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Pseudoscalar Cornell potential for a spin-1/2 particle under spin and
pseudospin symmetries in 1+1 dimension
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The Cornell potential that consists of Coulomb and linear potentials has received a great deal of attention in particle
physics. In this paper, we present the exact solutions of the Dirac equation with the pseudoscalar Cornell potential under
spin and pseudospin symmetry limits. The energy eigenvalues and corresponding eigenfunctions are given in closed form.
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1. Introduction
Relativistic symmetries of the Dirac Hamiltonian were

discovered many years ago, but only recently these symme-
tries have been recognized empirically in nuclear and hadronic
spectroscopy.[1] The cases in which the mean field is com-
posed of a vector (VV) potential and a scalar (VS) potential
are usually pointed out as a necessary condition for the occur-
rence of spin and pseudospin symmetries in nuclei. Within the
framework of the Dirac equation, pseudospin symmetry used
to feature deformed nuclei and superdeformation, and to es-
tablish an effective shell model[2–4] and spin symmetry, is rel-
evant to mesons.[5] Spin symmetry occurs when the scalar po-
tential VS is nearly equal to the vector potential VV, and pseu-
dospin symmetry occurs when VS ≈−VV.[6–9]

The Cornell potential that consists of Coulomb potential
and linear potential, i.e.,

V (x) =−a
x
+bx, (1)

has received a great deal of attention in particle physics. The
Cornell potential was used with considerable success in mod-
els describing systems of bound heavy quarks.[10–13] The po-
tential includes the short-distance Coulombic interaction of
quarks, known from perturbative quantum chromodynamics
(QCD), and the long-distance quark confinement, known from
lattice QCD.[14,15] It should be stressed that a specific situa-
tion can emerge when the parameter b is simultaneously small,
and leads to a particular atomic description of a perturbed
Coulomb problem.[16] Ghalenovi et al.[17] studied the strange,
charmed and beauty baryons mass in the Cornell potential by
using the variational approach.

The purpose of this work is to solve the Dirac equation
for the pseudoscalar Cornell potential. To this end, we shall
first briefly introduce the Dirac equation with scalar-vector-
pseudoscalar potential in view of spin and pseudospin sym-
metries in Section 2. In Section 3, we solve the Dirac equation

with pseudoscalar potential under spin and pseudospin sym-
metries in the 1+1 dimension. Finally, Section 4 contains the
summary and concluding remarks.

2. Dirac equation in the 1+1 dimension
The (1 + 1)-dimensional time-independent Dirac equa-

tion for a spin-1/2 particle of rest mass m under the action
of vector (VV), scalar (VS), and pseudoscalar (VP) potentials
can be written, in terms of the combinations Σ =VV +VS and
∆ =VV−VS, as (in units of h̄ = c = 1)[18–22]

Hψ = Eψ,

H = σ1 p+σ3m+
1+σ3

2
Σ +

1−σ3

2
∆ +σ2VP, (2)

where σ1, σ2, and σ3 denote the Pauli matrices. If we assume
the wave function to be

ψ =

(
ψ+

ψ−

)
,

we have two first-order equations for the upper ψ+ and the
lower ψ− components of the spinor

−i
dψ−
dx

+mψ++Σψ+− iVPψ− = Eψ+, (3)

−i
dψ+

dx
−mψ−+∆ψ−+ iVPψ+ = Eψ−. (4)

In the spin symmetry limit, ∆ = 0 and E 6=−m.[1,18] The Dirac
equation becomes

ψ− =−i

(
dψ+

dx
−VPψ+

)
E +m

, (5a)

− d2ψ+

dx2 +

[
(E +m)Σ +V 2

P +
dVP

dx

]
ψ+

= (E2−m2)ψ+. (5b)
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For the pseudospin symmetry case, Σ = 0 and E 6= m.[1,18]

The Dirac equation can be obtained from the previous one
by taking ψ+ ↔ ψ−, m→ −m, Σ → ∆ , and VP → −VP. In
spin and pseudospin symmetry, the solution of the relativistic
problem is mapped into a Sturm–Liouville problem in such a
way that solutions can be found by solving a Schrödinger-like
problem.[18,19]

3. Dirac equation with pseudoscalar Cornell po-
tential
In this section we will solve the Dirac equation under spin

and pseudospin symmetry with pseudoscalar Cornell poten-
tial.

