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Detaching two single-mode squeezing operators
from the two-mode squeezing operator*
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It has been common knowledge that the single-mode squeezing operator and the two-mode squeezing operator are
independent of each other. However, in this work we find that after using the technique of integration within -ordering and
B-ordering, we can detach two single-mode squeezing operators from the two-mode squeezing operator. In other words,
we show that the two-mode squeezing operator can be split into a 3-ordered two-mode squeezing operator (with a new
squeezing parameter) and two single-mode squeezing operators (with another squeezing parameter). This tells us that the
two-mode squeezing mechanism also involves some single-mode squeezing.
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1. Introduction

The birth of modern quantum mechanics was character-
ized by the basic commutative relation [Q,P] = ik (i = 1),
where Q and P are the coordinate and momentum operators,
respectively.[!l Operator ordering problems often arise in deal-
ing with quantization and in calculating various matrix ele-
ments of operators. In quantum optics theory, operator order-
ing problems often arise in converting operator master equa-
tions into classical c-number equations in phase space. The
basic operator ordering problem is to rearrange operators into
Q — P or P— Q ordering. Even though this kind of ordering
problem has been paid attention for many years by theoreti-
cians, it is not solved satisfactorily due to the lack of an effi-
cient method. In a preceding paper,!”! we have introduced both
the technique of integration within operators’ Q — P ordering
(let the symbol £ denote the ordering when all Qg stand on
the left of all P;) and the technique of integration within op-
erators’ P — Q ordering (let the symbol *J3 denote the ordering
when all P; stand on the left of all Qs), which provide us with
a new method of arranging operators into either $Q-ordering
or *P-ordering, and we can derive some new fundamental op-
erator identities about their mutual reordering. The Q- and
B-ordered formulas of the Wigner operator are also deduced
in Ref. [2], which together with the Weyl quantization rule
gives a convenient method for arranging operators into either
$-ordering or B-ordering. In this work, we shall employ the
$Q-ordering or B-ordering method to detach two single-mode
squeezing operators from a two-mode squeezing operator. At
first glance, this seems absurd since it is common knowledge
that the two-mode squeezing operator is independent of the
single-mode squeezing operator, though the latter may be con-
sidered as the degenerate case of the former. Nevertheless,
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as one will see later, we can really detach some single-mode
squeezing operators from a given two-mode squeezing opera-
tor.

Squeezed state is an important concept in quantum me-
chanics and quantum optics,>* because one of its quadra-
tures bears little noise than the coherent state and it can be
used in gravitational detection and precise quantum communi-
cation. Theoretically, squeezed states are constructed by oper-
ating the squeezing operators on a vacuum state (one-mode or
two-mode). As is common knowledge, squeezing is classified
into two types: the single-mode squeezing operator S

Sia = el(az—au)ﬂ’ Sip = el(bz—b“)/27 )
and the two-mode squeezing operator S
S, = e/l(uhﬂﬁhf)’ )
where [a,aT] = [b,bw = 1. By introducing

01 +iP O +1iP;
a= —— b:

7 ~ 3)

we have

Sia = eil(PlQlJrQlPl)/Z’

Sy =exp[id (PLQ> +P01)]. (%)

Sy = eil(P2Q2+Q2P2)/2, 4)

Usually, people think that S, is of no mathematical relevance
to S1aS1p. Physically, this tells us that the two-mode squeezing
mechanism is of no relevance to the single-mode squeezing
mechanism. A new question now arises: can we detach some
single-mode squeezing operator from the two-mode squeez-
ing operator? If yes, this will imply that two-mode squeezing
mechanism also involves some single-mode squeezing. Be-
fore answering this question, we briefly review the technique
of integration within -ordering or B-ordering of operators.
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2. Technique of integration within Q-ordering
or ‘I-ordering

Operators’ Q-ordering means putting all Qs on the left of
all P after using [Q, P] =i. Thus,

Q(P"Q") =Q"P". (6)

When a function f (Q, iP) is rearranged as g (Q,iP) (Q on the
left of P), it is in Q-ordering and denoted as

f(Q,iP)=Qlg(Q,iP)]. )

In reference to the fundamental bosonic commutative relation
[a,a’] = 1, we have the following correspondence:

la,a’] =1—=[iPQ]=1, h=1. (®)
In reference to the operator identity
e ta'a ::exp{(e*’l—l) aTa} :, 9)

we have the 9-ordering of et
e M00P) — {exp { (e*’1

Like that a is commutable with " within the normal ordering

—1) Q(iP)H. (10)

symbol, within the £Q-ordering symbol Q is commutable with
P. Namely, though [Q, P] =i, we have Q[PQ] = Q[QP] = OP,
so we can perform integration over c-number within Q (---).
This is called the technique of integration within -ordering.

For example, the Q-ordering form of § (p —P) 0 (¢ — Q) is

—P)8(q-0)
y g
- T

ES(CI—Q-FV) e

i(g—Q)u

(g— Q)u+1uv i(p—P)v

i(p—P)v

- Q[ - ‘”6(q—Q+v)eiv<pP>}
— 79[ —i(g-Q)(p— P)} (11)
On the other hand, 3-ordering means that
B(Q"P") =P"Q". (12)
Due to [Q,—iP] =1,
[a,a'] =1—[0,~iP]=1, h=1. (13)

Therefore, the $B-ordering of e *(-1P)2 js

ef“*i”Q:m[exp{(e*’L—l) (—iP)Q}]. (14)

