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Thermal vacuum state for the two-coupled-oscillator model
at finite temperature: Derivation and application®
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Following the spirit of thermo field dynamics initiated by Takahashi and Umezawa, we employ the technique of
integration within an ordered product of operators to derive the thermal vacuum state (TVS) for the Hamiltonian H of the
two-coupled-oscillator model. The ensemble averages of the system are derived conveniently by using the TVS. In addition,
the entropy for this system is discussed based on the relation between the generalized Hellmann—Feynman theorem and the

entroy variation in the context of the TVS.
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1. Introduction

In mesoscopic physics, Louisell is the first to quantize
a mesoscopic L—C circuit as a quantum harmonic oscillator.
However, his discussion is for the case of Zero-temperature.[”
In fact, physical systems are never perfectly isolated from
their environments. Discussion restricted to the case of zero
temperature is unrealistic. Fan and Liang!®! pointed out that
since the electric current generates Joule heat, one should take
the thermo effect into account, thus every physical observable
should be evaluated in the context of ensemble average. Be-
sides, since the entropy increases with the generation of Joule
heat, one should consider how temperature affects the varia-
tion of entropy.

Currently, enormous effort is put to understanding the
rich dynamics of interacting Boson systems.*! For conve-
niently expressing the ensemble averages at nonzero temper-
ature 7 as equivalent pure state expectation values, Taka-
hashi and Umezawa proposed the formalism of thermo field
dynamics (TFD).1*31 This convenience is obtained at the ex-
panse of doubling the degrees of freedom of the quantum sys-
tem considered, i.e., introducing a fictitious field or called a
tilde-conjugate field. We believe that one can analyze the
properties of various Boson systems at finite temperature by
discussing the corresponding thermal equilibrium state and
its applications.[®”] Since complicated dynamic Bose systems
description is based on a model of two coupled harmonical
oscillators,’®%) in this paper, we begin with tackling the two-
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coupled-oscillator model, which can be produced in a meso-
scopic L—C circuit. The Hamiltonian (% = 1) reads

H= (x)la'{al+a)za;a2+la'[a2+l*a1a; e))

where a; (i = 1,2) are the annihilation boson operators of the
fields with energy 7 », and A is the coupling constant. We
will find out the corresponding thermo vacuum state for this
system at finite temperature.

Following the spirit of TFD, we employ the integration
within an ordered product of operators (IWOP) technique!'”!
to derive a thermal vacuum state (TVS) for the Hamiltonian
(a pure state in the four-dimensional extended Hilbert space).
Taking the partial trace of the TVS, we obtain the density oper-
ator e AH /Tr(ePH), where B = (kT)~', and k is the Boltz-
mann constant. With the TVS, we present the analytical ex-

11,12

pression of the Wigner function!':'?] for this system. In ad-

dition, the purity of quantum states and the ensemble average

13] are obtained

of this system in quantum statistical mechanics!
by using the TVS. In particular, entropy is discussed according
to the relation between the generalized Hellmann—-Feynman
theorem (GHFT) and the entropy variation in the context of
the TVSH4-17]

Our paper is arranged as follows. In Section 2, we briefly
review some basic theories, such as thermal field dynamics and
the partial trace method, as well as the relation between the
GHFT and the entropy variation. In Section 3, we deduce the

TVS and consequently the partition function for Hamiltonian
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H of the two-coupled-oscillator model. As an application, in
Section 4 we employ the TVS to calculate the ensemble aver-
age for the system in terms of the Wigner function and purity.
Finally, the entropy variation is obtained in Section 5.

2. Brief review of basic theories

In this section, we make a simple review on the thermal
field dynamics and the partial method as well as the GHFT.
Historically, Umezawa and Takahashi were the first to intro-
duce the vacuum (a pure state) expectation values to coincide
with the statistical average. Recently Fan has expressed the
GHEFT in the formalism of pure state which is defined in the
enlarged eigenvector space of the Hamiltonian.

