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We present a new exactly solvable quantum problem for which the Schrodinger equation allows for separation of
variables in oblate spheroidal coordinates. Namely, this is the quantum mechanical two-Coulomb-center problem for the
case of an imaginary intercenter parameter and complex conjugate charges are considered. Since the potential is defined by
the two-sheeted mapping whose singularities are concentrated on a circle rather than at separate points, there arise additional
possibilities in the choice of boundary conditions. A detailed classification of the various types of boundary-value problems
is given. The quasi-radial equation leads to a new type of boundary value problem which has never been considered before.
Results of the numerical calculations, which allow conclusions to be drawn about the structure of the energy spectrum, are

shown. Possible physical applications are discussed.
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1. Introduction

The quantum mechanical two-Coulomb-center problem
(Z1eZ,) plays a fundamental role in various questions of
atomic physics, quantum chemistry of diatomic molecules,
and collision theory. The problem is to determine the wave
functions and terms of an electron moving in a field of two
fixed charges Z; and Z; located at a distance R from each other.
The Hamiltonian of the system, in atomic units (A =m, = e =
1), is given by

~ 1 Z V2)
H=—-A— — .
2T R =R/

)

Due to the high symmetry of Eq. (1), the corresponding
Schrédinger equation allows for the separation of variables
in prolate spheroidal coordinates. As early as in the 1930s,
Jaffe,[!! Baber, and Hasse!?! offered expressions for one-
dimensional eigenfunctions in the form of series whose coef-
ficients satisfy three-term recurrence relations.[?! Thereafter,
based on these expansions, algorithms were developed to cal-
culate the terms with a relative accuracy of 107!2, and the
wave functions ~ 107191341 All of this led to considerations
of various generalizations of the problem (Z;eZ;) (see, for ex-
ample, Ref. [5]).

Application of the two-Coulomb-center problem in the
atomic and molecular scattering theory is based on the fact that
the motion of the electrons and nuclei can be considered adi-
abatically due to the large difference in their masses. In other
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words, the potential curves E(R) or quasimolecular terms are
introduced for the colliding particles. These curves are ana-
Iytic functions of the internuclear distance R. Transitions be-
tween two terms Ej (R) and E;(R) are related to their common
complex branch point R in the vicinity of which the energy
surface looks like a corkscrew

AE(R) = E»(R) — E| (R) ~ const(R—R..)"/.

In the case of slow collisions (v < 1 a.u. (atomic units), v
is the velocity), the branch points located near the real axis
play a dominant role. Then, in the framework of the adia-
batic approximation, it is possible to obtain a simple expres-
sion for the transition probability in such inelastic processes as
ionization.®! More recently, in the 1980s, in connection with
the needs of thermonuclear fusion physics, a range of veloc-
ities v = 1 a.u. attracted interest, that is, the positions of the
singular points in the two-Coulomb-center problem, through-
out the complex plane of the intercenter (internuclear) distance
R, needed to be studied, For the first time, such calculations
were started by Solov’ev E Al7! and then continued by his
coauthors. %! The main result of these studies is that the vari-
ous types of “hidden” quasicrossings of the terms were found,
and approximate expressions relating quasicrossing parame-
ters to quasi-molecule characteristics and quantum numbers
were obtained. Note that in Refs. [5] and [7]-[9], the con-
sideration was conducted in prolate spheroidal coordinates. In
other words, a solution of the problem (Z;eZ,) for real R was
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taken as a basis for the generalizations, and the terms for com-
plex R were obtained by their analytic continuation from the
real axis.

In this work, we consider the generalization of a differ-
ent kind. Some time ago, Demkov Y N expressed the follow-
ing idea (private communication). In going to an imaginary
parameter R and complex-conjugate charges in the Hamil-
tonian (1), it remains Hermitian. The Schroédinger equa-
tion in this case will also allow a separation of variables in
oblate spheroidal coordinates but not in prolate. Because
the potential is two-sheeted, there are additional possibilities
in the choice of boundary conditions and the formulation of
boundary-value problems. Thus, a new exactly solvable quan-
tum problem (integrable system) whose solution can not be
reduced to the special case arises.!”™!