Within the -ordering, Q is commutable with P. In other
words, though [Q, P] = i, we have P[QP] = B[PQ] = PO, so

we can perform integration over c-number within 3 (- - - ). For

example, the B-ordering form of 6 (4— Q)6 (p— P) is

S = ff e

i(g—Q)u gi(p—P)v

[ G it g0
an? ©
= ﬂg( —P—u)ea0)
Lo
=P [ ” ﬂg(p_p_u) elu(q—Q)}
—w 2T
= %m [el(P—P)(l]—Q)} 15)

In Ref. [5], we have noticed that in coordinate representation
the single-mode squeezing operator is

1 oo
Su= 7 [ _dala/u)lal. (16)

This integration has been carried out by using the technique
of integration within normal ordering, and now we can use the
technique of integration within $3-ordering to tackle it. Using
the completeness of momentum representation

[delpHpI:l»P\p):plp% (17
(q| p) = exp(ipq)/+/2x, and

1 n
= —=|p){qle ',

6(p—P)o(q—0Q)= NGT:
(13)

Ip) (pl q) (4l

we have

L (/- anlohiol) s ta

1 e —ip
\/2771?7# /700 dgdpe Pa/u |P> <CI|
! [ ipg(1-1/u) ipq
\/2771?7;1/ 7wdqdpe Ip){(qle
1 [re .
i [ _daaper 5 (p- P13 (0 0)

S

i /[ aadne T p 15— P) 50

\}ﬁm {e—iPQ(l/IJ—l)} _ 19

This is the *3-ordering of S;. Then, using Eq. (14), we obtain

S| \/lﬁm {exp{ (e*’L - 1) (—iP)QH

= L emirom(n) _ ginposor 2 o2 (o)
N

Thus, we have used the *J3-ordering integration to reach

PQ+QP)/ , IJ, — CA. (21)

\F/ dqlq/u) (g = €'
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3. Detaching the single-mode squeezing opera-
tor from the two-mode squeezing operator

In Ref. [5], we have employed the technique of integra-
tion within normal ordering to show the coordinate represen-
tation of the two-mode squeezing operator

Sy = ek(ab—aTb%)
/ dgidgalqi coshA — gy sinh A,
q2coshA — gy sinh4)(q1,q2|. (22)

Now we consider performing ket-bra integration on the right
of Eq. (22) by the P-ordering method. Based on Eq. (18), we

have
// dgidgr (/ dpidps|p1,p2) <P1,P2|>

X |g1coshA —gasinhA, gy coshA — g sinhA) (g1,¢2|

1 o n
= — [/ dgid dpid
2””/ q1 t]zl/ pi1dp2

> e*il’l (g1 coshA—gp sinhA)—ips(gp coshA—g; sinhA)

X |p1,p2) (q1, 93]
1
= — dg,d //d d
o / q14q> pirdp;
« e~ 1(P1a1+p2g2)(coshA—1)+i(p2q1+p1g2)sinh A

|pl’p2 611,6]2|e ip1g1—ip2g2

= //df11d612/ dpidps

—i(p191+p292)(coshA—1)+i(pag1+p1g2)sinh A

><5(P1— 1)8 (p2—P2) 8 (q1— Q1) 6 (92— 02)
— ;ﬁ{ —i(P Q1 +P,0;)(coshA— 1)+1(P2Q1+P|Q2)i1nhl}

which is in B-ordering. Furthermore, using the property that
Q is commutable with P within 3-ordering, we derive

slg{ e 1 (PLQ1+P0s)(coshA—1)+i(P,Q1+P Q) sinh A }

= i"sinh” A
= ‘13{ Y % (P01 +P102)"]

n=0
« e~ 1(PIQ1+P20s)(coshA—1) }

© inginh® A &
m{z1 51:11! Z(?)PZIP]”I

n=0 =0

> e*i(l"lQHrl"zQz)(COSh)L*I)Ql1 le}

> i*sinh" A & /n _
ey ()

n=0 n! =0
x Ple i (MQ+P0)(coshi-1)) ol os!. (23)

Then, using the identity (14), we have

5, — i i”sinh" A i (n> PP
n=0 =0 !
X e_i(P1Q1+P2Q2)lnCOShAQllQg_l. (24)

n!

Then, using the Baker—Hausdorff formula, we have

e*iplQl lncosh)LQl eiP1Q1 Incosh A

= Q1+ [-iP;Q11ncosh A, Q]

1
+ 31 [—iPlQl IncoshA, [—iPlQl IHCOShA,QIH +

= Q1 —QOlncoshA + %Ql (lncoshl)z—f—

_ Ql e—lncoshl
= Q;/coshA, (25)

so equation (24) becomes

2 i"sinh" A &

2= ) ) (’,’)PﬁP{”QiQS’

n!

n=0 =0
« cosh™ Le~ i(P1Q1+P,Q2)Incosh A (26)
Due to
(1 plpn 1 ol (1 o pl i
Z 1 PZPI Q1Q2 :m Z I Q1P2P1 Q2
=0 =0
= P(Q1~L+PO)"], 27)
we have
> i"sinh” A cosh™ A4 "
[ | B(O1PL+PO)
— meitanhl(Q1P2+P1Q2)' (28)
Thus,
Sy = exp[iA (P1Q2+ P20))]

_ (qgeitanhl(QWvaPle)) e~ i(P1Q1+PQs)Incosh A (29)
Here, the first term is the *J3-ordered two-mode squeezing op-
erator with the parameter tanh A, while the second exponential
operator, which is detached from S», is just the two single-
mode squeezing operators with the new squeezing parameter
IncoshA.

4. Conclusion

In summary, we have found that the two-mode squeez-
ing operator can be further split into a J3-ordered two-mode
squeezing operator and two single-mode squeezing operators.
This reveals a new point of view that the two-mode squeezing
mechanism also involves some single-mode squeezing.
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