2.1. Thermal field dynamics and partial trace method

For a density operator p = e A7 /Z(B) of Hamiltonian
H, following Umezawa—Takahashi’ idea, one can introduce
the thermal vacuum state |¢ (f3)) corresponding to the pure
state in the extended Hilbert space as follows:

0(B) =2""2(B)Y. e P2 (9, 0n), 2
with

H‘¢n> :En|¢n>a F]‘¢ﬁ> :En|¢ﬁ>a
<¢n/ |¢n> = <¢ﬁ/ |¢ﬁ> = 6n/,nv
(0(B)lo(B)) =1 3)

Here a fictitious dynamical system H, denoted with the tilde,
has been introduced, and |¢,, ;) is defined in the enlarged
eigenvector space of the Hamiltonian. Let Tr denote the trace
operation over both the system freedom (expressed by tr) and
the environment freedom (expressed by tr), i.e. Tr = trtr, then
we have

(0(B)lAle (B))

Tr[A|¢ (B)) (¢ (B)]]
tr [Atr|9 (B)) (¢ (B)]] - @)

Since |¢ (B)) involves both real and fictitious modes, we

should note that tr[|¢ (B)) (¢ (B)[] # (¢ (B) |¢ (B)). Thus for

a given Hamiltonian H, we have

w(lo (B)) (¢ (B)) =eP"/Z(B), (5)

which indicates that if we can find a density operator of pure
state |@ (f)) in the doubled Hilbert space, its partial trace over
the tilde freedom may lead to the density operator e B /Z (B)
of the system. In addition, the average value of operator A can
be calculated as an equivalent expectation value with pure state

9 (B). .
) =tr 4P Z(B)] = (4 (B)AIO(B)).  (©)

2.2. GHFT in the formalism of pure state expectation and
entropy variation by GHFT in the context of |¢ (3))
In Ref. [18], Fan and Chen have derived the GHFT re-
garding the mixed state ensemble average (statistical average)
in quantum statistics

T {H ).
= ((+ptE.-prG) FH)

where (A), = z”(ﬁ,x)Tr(e’BHmA) with z(B,x) =

Tr (e*BH (l)), and y is a parameter involved in the system.
Their derivation is entirely based on the ensemble average for-
mula (H (1)).. Recently, they also obtained the GHFT in the
pure state expectation value of |¢ (3))!!%)

)
P (0 (B)IH (x)9(B))

= (@B +B (o (B)IH ()¢ (B)) —BH (x)]

JH (%)
oy 19 (B))- ®)

The essence of these two different formalisms of the GHFT
in Egs. (7) and (8) is the same. Assuming that H () is inde-
pendent of f3 (notice that dH () /d = 0), we can obtain the
energy fluctuation

__9@BIHX)I9(B))

On the other hand, the quantum-mechanical entropy (the

. C)]

von Neumann entropy) is defined as
S=—kTr(plnp), (10)

which can be rewritten as

S = BKTr[pH ()] + KTr[pInZ (B, )]
=%<¢(13)|H(x)\¢(B)>+kan(l3,x)~ (1D
It then follows that
98(x) _ 19(0(B)IH (x)|¢(B))
ax T ax
Ho®| B o). a2

which reveals the relation between the GHFT and the entropy
variation of the von Neumann entropy.

3. Thermal vacuum state and partition function
for the two-coupled-oscillator model

For the interesting system with Hamiltonian (1), the nor-
malized density operator p = e PH /Zis

p:Zlexp[(a} ) (:gg’i __giz) (Z;)} (13)
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with the partition function Z = Tre A According to the fol-
lowing normally ordered expansion formula (: : denotes the
normal ordering)'!%-2!

ot a(2)
_ ;exp{(aj ay) (et~ 1) (Z;)} (14)

—Bor —pA Y\ _ (I Iz
P ( —pAr —[3(02) B <H21 H22> ’ (15)

> )
B(e )
I, = e~ ( IZMZ) <coshﬁ2 f.Qsinhﬁ2 >,

24 _B(o+ =
_2 o) sinhﬁ7 — 11, (16)

with

=
(1]

B(o)+o,) )
I, = e ( 2 (coshﬁz—i—.(zsinh

(x]

—

where = = \/(0)1 —a)z)2+47Ll* and Q = (0, — ) /&, we

have the following normal ordering of e PH.
eiﬁH = . exp |:(H11 — l)aTal + (H22 — l)a;az}
X exp (H]zajlvaz + Hglala;) L. 17

Noticing |00) (00| =: exp (—ajl'al - a;az) : and using the in-

tegration formulal?!!

2
/BGCIZ\Z%HHZ* - _
T

én

e ¢, Re(£)<0,  (18)

x| —

we can rewrite Eq. (17) as

_ d2oyd2ay
e PH = /%«xlaﬂ

X exp[(ad{ aE)@(a

x|00,00) (00,00
ap
X exp[(al a2)®<a2)
([ d%0yd?
tr{/OClzaszl&Q) <561 ~2‘
T
. {exp [(ai‘ a)e (g;)] 100,00) (00,00

x exp[(al ozﬁ@(ji)”}, (19)

O11 O

©,1 O
in the fictitious mode with

where © = < ) ,and | @ &,) is the coherent statel?23]

|&;) = exp (aid; - Oti*di> |0),

ala) = aglag), (0] &)= olail/2.