The rest of this paper is organized as follows. In the
next section, we briefly describe the properties of the poten-
tial relating to our problem. Section 3 deals with the separa-
tion of variables and the formulation of boundary-value prob-
lems. Particular attention should be paid to the appearance of a
new type of the boundary-value problems for the quasi-radial
equation. Such types of problems have never been considered
before, which is connected to a configuration of the equation
singular points and the configuration of the region in which the
eigenfunctions are found. The description of the solutions to
these problems is the subject of a separate mathematical work;
in this article, we restrict ourselves to presenting the results of
numerical calculations. In the fourth part, the asymptotics of
the eigenfunctions and terms are presented. In Section 5, the
results of the numerical calculations are given. In the Conclu-
sions, we discuss possible physical applications.

Note also that the classical analogue of our problem is
known as the generalized two fixed centers problem and refers
to celestial mechanics.!'”) The problem first arose in 1961,
when it was necessary to consider the effect of the non-
sphericity of the Earth’s gravitational field on satellites trajec-
tories.

2. Potential and its properties

The substitutions of R — iR, Zy — q1 +iq2, Zo — q1 —iq»
for the Hamiltonian (1), where g1, g2, R are real numbers, re-
duce it to a Hermitian operator again, inasmuch as the last two
terms are complex-conjugate. This operator can be considered
as a new Hamiltonian whose coordinate part is called the po-
tential of the generalized two-Coulomb-center problem. For
clarity, we use the Cartesian coordinate system. Then

Vv q1 +iq2 n q1 —iq2 @
\/x2 +32+ (z—iR/2)? \/x2 +32+ (z+iR/2)?

It is evident that parameters g and g in the expression (2) are
linear, so we represent it as a sum

V:Vl(xay»ZQhR)+V2(x7yyZ§QZ»R)~ (3)

Each member of the sum (3) has the following types of sym-
metry.

i) symmetry with respect to rotations around the z axis by
an arbitrary angle;

ii) symmetry (antisymmetry) with respect to reflection in
the xy plane: (x,y,z) — (x,y,—2);

iii) symmetry (antisymmetry) with respect to inversion:
(63,2) = (=%, =y, —2);

iv) scale symmetry:

02,R.q1,qp = Ax, Ay, Az, AR, Aq1,Aqy A € {R}\O.

The property iii) is a consequence of i) and ii). The last prop-
erty indicates that there are only two non-trivial parameters
in the generalized quantum mechanical two-Coulomb-center
problem: R and the ratio of ¢ /g or g2 /4.

Now, let us turn our attention to the fact that the expres-
sion (2) defines two-sheeted mapping, which is singular on
the circle C : x*> +y> = R?/4, z =0, and not at the points
712 = £R/2 as it was in the problem (Z;eZ,). Thus, the space
in which the wave functions will be determined becomes two-
sheeted, and the potential V does not already allow a simple
electrostatic interpretation.

The way to solve this difficulty is the following. First,
the regular branches (sheets) can be glued along the singu-
lar circle C to a certain analog of the Riemann surface and
the potential V can be considered as the electrostatic poten-
tial on the extended space. Second, if we use the fact that
any multiple connected space can be made simply connected
by inserting proper barriers, and keep one or another branch
in Eq. (2) fixed, we can interpret the potential V, in such
space with the barrier, as a certain electrostatic potential. It
should be emphasized that the topological considerations al-
low considerable arbitrariness in choosing form of the bar-
rier, it is only important that its boundary coincides with the
singular circle C. However, the requirement of the variables
separation (as shown below) leaves only three basic variants.
They are the circle C; : x> +y> < R?/4, z =0, its exterior
Cy: x> +y* > R*/4, 7z =0 and their union C; |JC>, that is, the
entire xy plane.

If equation (2) is placed symmetrically relative to the top
and bottom sides of the barrier: V. = V_, we get an analog of
the simple-layer potential; when the branches are placed an-
tisymmetrically: V; = —V_, we get an analog of the double-
layer potential.

