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The complex variable reproducing kernel particle method (CVRKPM) of solving two-dimensional variable coefficient
advection–diffusion problems is presented in this paper. The advantage of the CVRKPM is that the shape function of
a two-dimensional problem is formed with a one-dimensional basis function. The Galerkin weak form is employed to
obtain the discretized system equation, and the penalty method is used to apply the essential boundary conditions. Then
the corresponding formulae of the CVRKPM for two-dimensional variable coefficient advection–diffusion problems are
obtained. Two numerical examples are given to show that the method in this paper has greater accuracy and computational
efficiency than the conventional meshless method such as reproducing the kernel particle method (RKPM) and the element-
free Galerkin (EFG) method.
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1. Introduction

The advection–diffusion equations are important in many
fields in engineering.[1–5] In general, the advection–diffusion
equations are solved using numerical methods, such as the
finite difference method (FDM), the finite element method
(FEM), and the boundary element method (BEM). These
methods are derived from local interpolation schemes and re-
quire a mesh to support the application.[6]

Meshless methods are approximate methods that are
based on nodes without initial mesh and re-meshing.[7–10]

Then, the meshless method can overcome the disadvan-
tage that the conventional numerical method depends on the
mesh of the solution domain. At present, the element-free
Galerkin (EFG) method[11–17] and the reproducing kernel par-
ticle method (RKPM)[18–20] are the most important meshless
methods. To overcome the disadvantage that the EFG method
and the RKPM have a great computational cost, based on
the complex variable theory, the complex variable meshless
methods, such as the complex variable element-free Galerkin
(CVEFG) method[21–30] and the complex variable reproducing
kernel particle method (CVRKPM)[31,32] have been presented.
The advantage of a complex variable meshless method is that
the correction function of a two-dimensional (2D) problem
is formed with a one-dimensional (1D) basis function when
the shape function is obtained, which leads to fewer nodes
selected in the domain of the problem without the loss of
the computational accuracy.[33] Then, the complex variable

meshless method has a higher computational accuracy and
efficiency.[34]

In this paper, the CVRKPM of solving 2D variable coeffi-
cient advection–diffusion problems is proposed. The Galerkin
weak form is employed to obtain the discretized system equa-
tion, and the penalty method is used to apply the essential
boundary conditions. Then, the corresponding formulae of
the CVRKPM for 2D variable coefficient advection–diffusion
problems are obtained. Two numerical examples are given
to show that the method in this paper has greater accuracy
and computational efficiency than the conventional meshless
method, such as the RKPM and EFG methods.

2. Shape function of the CVRKPM
Consider a complex function ū(z) which is the continuous

derivative function defined in the domain Ω . In the CVRKPM,
the approximate function ūh(z) at point z is

ūh(z) = ūh
1(z)+ iūh

2(z)

=
∫ ū(z′)

Ω

w̄h(z− z′)dz′, (z = x1 + ix2 ∈Ω), (1)

where w̄h(z−z′) is a corrected reproducing kernel function ex-
pressed as

w̄h(z− z′) =C(z;z− z′)wh(z− z′). (2)

Here, wh(z− z′) is the kernel function which has a compact
support domain, and C(z;z− z′) is the correction function
which is expressed as a linear combination of polynomial basis
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functions, i.e.,

C(z;z− z′) =
m

∑
i=0

pi(z− z′)bi(z)

= 𝑝T(z− z′)𝑏(z), (z ∈Ω). (3)

The discretized form of the complex variables reproducing

kernel approximation can be obtained by applying the trape-

zoidal rule to Eq. (1), i.e.,

ūh(z) =
n

∑
I=1

C(z;z− zI)wh(z− zI)∆VI ū(zI), (4)

where zI is the node in the support domain of z, n is the total

number of the nodes in the support domain of z,

ū(zI) = ū1(zI)+ iū2(zI), (5)

and ∆VI is the volume of node zI and represents the integration

weight, i.e.,

nt

∑
I=1

∆VI = Ω , (6)

where nt is the total number of nodes distributed in the solution

domain.

Equation (4) can be rewritten as

ūh(z) =𝐶(z)𝑊 (z)𝑉 · ū, (7)

where

𝑢̄= (ū(z1), ū(z2), . . . , ū(zn))
T = Q𝑢, (8)

𝑢=(u1(z1),u2(z1),u1(z2),u2(z2), . . . ,u1(zn),u2(zn))
T, (9)

Q =


1 i 0 0 0 0 · · · 0 0
0 0 1 i 0 0 · · · 0 0
0 0 0 0 1 i · · · 0 0
...

