
same as the initial state |Φ〉.
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Fig. 4. (color online) (a) Time evolution of the concurrence of two
atoms as a function of the dimensionless quantity Ω t and ΩB/ΩA
in the model 3 for the initial state |Φ〉. (b) Entanglement trapping
for two atoms in different coupling coefficients ΩB/ΩA in model 3.
The parameters used are W1 = 1.1, W2 = 0.1, Γ1 = 11Ω , Γ2 = Ω ,
ΩA = Ω , and θ = π/4.

Then, by investigating the subsystem of two atoms, we
shall compare the effects of different atom–environment mod-
els on the atomic entanglement trapping. In Fig. 5, by choos-
ing the model 1, model 2, and model 3 as the decoherent chan-
nel, we plot the time evolution of the concurrence for two
atoms as a function of the dimensionless quantity Ω t. Fig-
ures 5(a) and 5(c) are for θ = π/4 and θ = 3π/4 choosing
the initial Bell-like state |Φ〉. When θ ∈ [0,π/2], we acquire
that in model 1, the value of the atomic entanglement trap-
ping is much larger than the other two decoherent models, and
the value of entanglement trapping in model 2 is the smallest
(as shown in Fig. 5(a)). While for θ = 3π/4, Fig. 5(c) shows
that the value of entanglement trapping in the model 2 is the
largest. When two atoms go through their own photonic band-
gap decoherent channels (model 3), the value of entanglement
trapping is smaller than that in tmodels 1 and 2. However, in

Figs. 5(b) and 5(d), the atomic entanglement dynamics is given
for θ = π/4 and θ = 3π/4 for the initial Bell-like state |Ψ〉.
We find that in the case of the initial state |Ψ〉, the value of en-
tanglement trapping is the largest in model 1 and the smallest
value would be acquired in model 3. This result is indepen-
dent of the θ region. From the above analysis, according to the
initial state |Φ〉, we can acquire the larger entanglement trap-
ping in decoherent model 1 for θ ∈ [0,π/2], and the largest
entanglement occurs in decoherent model 2 for θ ∈ [π/2,π].
However, for the initial state |Ψ〉, whether θ ∈ [0,π/2] or
θ ∈ [π/2,π], the initial entanglement can be trapped in the
bigger entanglement when only one of two atoms is coupled
with a photonic band gap (model 1).
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Fig. 5. (color online) Time evolution of the concurrence of two
atoms as a function of the dimensionless quantity Ω t for (a) the ini-
tial state |Φ〉, with θ = π/4, (b) the initial state |Ψ〉, with θ = π/4,
(c) the initial state |Φ〉, with θ = 3π/4, and (d) the initial state
|Ψ〉, with θ = 3π/4. The parameters used are W1 = 1.1, W2 = 0.1,
Γ1 = 11Ω , and Γ2 = Ω .

Finally, a comparison between the dynamical process of
Bell-like states |Φ〉 and |Ψ〉 in these three different decoher-
ent environmental models is shown in Fig. 6. Since the dy-
namics of the atomic entanglement is symmetrical between
θ ∈ [0,π/4] and θ ∈ [π/4,π/2], we choose θ = π/10 and θ =
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π/5 both belonging to [0,π/4]. In model 1, the atomic entan-
glement dynamics are the same for these two different initial
states |Φ〉 and |Ψ〉 (as shown in Figs. 6(a) and 6(d)). Accord-
ing to model 2, Figs. 6(b) and 6(e) reveal that for θ ∈ [0,π/4],
the larger entanglement trapping appears in the case of the ini-
tial state |Ψ〉. However, for the model 3, from Figs. 6(c) and
6(f), we find that larger entanglement trapping can be acquired

for the initial state |Φ〉 than |Ψ〉 for θ ∈ [0,π/4]. In Fig. 6, we

only analyze the comparison of dynamical process between

different Bell-like states for θ ∈ [0,π/2]. However, for the

case of θ ∈ [π/2,π], there is only an evident different result in

model 2 that the larger entanglement trapping can be acquired

in the initial state |Φ〉 (see Figs. 2(a) and 2(b)).
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Fig. 6. (color online) Time evolution of the concurrence of two atoms as a function of the dimensionless quantity Ω t for the initial
Bell-like states |Φ〉 and |Ψ〉 for (a) model 1, with θ = π/10, (b) model 2, with θ = π/10, (c) model 3, with θ = π/10, (d) model 1,
with θ = π/5, (e) model 2, with θ = π/5, and (f) model 3, with θ = π/5. The parameters used are: W1 = 1.1, W2 = 0.1, Γ1 = 11Ω ,
Γ2 = Ω .

4. Conclusion

In conclusion, we have studied entanglement trapping in
different decoherence environments, and considered a two-
atom system interacting with the photonic band-gap models:
the single photonic band-gap model, the common photonic
band-gap model, and the two independent photonic band-gaps
model. Firstly, by choosing the parameters such that the pho-
tonic band gap satisfies a perfect gap, we find that the initial
entanglement between two atoms via these three different de-
coherence models all would display entanglement trapping.
However, from Ref. [23], we can know that the initial en-
tanglement between two atoms would gradually disappear by
considering the common environmental model. Thus, the phe-
nomenon of entanglement trapping can only occur in the pho-
tonic band-gap models. Then, we compare the effects of dif-
ferent decoherence models on the atomic entanglement trap-
ping for the same initial entangled state, and acquire the condi-
tions for getting the larger entanglement trapping. In addition,
we also compare the entanglement trapping of two Bell-like
states in the same photonic band-gap models. These findings
demonstrate that the values of entanglement trapping can be
controlled by establishing the qubit–environment models, and
are helpful for preserving or trapping quantum entanglement
experimentally.
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