Now, let us agree on the terminology: in future, the spec-
tral problem in the extended space will be referred to as two-
sheeted problem, and in the ordinary space with a barrier -
one-sheeted problem.
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3. Separation of variables and formulation of
boundary-value problems

It is known!?! that the potential in which the Schrodinger
equation is separable in oblate spheroidal coordinates
(€,m, @) must be presented in the form of

2@ b elo)
R g T e ni-n)”

The connection of these coordinates with Cartesian coordi-

V =

nates is given by the following relations:

x= g (&2 +1)(1=n?)cos g,
y= /(€ + D)1= 1?)sing,
Zzgén’ “)

where the variables domain D is traditionally chosen by one of
the two alternative methods

I) £€]0,), nel-1,1], ¢ €][0,27); 5)
II) & € (—o0,00), NMe0,1], @e€l0,27). (6)

Note that the cases (5) and (6) are related to the one-sheeted
problem, since the relation (4) determines a biunivocal map-
ping (bijection) f : D — R3.

If we proceed to consider the two-sheeted problem, the
variables domain D should be chosen as follows:

) £ € (—oo,00), Ne[-1,1], pc0,27). (7

Then, the mapping f : D — R will be single-valued, and the
inverse £~ : R? — D — double-valued.

Let us change the variables in Eq. (2) according to Eq. (4)
and recall that the potential of the generalized two Coulomb
centers problem can be constructed in different ways. A sim-
ple analysis shows that there exists a total of nine variants of
such structures allowing the separation of variables. The most
physically meaningful ones are

__ Ha16+aqm)

YT RE) ®
_ 4[q16 +gom sign(n)]

V= R(EZ+12) ) 9
_ 4gqi 8 sign(§) +4qam]

T REe e 10

The variant (8) refers to the double-sheeted problem with
the variables domain D, as well as to a one-sheeted problem
with the domain D according to Eq. (5) or (6). When the do-
main D is determined by Eq. (5), the impermeable barrier must
be the circle C;. Then V; is interpreted as an analog of the
simple-layer potential, and V,-double-layer. If the domain D
is determined by Eq. (6), the barrier must be the exterior of the

circle C,. Then V is interpreted as an analog of the double-
layer potential, and V;-simple-layer. The variants (9) and (10)
are derivatives from Eq. (8) and refer to one-sheeted problems
where V| and V, are analogs of the simple-layer potential. In
the case of Eq. (9), the domain D is determined by Eq. (5), and
in the case of Eq. (10), it is determined by Eq. (6).

It should be noted that if we consider the generalized
quantum mechanical two-Coulomb-center problem in the half-
space, the barrier must be the xy plane. The domain D is de-
termined as follows:

IV) £ €]0,00), n€[0,1], @<€]0,27).

In this case, the differences among Eqgs. (8), (9), and (10) van-
ish. Let us follow the variable separation procedure and the
formulation of boundary-value problems by using the exam-
ple of Eq. (8), since this variant is basic.

Let us represent the wave function ¥}, corresponding to
the term E;(R), in the form of

lpj = %q'n(évn7(/);R)
= Nign(R) X (§:R)Ymg(M:R) ™7, (1
where the multiindex j = {kgm} denotes the quantum number
set in which k and ¢ coincide with the numbers of zeros of
the corresponding functions in the variables & and 1, and the
number m takes the values 0,+1,+2,.... The normalization
constant Ny, (R) is determined by the condition

‘/V%*qm(évna (p;R)%’q/rn’(évn?(p;R)dv = 6kk’6qq’ mm’

where dV = R*(E2 +n?)dEdnde/8 is a volume element in
the oblate spheroidal coordinates. After substituting Eqgs. (8)
and (11) in the Schrodinger equation

AY +2(E-V)¥ =0.

we obtain the ordinary differential system

d d
@(524' 1)Exmk(§2R)
m2
- {l,fii) +pAE H 1) —ag — 52“] Xo(E:R) =0, (12)
d

d
— — 2 — .
a1 =) gy Ve (M3R)

2

+ [A&Z) +p*(1=n%) +bn - 1'_’1112} Yug (15R) = 0.(13)

Here, p3 = —E;jR*/2 (p >0), a=2qiR, b= —2¢2R, p means
the energy parameter; a and b are the charge parameters;

2620

‘mk ‘mk
stants.