...
...

...
...

...
. . .

...
...

0 0 0 0 0 0 · · · 1 i


n×2n

, (10)

W (z) =


w(z− z1) 0 · · · 0

0 w(z− z2) · · · 0
...

...
. . .

...
0 0 · · · w(z− zn)

 , (11)

𝑉 =


∆V1 0 · · · 0

0 ∆V2 · · · 0
...

...
. . .

...
0 0 · · · ∆Vn

 . (12)

Let

CI(z) =CI(z;z− zI) = 𝑝T(z− zI)𝑏(z), (13)

then we have

𝐶(z) = (C1(z),C2(z), . . . ,Cn(z)) = 𝑏T(z)𝑃 , (14)

where

𝑃 =


p0(z− z1) p0(z− z2) · · · p0(z− zn)
p1(z− z1) p1(z− z2) · · · p1(z− zn)

...
...

. . .
...

pm(z− z1) pm(z− z2) · · · pm(z− zn)

 . (15)

Here, the correction coefficients are obtained via the reproduc-
ing conditions of the trial function, and

𝑀(z) ·𝑏(z) =𝐻, (16)

where

𝑀(z) =
n

∑
I=1

𝑝(z− zI) ·𝑝T(z− zI) ·wh(z− zI) ·∆VI , (17)

𝐻 = (1,0, . . . ,0)T, (18)

𝑏(z) =𝑀−1(z) ·𝐻. (19)

Then, the expression of the trial function ūh(z) can be written
as

ūh(z) =𝛷(z)𝑢̄=
n

∑
I=1

ΦI(z)ū(zI), (20)

where 𝛷(z) is defined as the shape function of the CVRKPM,

𝛷(z) = (Φ1(z),Φ2(z), . . . ,Φn(z)) =𝐶(z) ·𝑊 (z) ·𝑉 . (21)

Then,

uh
1(z) = Re[𝛷(z)𝑢̄] = Re[

n

∑
I=1

ΦI(z)ū(zI)], (22)

uh
2(z) = Im[Φ(z)ū] = Im[

n

∑
I=1

ΦI(z)ū(zI)]. (23)

The advantage of the CVRKPM is that the shape function
of a 2D problem is formed with a 1D basis function, which
leads to the fact that fewer nodes can be selected in the mesh-
less method formed with the CVRKPM under the same accu-
racy. As for an arbitrary node, when its shape function and
its derivatives are calculated, it is necessary to obtain the in-
version of the matrix 𝑀 . Under the same accuracy, because
of fewer unknown coefficients needed in the CVRKPM ap-
proximation, which leads to the reduction of the dimension of
the matrix, then the CVRKPM has a great computational effi-
ciency compared with the RKPM.[16]

3. CVRKPM for 2D advection–diffusion prob-
lems
Now we consider the time-dependent variable coefficient

advection–diffusion equation

∂u
∂ t
−d1(x1,x2)

∂ 2u
∂x2

1
−d2(x1,x2)

∂ 2u
∂x2

2
+ v1(x1,x2)

∂u
∂x1

+v2(x1,x2)
∂u
∂x2

= f (x1,x2, t), (x1,x2) ∈Ω , t ≥ 0, (24)

with the boundary conditions below,

u(x1,x2, t) = ū(x1,x2, t), (x1,x2) ∈ Γ
u, (25)
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d1(x1,x2)
∂u(x1,x2, t)

∂x1
n1 +d2(x1,x2)

∂u(x1,x2, t)
∂x2

n2

= q̄(x1,x2, t), (x1,x2) ∈ Γ
q, (26)

and the initial condition of

u(x1,x2,0) = u0, (27)

where u(x1,x2, t) is a field function at the point x= (x1,x2) and
time t; di(x1,x2) is the diffusion coefficient; vi(x1,x2) is the ad-
vection coefficients in the xi direction; f (x1,x2, t) is the source
term; ū(x1,x2, t) and q̄(x1,x2, t) are the prescribed functions
on the corresponding boundaries Γ u and Γ q, respectively; ni

is the outward unit normal to the boundary Γ in the xi direc-
tion; Γ u∪Γ q = Γ ; Γ u∩Γ q = /0.