3.1. Spin symmetry limit

The exact spin symmetry occurs in the Dirac equation
when d∆/dr = 0 or ∆ = Cs =constant.[23–26] In this part we
take Σ = 0 , Cs = 0, and pseudoscalar potential as Cornell po-
tential in Eq. (1). Therefore, equation (5b) becomes

d2ψ+

dx2 −
[

b2x2 +
a(a+1)

x2 +ξ
2
]

ψ+ = 0, (6)

where ξ 2 =−b(2a−1)−ε2, and ε2 = E2−m2. To obtain the
solution of Eq. (6), by using transformation s = x2, we rewrite

it as follows:

d2ψ+

ds2 +
1
2s

dψ+

ds
− 1

4s2

[
b2s2 +ξ

2s+a(a+1)
]

ψ+ = 0. (7)

This second differential equation can be solved by the
Nikiforov–Uvarov method.[27–30] Following Eqs. (28)–(35) in
Ref. [28], one can obtain the energy equation as

b(4n+2+
√

4a(a+1)+1)+ξ
2 = 0, (8)

or equivalently

E = ±
[
m2 +2b(2n+a+3/2)−b(2a−1)

]1/2

= ±
(
m2 +4b(n+1)

)1/2
. (9)

In Table 1, we list the bound state energy eigenvalues with
m = 5 fm−1 for some nuclear states. To find the eigenfunc-
tion of the spin symmetry case, we follow Eqs. (36)–(39) in
Ref. [28] and obtain the upper spinor as

ψ+(x) = N e−bx2/2xa+1La+1/2
n (bx2), (10)

where N is the normalization constant determined by[31]

N =

√
2ba/2+3/2n!

(n+a/2+3/2)!
. (11)

Table 1. Bound state energy eigenvalues (in units of fm−1) with m = 5 fm−1.

n
b = 0.1 b = 0.5 b = 1

spin pseudospin spin pseudospin spin pseudospin
symmetry symmetry symmetry symmetry symmetry symmetry

0 ±5.039841 ±5.000000 ±5.196152 ±5.000000 ±5.385165 ±5.000000
1 ±5.079370 ±5.039841 ±5.385165 ±5.196152 ±5.744563 ±5.385165
2 ±5.118593 ±5.079370 ±5.567764 ±5.385165 ±6.082762 ±5.744562
3 ±5.157519 ±5.118593 ±5.744563 ±5.567764 ±6.403124 ±6.082762
4 ±5.196152 ±5.157519 ±5.916080 ±5.744563 ±6.708204 ±6.403124
5 ±5.234501 ±5.196152 ±6.082762 ±5.916080 ±7.000000 ±6.708204

3.2. Pseudospin symmetry limit

The exact pseudospin symmetry occurs in the Dirac equa-
tion when dΣ/dr = 0 or Σ =Cps =constant.[32–35] In this part
we take ∆ = 0, Cps = 0, and pseudoscalar potential as the Cor-
nell potential in Eq. (1). As we mentioned, in the pseudospin
symmetry case, Σ = 0 and E 6= m,[1] and the Dirac equation
can be obtained from the previous one by taking ψ+ ↔ ψ−,
m→−m, Σ → ∆ , and VP→−VP. Therefore, the energy equa-
tion can be obtained as

b(4n+2+
√

4a(a−1)+1)+ ξ̃
2 = 0, (12)

where ξ̃ 2 = −b(2a+ 1)− ε2. We can also write the energy
eigenvalues as

E = ±
[
m2 +2b(2n+a+1/2)−b(2a+1)

]1/2

= ±
(
m2 +4bn

)1/2
. (13)

Some numerical results can be found in Table 1. The corre-
sponding lower spinor eigenfunctions can be obtained as

ψ−(x) = Ñ e−bx2/2xaLa−1/2
n (bx2), (14)

where Ñ is the normalization constant determined by[31]

N =

√
2ba/2+1/2n!

(n+a/2+1/2)!
. (15)

4. Conclusions
In this paper, we investigated the energy levels and wave

function of the Dirac equation with the pseudoscalar Cornell
potential under spin and pseudospin symmetry limits. We
found that the Cornell potential with pseudoscalar potential
has exact solutions, even if it has no exact solution as scalar or
vector potential role.
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