And the condition

I = 6f + 61,6,

IT; = 012(011 +62),

I, = 03, + 01,6,

IL) = 0,1 (011 +62) (20)

is satisfied. On the other hand, noting pZ (B) = e ## and
setting p = tr[|¢ (B)) (¢ (B)|] in Eq. (19), we obtain

10(B)) = Z(lﬁ)exp (@“aIaH@za;a;)
X exp (G)lzaTd;—f—@ﬂde;) 00,00), (21)
where
O = e_ﬁ(wljah) (cosh Bf + 0 sinh ﬁf) ,

B(oy+ = )
®n = e ( T ! coshﬁ f.Qsinhﬁ ,
4 4
204 _Blop+ =
Op = - Le L) sinhﬁT =05,. (22)

Equation (21) is the TVS, which is a pure state in the pair-
doubled Fock space for the Hamiltonian (1) at finite tempera-
ture and is important for the following calculations.

The partition function Z(f) is determined by Z(f) =
tr (e’l3 H ) .
Eq. (17) and inserting the coherent state completeness rela-

Using the normal ordering of e PH in

tion [(d%z1d%z2/7%)|z1,22) (z1,22| = 1 as well as using the
integral formula in Eq. (18), we have

Z(B) = {(1-51581) (1—e*/382)r, 23)

where we have set & = (0+@m+E&)/2 and & =
(0 +w—Z)/2.
Z(B) and using the thermodynamical relation (H), =

—(d/dB)InZ(B), we obtain the internal energy of the system

Knowing the partition function

. & I &
€ ePa—1 ebPe_1°

(H) (24)

In particular, when A = 0, leading to & — ®,& — s,
then H — wlaial + a)za;az, we can verify that Z, _o () =
Z1(B)Z, (B) in Eq. (23), where

zB)=(1-e o)

are the partition functions for the systems with Hamiltonians

, (i=1,2) (25)

w;a a;. Similarly, equation (24) reduces to (H), (o) =U =
Uy + U, as expected, where
@;

Ui= eﬁwi_lv

(i=1.2) (26)

are the internal energies of simple harmonic oscillators with
Hamiltonians a),'ajai.
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4. The Wigner function and purity of the two-
coupled-oscillator system at finite tempera-
ture

Knowing the TVS |¢ (B)), any average value of operator
A corresponding to the system can be calculated as an equiva-
lent expectation value by using Eq. (6). The Wigner function
is a powerful tool used to investigate the nonclassicality of a

(241 As an application, we calculate the Wigner

quantum state.
function of the system and then discuss the purity in this sec-
tion.

For the TVS |¢ (B)), the Wigner function is given by

Wi, ) = (9 (B)lA(an)A(a) [0 (B)),  (27)

where A(o;) is the Wigner operator

262‘(1,"2
A((X,‘) = p

[ e (a2 ia), @)

with |z;) being the coherent state and o; = (g; +ip;)/V/2.
Substituting Eq. (28) into Eq. (27), we obtain

aM
W(a, o) = ?exp(h loy ‘2 +.J2 |062|2)
xexp (+h0005 +J300 ), (29)
where we have set M = tanh(f ¢ /2) tanh(f&,/2) and

_,sinh[B (@ +@)/2] — 2sinh(BE/2)

N = 2 osh[B (@1 + @) /2] + cosh(BZ/2) °
= _zsinh[ﬁ (01 + @) /2] + 2sinh(BE/2)
cosh[f (@ + a)z)/Z] +cosh(BZ/2) ’
Js = Rz sinh(B=/2) (30)

E cosh[f (@) + @) /2] +cosh(BE/2)"

Equation (29) is just the Wigner function of the TVS show-
ing the Gaussian form. In particular, when A = 0, leading to
M — tanh(B @, /2) tanh(Bw,/2), J; — —2tanh(Bw, /2, J» —
—2tanh(Ban/2),J3 — 0, equation (29) reduce to W (o, o) =
Wi (Otl)Wz(OCz), where

Wi(og) = Etanhﬁwi exp (—Ztanh Po |Oc,-2) (31)
T 2 2
is the Wigner function of the system with the Hamiltonian
H = w;a’a (i = 1,2). From Eq. (27), we can see that the cal-
culation of the Wigner function for the two-coupled-oscillator
model at finite temperature is converted into the expectation
value of the Wigner operator in the TVS.