Using the penalty method to enforce the essential bound-
ary conditions, the corresponding constrained Galerkin weak
form of the time-dependent advection–diffusion problem can
be obtained as∫

Ω

δu
(

∂u
∂ t
− f
)

dΩ +
∫

Ω

δ (𝐿u)T𝑑(𝐿u)dΩ

+
∫

Ω

δu
(

v1(x1,x2)
∂u
∂x1

+ v2(x1,x2)
∂u
∂x2

)
dΩ

−
∫

Γ q
δuq̄dΓ +

∫
Γ u

δ (u− ū)α(u− ū)dΓ , (28)

where α is the penalty factor,

𝑑=

[
d1(x1,x2) 0

0 d2(x1,x2)

]
, (29)

𝐿(·) =

 ∂

∂x1
∂

∂x2

(·). (30)

From Eq. (28), we have∫
Ω

δu
∂u
∂ t

dΩ −
∫

Ω

δu f dΩ +
∫

Ω

δ (𝐿u)T𝑑(𝐿u)dΩ

+
∫

Ω

δuv1(x1,x2)
∂u
∂x1

dΩ +
∫

Ω

δuv2(x1,x2)
∂u
∂x2

dΩ

−
∫

Γ q
δuq̄dΓ +

∫
Γ u

δuαudΓ −
∫

Γ u
δuα ūdΓ . (31)

From Eq. (22), we can obtain the following approximations:

𝑢(𝑧,𝑡) = Re[Φ(𝑧)u(𝑡)] =
𝑛

∑
𝐼=1

Re[𝛷𝐼(𝑧)]𝑢𝐼(𝑡)

=
𝑛

∑
𝐼=1

Φ̃𝐼(𝑧)𝑢𝐼(𝑡) = Φ̃(𝑧)u, (32)

∂𝑢(𝑧,𝑡)

∂𝑡
=

∂

∂ t

𝑛

∑
𝐼=1

Φ̃𝐼(𝑧)𝑢𝐼(𝑡)

=
𝑛

∑
𝐼=1

Φ̃𝐼(𝑧)
∂𝑢𝐼(𝑡)

∂ t
= Φ̃(𝑧)𝑢̇, (33)

where n is the node number in the compact support domain of
z, and

Φ̃(z) = (Φ̃1(z),Φ̃2(z), · · · ,Φ̃n(z)), (34)

𝑢= (𝑢1(t), 𝑢2(t), . . . ,𝑢𝑛(t))T, (35)

𝐿u(𝑧, t) =
𝑛

∑
𝐼=1


∂

∂𝑥1
∂

∂𝑥2

Re[𝛷𝐼(𝑧)]𝑢𝐼(𝑡)

=
𝑛

∑
𝐼=1

𝐵𝐼(𝑧) ·𝑢𝐼(𝑡) =𝐵(𝑧) ·𝑢. (36)

Substituting Eqs. (34)–(36) into Eq. (32) yields∫
Ω

δ [Φ̃(𝑧)u][Φ̃(𝑧)u̇]dΩ −
∫

Ω

δ [Φ̃(𝑧)u]𝑓 dΩ

+
∫

Ω

δ [B(𝑧)u]Td̃[B(𝑧)u]dΩ

+
∫

Ω

δ [Φ̃(z)𝑢]v1(x1,x2)
∂

∂x1
Φ̃(z)𝑢dΩ

+
∫

Ω

δ [Φ̃(z)𝑢]v2(x1,x2)
∂

∂x2
Φ̃(z)𝑢dΩ

−
∫

Γ q
δ [Φ̃(z)𝑢]q̄dΓ +

∫
Γ u

δ [Φ̃(z)𝑢]α[Φ̃(z)𝑢]dΓ

−
∫

Γ u
δ [Φ̃(z)𝑢]α ūdΓ = 0. (37)

Equation (35) can be written as

δ𝑢T(𝐶u̇+𝐷u+𝐾α𝑢+𝐺(1)𝑢+𝐺(2)𝑢−𝐹 (1)

−𝐹 (2)−𝐹 α) = 0, (38)

where

𝐶 =
∫

Ω

𝛷̃T(𝑧)𝛷̃(𝑧)dΩ , (39)

𝐷 =
∫

Ω

BT(𝑧)d̃B(𝑧)dΩ , (40)

𝐾𝛼 =
∫

Γ u
𝛷̃T(𝑧)𝛼𝛷̃(𝑧)dΓ , (41)

𝐺(1) =
∫

Ω

𝛷̃T(𝑧)v1(x1,x2)
∂

∂x1
𝛷̃(𝑧)dΩ , (42)