(p,a) and A = 1,5,2) (p,b) are the separation con-

Equations (12) and (13) supplemented by the boundary
conditions form the boundary value problems that must be
solved simultaneously, and the energy spectrum can be ob-
tained from the condition

A9 (p,a) = A1 (p,b). (14)
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The general theory of Sturm-Liouville-type one-dimensional
boundary problems implies that the quantum numbers k, g, m
remain constant for the continuous variation of the intercenter
parameter R, and the eigenvalues lrfi) (p,a) or A,E;’,) (p,b) are
non-degenerate. Consequently, if the solution of Eq. (14) ex-
ists, it is unique.

Let us now discuss the formulation of boundary-value
problems. On the one hand, it follows from the most common
requirements for the wave function that

Y c % (RY) c 2% (R)
U (-1, 1) uL? (0,21). (19

On the other hand, in the spatial domain where the potential
becomes infinite, the particle can not penetrate at all, that is,
there must be ¥; = 0. The continuity of '¥; requires that '¥; be-
comes zero on the boundary of this domain; generally speak-
ing, in this case, the derivative of ¥; has a jump.!"" Thus, in
the one-sheeted problem, where the circle C; is the barrier for
the wave function, we have

¥ e, =¥ |¢, =0. (16)

The normal derivative must jump

¥ ¥

m T o Zg(TI;CIl»C]LR)a (17)

C

Ci
where g(1:41,¢2,R) is a smooth function of 1 and parameters

q1, q2, and R. From the conditions (15) and (16), we obtain the
boundary conditions for quasi-radial function

Xue(0:R) =0, X (8:R)| o 0. (18)

In the quasi-angular equation (13), the boundary points are
simultaneously singular, therefore, in order to satisfy the con-
dition (15), it should be required that the function be limited
in

[Ying(£1;R)| < oo. 19)

If Egs. (18) and (19) are satisfied, then Eq. (16) holds, and the
condition (17) is satisfied automatically.

In the one-sheeted problem with the barrier C;, it is nec-
essary to impose on the wave function the following condition:

ql+|C2 = lI,*|C2 =0. (20)

For the normal derivative, we obtain

oV oY

5. - 5. =h N ) ,R 9
an+ o on_ (77 q1,92 )

G

where (141,92, R) is a smooth function of 1 and parameters
q1, q» and R. From Eq. (19), we obtain the boundary condi-
tions for the quasi-radial and quasi-angular functions

Xk (E;R)] ? 0, Yug(0;R) =0, [Yipg(+1;R)| < o0.(21)

In the two-sheeted problem, no barrier appears, but there is a
circle C on which the potential is singular, therefore, the fol-
lowing condition must be satisfied:

¥lc=%(0,0,9:R) =0, (22)

which is in contradiction with the expression (11). Indeed, if
expressions (11) and (22) are valid, we have the alternative

i) X,k (0;R) =0, or Y4 (0;R) = 05

ii) X,k (0;R) = 0 and Y,,,4(0; R) = 0 simultaneously,
which, generally speaking, does not follow from any physical
considerations. The contradiction arises particularly acutely
when we consider the ground state.

It is apparent that both cases are not satisfied. The way
out of the situation is to separate factors (factorization)

¥ = Nigm(R)(E> + 17 Xk (§:R)V g (M3 R) P . (23)

Here, the overline means that we are dealing with one-
dimensional functions of the two-sheeted problem. Although
the functions satisfy Eqgs. (12) and (13), but they essentially
different from the corresponding functions of the one-sheeted
problem.

The boundary conditions in the two-sheeted problem are
formulated as follows:

Xk (E:R)| ——— 0, [Yig(EL:R)| < oo, (24)
E—too

because the boundary points are singular.

Next, we discuss the specific of the boundary-value prob-
lems related to the quasi-radial equation. In the problem
(Z1eZ,), the corresponding equation was considered on the
interval [1,0), that is, between the singular points. Then, us-
ing the Jaffe transformation!!! for the independent variable
x= (& —1)/(E +1), the interval is transferred to the unit
segment, and the additional singular point —1 goes to —oo
and does not effect the convergence of series representing the
eigenfunction. In our problem, equation (12) on the complex
& —plane has three singular points: two finite regular point
&1 = +1,& = —i and one irregular at infinity.