The purity is fundamental in distinguishing a pure state
from a mixed one. As we know, the purity P of a quantum
state p is defined as P = Tr[p?] with 0 < P < 1. We can cal-
culate the purity by using the Wigner function instead of the
density operator'>>! as follows:

pP= nz/dzocldzocz (W (o, 00))*. (32)

Moreover, we find that the purity P = Tr (p?) is just

& &
P=M= tanh%tanh%. (33)

Based on the the relation in Eq. (33), we depict the variation
of the purity as a function of temperature T for some given
® = @, and A with k =1 in Fig. 1. The figure illustrates that
the purity has a monotonically decreasing with the increasing
temperature 7. When T goes to zero, the purity tends to unity
(characteristic of a pure state). While 7" goes to a high temper-
ature, the purity tends to zero.

1.0
0.8
0.6
0.4r

0.21

Fig. 1. Purity P as a function of temperature 7 for different @; = @, =
o and A.

5. Entropy variation with respect to the temper-
ature

In this section, based on the relation between the GHFT
and the entropy variation, we investigate the influence of
the temperature on the entropy of the two-coupled-oscillator
model. Choosing @; as the differential parameter, we then
calculate (¢ (B)] (9H/3@1) |6 (B)) and (¢ (B)| H | (B) first.

According to the Weyl-Wigner quantization rule, the en-
semble average for operator H () reads

@BIHG)I0(B) = [ dondaah ()W (en,00), (34

where h(y) is the classical Weyl corresponding function of
operator H (y). Taking a'[al = dH/Jdw, as an example, due
to oo — 1/2 is the classical Weyl correspondence of a'll'al,
using Egs. (29) and (34), we have

(alan) = 0 (B 510 (BY)

= /dzaldzaz(aj‘al —1/2)W(ay, )

E—w+w _
= Z(ﬁ)—Tz(ﬁ)e Pa
_‘z§)+abz(ﬁ) e B _ 1. (35)

In particular, when A =0, (aja; ) = (eB“’l - 1)7l as ex-
pected. In the same way, we obtain (¢ (B)|H |¢ (B)) = (H)..
which is in consistent with Eq. (24).
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As long as we know the internal energy (¢ (B)|H |¢ (B))
and (¢ (B)|(dH/dw;) |9 (B)), we can find other thermody-
namic functions. By differentiating (¢ (B)|H |¢ (B)) with re-
spect to 3, we obtain the energy fluctuation of the system H
as follows:

82 eﬁsl 82 eﬁSZ
(AH)* = — S+ —2 . (36)
(P 1) (cPa—1)

Substituting Egs. (24) and (35) to Eq. (12), we readily get

the distribution of entropy as follows:

S = —kln [(1 - e—ﬁgl) (1 - e_ﬁ&)}

kﬁé‘] _ kﬁ£2
1—eba 1 —ebe’

(37)

Obviously when A = 0, the entropy in Eq. (37) corresponds
to two independent oscillators. Based on the the relation in
Eq. (37), we depict the variation of the entropy as a function
of temperature T for some given ® = @, and A with k=1 in
Fig. 2. The figure illustrates that the entropy has a monotoni-
cally increasing with the increasing temperature 7'. In particu-
lar when T goes to zero, the entropy tends to zero.

S
L R e - |

10 20 30 40 50 60
T

Fig. 2. Entropy S as a function of temperature 7 for different w; =
@ =and L.

6. Conclusion

In conclusion, using the partial trace method and the
IWOP technique, we have obtained an equivalent pure state
for the two-coupled-oscillator model at finite temperature. It
is convenient to calculate ensemble averages at nonzero tem-
perature T as equivalent pure state expectation values. After

obtaining the TVS, we present the analytical expression of the
Wigner function, which is a Gaussian function related with
the temperature. In addition, the purity of quantum states and
the ensemble average of this system in quantum statistical me-
chanics is obtained. The entropy is also discussed according
to the relation between the GHFT and the entropy variation
in the context of the TVS. Solid state circuit quantum elec-
trodynamics systems have been widely explored in quantum
information processing in recent years, and the L—C circuit is

one of them. These results may be useful for exploring the ap-

e[26—28

plications of the continuous variable mod I produced in

the L—C circuit system in quantum information processing.
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