𝐺(2) =
∫

Ω

𝛷̃T(𝑧)v2(x1,x2)
∂

∂x2
𝛷̃(𝑧)dΩ , (43)

𝐹 (1) =
∫

Ω

𝛷̃T(z)𝑓 dΩ , (44)

𝐹 (2) =
∫

Γ q
𝛷̃Tq̄dΓ , (45)

𝐹𝛼 =
∫

Γ u
𝛷̃T(𝑧)𝛼𝑢̄dΓ . (46)

In the advection–diffusion problem, the field function u is
not only a function of space coordinates, but also depends on
time. Because the time and space domain are not coupled, we
apply the CVRKPM in the space domain, and the finite differ-
ence method in the time domain. We can obtain the final linear
system as

𝐶𝑢̇+𝐾̄𝑢= 𝐹̄ , (47)

where

𝐾̄ =𝐷+𝐾α +𝐺(1)+𝐺(2), (48)

𝐹̄ = 𝐹 (1)+𝐹 (2)+𝐹 α . (49)

Equation (47) is a system of linear ordinary differential
equations, in which the time is an independent variable. Sup-
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pose that the time step is ∆t. Using the traditional difference
method for two-point boundary value problems, we can estab-
lish the relationship between u|t+∆t and u|t as

θ
∂u
∂ t

∣∣∣ t+∆t +(1−θ)
∂u
∂ t

∣∣∣ t =
u|t+∆t −u|t

∆t
. (50)

From Eq. (47), we can obtain
∂u
∂ t
|t+∆t and

∂u
∂ t
|t . Then,

substituting the results into Eq. (50) yields(𝐶
∆t

+θ𝐾̄|t+∆t

)
𝑢|t+∆t =

(𝐶
∆t
− (1−θ)𝐾̄|t

)
𝑢|t

+θ 𝐹̄ |t+∆t +(1−θ)𝐹̄ |t , (51)

where θ is a time-weighed coefficient, and its different values
correspond to different time difference forms. When θ = 1/2,
equation (51) becomes(2𝐶
∆t

+𝐾̄|t+∆t

)
𝑢|t+∆t =

(2𝐶
∆t
−𝐾̄|t

)
𝑢|t + 𝐹̄ |t+∆t + 𝐹̄ |t . (52)

Then, the relationship between 𝑢|t+∆t and 𝑢|t is obtained.
With the initial condition, starting from the initial time, we
solve the field function at the next moment after a time step.
The field function 𝑢 at any time can be achieved step by step.

4. Numerical examples
For the validation of the method described above, we

present two examples. In the examples, we examine the
accuracy of CVRKPM and make comparisons between the
CVRKPM, RKPM, and EFG methods.

4.1. Advection-dominated equation

Consider the following linear advection–diffusion equa-
tion:

∂u
∂ t

+
∂u
∂x1

+
∂u
∂x2
− 1

4π2

(
∂ 2u
∂x2

1
+

∂ 2u
∂x2

2

)
= π e−t(π(x1 + x2)),

(x1,x2) ∈Ω = [0,1]× [0,1], t ≥ 0, (53)

together with Dirichlet-type boundary conditions

u(0,x2, t) = 0, (54)

u(1,x2, t) = 0, (55)

u(x1,0, t) = 0, (56)

u(x1,1, t) = 0, (57)

and the initial condition

u(x1,x2,0) = sin(πx1)sin(πx2), (x1,x2) ∈Ω . (58)

The analytical solution is given by

u(x1,x2, t)= e−t sin(πx1)sin(πx2). (59)

This is an advection-dominated advection–diffusion
equation. To illustrate the accuracy of the proposed mesh-
less method, we choose 12× 12 regularly distributed nodes.
The following parameters are employed to solve Eq. (53):
α = 1.0× 103 and ∆t = 0.001. The dmax is chosen to reach

the highest accuracy of each method. In experiment, we as-
sign dmax = 1.7 for CVRKPM, dmax = 2.5 for RKPM, and
dmax = 1.9 for the EFG method.

Figures 1–3 show the analytical and numerical solutions
obtained, respectively, by the CVRKPM, the EFG method, and
the RKPM when x1 = 1/12 at t = 0.1, 0.2, and 0.5 s. We can
see that the results of the three methods are in very good agree-
ment with the exact solutions. It is obvious that the CVRKPM
has a higher accuracy than the EFG method and the RKPM.