It is clear that the points &; and &, are “on different sides”
of the real axis, and so any attempt to present X, (&;R) in
the form of series faces the problem of the circle of conver-
gence. Use of standard techniques, such as the transformation
of Jaffel!l or Jaffe—Lay,[!?! are no longer possible here, and
therefore it is necessary to look for a more general method in-
cluding the standard methods as special cases. Note that the
problem of the circle of convergence will always appear in
the boundary-value problems after separation of variables in
the Schrodinger equation in oblate spheroidal coordinates (it
is typical for these coordinates).

In conclusion, for this section, we note that the separation
of the factors in Eq. (23), without changing the structure of
Egs. (12) and (13), can affect the convergence of the series for
the one-dimensional functions.
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4. Asymptotic behavior of the eigenfunctions
and terms as R — 0.

In the context of possible practical applications of the
model under consideration, the pattern of the terms is of the
most interest. In order to correctly identify the individual
terms it is necessary to know the initial approximation or
asymptotic of £;(R) as R — 0. In this limit, the difference be-
tween the one-sheeted and two-sheeted problems disappears
and, in addition, the spherical symmetry arises, therefore it is
natural to go to spherical coordinates (r, 6, Q).

Let us expand the potential (2) in powers of the small pa-
rameter (R/r) using the formula (see, for example, Ref. [13]):

1 (=]

—_—= Z tkPk(u)7 f| <min|utVu?-1|,
\/l-2t”+t2 k=0

where P,(u) are Legendre polynomials. As a result of the

transformations, we obtain the expression

v=24y (ay (;)Z"PM(cose)

w20

2q2 oo | R 2n+1
=Y (-1 = P,i1(cosB), (25
T r;)( ) (Zr) 2n+1(c0s 0), (25)
where odd multipole moments are associated with the parame-
ter g1, and the even multipoles with ¢;. It is clear that only one
term 2q; /r in Eq. (25) does not vanish as R — 0. This term is
naturally chosen as the unperturbed potential while the pertur-
bation will be the first term of the second sum —g,R/r? cos 0.
Then the terms E;(R) must continuously transit to N>-fold de-
generate energy levels of the hydrogen atom with a charge 2¢;
24}
Ei(R) — Enym = —— 26

j( ) R—0 Nim N2 ’ ( )
where i = {NIm} is a set of spherical quantum numbers which
are related to the numbers of zeros of the one-dimensional
eigenfunctions by the relations

N=k+qg+m+1, l=qg+m.

The radial X, (&;R) and angular Y,,,(1;R) parts of the eigen-
function ¥; are reduced to into the radial Ry;(r) and angular
Y, (0, @) parts of one-center problem

‘f%qm(iﬂ%(l);o) = qum(O)ank(g;())qu(n;O)eimq)
= NRNI(’")Ylm(ev (P)v 27)

that will be the correct function of the zero approximation.
Arguments similar to those in Ref. [3] give the following ex-
pression for the energy in the first non-vanishing order:

2qi  8qi(qi+@3)[l(1+1) —3m*|R?
N2 NA(I+1)(20—1)(21+1)(21+3)
+ O((R)?). (28)

Enim(q1,92,R) =

Note that formula (28) reduces to Baber and Hasse’s result!?!
by means of the substitution g1 — (Z1 +2Z»)/2, g» — i(Z; —
Z5)/2. The calculation of the energy in the following order of
the perturbation theory becomes quite cumbersome and, in ad-
dition, one can expect logarithmic corrections similar to those
obtained in Ref. [14] for the problem (Z;eZ;).

5. Results of numerical calculations

The boundary-value problems, which are Eqgs. (12) and
(13) supplemented by the boundary conditions (18), (19), and
(21), have been solved numerically. As noted above, the con-
dition (14) for the fixed parameters a,b, and j = {kgm} has a
unique solution

P;(2q1R, —2q2R) =

—2E;. (29)

R
2
Solving it for E;, we find a discrete spectrum. For the classifi-
cation of the terms, in addition to j = {kgm}, we will also use
the set of spherical quantum numbers i = {N/m}. We keep the
traditional spectroscopic notation, when the numbers

1=0,1,2,3,4,5,... and m=0,1,2,3,...

correspond to the letter rows

L=s,p,d,f,g,h,... and M=o0,76,9,...