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20

0.25

0.30
 analytical
 CVRKPM
 EFG
 RKPM

u
(1

/
1
2
, 
x

2
, 
0
.1

)
x

Fig. 1. Comparison of the solutions of CVRKPM, RKPM, and EFG
method with the analytical one at x1 = 1/12 at time t = 0.1 s.

u
(1

/
1
2
, 
x

2
, 
0
.2

)

x

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20

0.25

0.30
 analytical
 CVRKPM
 EFGM
 RKPM

Fig. 2. Comparison of the solutions of CVRKPM, RKPM, and EFG
method with the analytical one at x1 = 1/12 at time t = 0.2 s.

u
(1

/
1
2
, 
x

2
, 
0
.5

)

x

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20
 analytical
 CVRKPM
 EFG
 RKPM

Fig. 3. Comparison of the solutions of CVRKPM, RKPM, and EFG
method with the analytical one at x1 = 1/12 at time t = 0.5 s.

As regards the computational speeds of the three meth-
ods, under the same accuracy, the CVRKPM is faster than the
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other two methods. As shown in Fig. 4, under the same accu-
racy, the CVRKPM requires 144 nodes and CPU time of 47 s,
the EFG mothod requires 169 nodes and CPU time of 85 s, and
the RKPM requires 196 nodes and CPU time of 93 s. Thus,
the CVRKPM has higher computational efficiency.

u
(1

/
1
2
, 
x

2
, 
2
)

x

0.0 0.2 0.4 0.6 0.8 1.0

0.000

0.005

0.010

0.015

0.020

0.025

0.030

analytical

CVRKPM nodes 12T12 
CPU time 47 s

EFG nodes 13T13 
CPU time 93 s

RKPM nodes 14T14 
CPU time  85 s

Fig. 4. Comparison of CPU time for a given accuracy at x1 = 1/12
at time t = 2 s.

4.2. Diffusion-dominated equation

Consider the following advection–diffusion equation:

∂u
∂ t

+
1
2

x1
∂u
∂x1

+
1
2

x2
∂u
∂x2
−
(

∂ 2u
∂x2

1
+

∂ 2u
∂x2

2

)
= 0,

(x1,x2) ∈Ω = [0,1]× [0,1], t ≥ 0, (60)

together with the Dirichlet-type boundary conditions

u(0,x2, t) = 0, (61)

u(1,x2, t) = x2 e−t , (62)

u(x1,0, t) = 0, (63)

u(x1,1, t) = x1 e−t , (64)

and the initial condition

u(x1,x2,0) = x1x2, (x1,x2) ∈Ω . (65)

The analytical solution is given by

u(x1,x2, t) = x1x2 e−t . (66)

This is a diffusion-dominated advection–diffusion equation.
This example is solved using the CVRKPM, the EFG method,
and the RKPM with totally 144 regularly distributed nodes.
The penalty factor is α = 1.0×103.

Figures 5–7 show the analytical and numerical solutions
obtained by the three meshless methods at x1 = 1/6. We
choose dmax to be 1.7 for the CVRKPM, 1.9 for the EFG
method, and 2.7 for the RKPM. Then, the CVRKPM and EFG
method have greater computational accuracy.

As regards the computational speeds of the three meth-
ods, under the same accuracy, the CVRKPM is faster than the
other two methods. As shown in Fig. 8, under the same accu-
racy, the CVRKPM requires 144 nodes and CPU time of 211 s,
the EFGM requires 144 nodes and CPU time of 361 s, and the
RKPM requires 225 nodes and CPU time of 267 s. Then, the

CVRKPM has higher computational efficiency.
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5. Conclusions
Based on the ICVMLS approximation, we present the

CVRKPM for 2D advection–diffusion problems. An exam-
ple of diffusion-dominated advection–diffusion equation and
an example of advection dominated advection- diffusion equa-
tion are used to study the newly developed meshless method.
We can draw the following conclusions. (i) The CVPKRM
has much better accuracy and efficiency than the RKPM,
and it also has better computational efficiency than the EFG
method. (ii) To reduce the error of solution obtained by
the CVRKPM, nodes can be increased, but it also increases
the computation time. (iii) The solutions of the CVRKPM
are in excellent agreement with the analytical solutions of
both the diffusion-dominated advection–diffusion equations
and advection-dominated ones. In a word, the CVRKPM has
good potential in solving problems in engineering and sci-
ence which are governed by various types of partial differential
equations.
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