Therefore, in order to make any conclusions about the struc-
ture of the energy spectrum in the generalized quantum me-
chanical two-Coulomb-center problem, at least on a qualita-
tive level, it is necessary to find a meaningful collection of the
special cases of E;(R) which covers the transition and asymp-
totic (as R — 0, R — o) domains.

Calculations with different combinations of g; = 1,...10
and ¢ = 1,...10, show that such collection is formed from
the first ten E£;(R) at R € [0;20]. It can be explained by the fact
that there is a scaling (see symmetry property iv) of the poten-
tial (2)) in our problem. Thus, in spite of the fact that a total
of about two thousand curves have been calculated, the struc-
ture of the spectrum was determined in a very wide domain of
variation of g1, ¢2, and R.

Analysis of the curves shows that the pattern of the terms
varies considerably for g; < ¢g> and gq; > ¢». This statement be-
comes especially obvious when selecting two systems differ-
ing from each other by the permutation g; < ¢», for example,
q1 =1,qo =3 (see Fig. 1) and ¢; =3, g» = 1 (see Fig. 2).

First of all, we pay attention to the fact that the terms in
Fig. 1 have distinct local minima at finite R, whereas the terms
in Fig. 2 change rather aslope. The availability of the min-
ima of E;(R) at ¢1 < ¢ indicates the stable states of a moving
charged particle in such systems.
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E(R)

0 5 10 15
R

3m(,\

—0.05

= —0.10

E(R

—~0.15
—0.20}

—0.25

Fig. 3. Terms of system gq; =0, g» = 1.

The case of ¢q; = 0 requires a separate consideration. It
is well-known!!! that in the spherically symmetric field Cr—2
with C < —1/4 the energy levels exponentially condense to
the continuous spectrum border. One can see a similar effect
in the Fig. 3. We stress that the continuous spectrum starts at
finite values of R.

Note that in all three figures the dashed lines depict the
border of the continuous spectrum.

The question of the configuration interaction of the terms
or their quasicrossings requires special consideration. In the
works of Solov’ev,!”"! the branch points were found near the
imaginary axis R, so we can expect quasicrossings in the spec-
trum of our problem.

6. Conclusion

We have considered a new exactly solvable quantum
problem. Distinct from the (ZjeZ;) problem, our problem
allows for various choices of boundary conditions. It gives
us additional opportunities in setting the boundary problems.
We have shown that the boundary problems associated with
the quasi-radial equation belong to a new type. The peculiar-
ity of these problems is related to the fact that the singular
points of the differential equation are on different sides of the
region in which the eigenfunctions are defined. Analytic rep-
resentations of such eigenfunctions are not known yet. Even
in the famous paper Ref. [16] where an analogous problem
for spheroidal equations has arised, the boundary problems
were not duly considered and the relevant discussions were
largely avoided. Therefore, our paper can be considered as
an incentive for mathematical physics experts to analyse prob-
lems of this type. In particular, it would be interesting to ap-
ply the Nikiforov—Uvarov method!!7! and asymptotic iteration
method (AIM)!18-201 to these problems.

Note that in a recent paper,*!l an exactly solvable prob-
lem was considered with a ring-shaped noncentral potential.
Singularities of this potential were located on a plane, instead
of a circle as in our work, and the separation of variables in
the Schrodinger equation was performed in spherical coordi-
nates. Therefore, the Nikiforov—Uvarov method could be used
for determination of the eigenfunctions. Our boundary prob-
lems are far more complex. The Nikiforov—Uvarov method
has never been applied to such models.

We have shown for the first time that quantum problems
can be considered on Riemannian surfaces. Probably, this idea
could give some insights into the puzzle of confinement of
quarks. At least, one could consider models of Refs. [22]—
[24] type on Riemannian surfaces.

Numerical calculations have shown that for g; < ¢, the
terms E;(R) do have minima at finite values of R. It implies
that such systems possess stable states. We believe that the
Demkov problem may be viewed as a model for higher ex-
cited electron states in the fields of various ring molecules
(e.g., aromatic hydrocarbons). In particular, the asymptotic
formulas (27) and (28) may be useful for the description of
the higher excited states of benzene!?>! which have been ob-
served experimentally. Exact quantum mechanical computa-
tion of these states is very challenging from a technical point
of view. Our work offers a possibility of simple description
not only for benzene but for a good number of ring molecules.
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