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In this paper, we present a new method to obtain the Lie symmetries and conserved quantities of the discrete wave
equation with the Ablowitz—Ladik—Lattice equations. Firstly, the wave equation is transformed into a simple difference
equation with the Ablowitz—Ladik—Lattice method. Secondly, according to the invariance of the discrete wave equation
and the Ablowitz—Ladik—Lattice equations under infinitesimal transformation of dependent and independent variables, we
derive the discrete determining equation and the discrete restricted equations. Thirdly, a series of the discrete analogs of
conserved quantities, the discrete analogs of Lie groups, and the characteristic equations are obtained for the wave equation.
Finally, we study a model of a biological macromolecule chain of mechanical behaviors, the Lie symmetry theory of discrete
wave equation with the Ablowitz—Ladik—Lattice method is verified.
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1. Introduction

Conserved laws play an important role in theoretical
physics, analytical mechanics, biology, etc. To study the con-
served quantities of a wave equation by using the symme-
try theory is a direction developed recently in mathematical
physics. The symmetry theory mainly covers the Noether
symmetry and the Lie symmetry of the systems.!™! The
Noether symmetry is an invariance of the Hamilton’s action of
the system under the infinitesimal transformations of groups
on time and coordinates. The Lie symmetry is an invariance
of the differential equations under the infinitesimal transfor-
mations of groups on time and coordinates.>~"]

Recently, the symmetry of a wave equation was studied
in Ref. [8].
the Noether symmetries to solve the complicated determining

Studying the wave equation with the Lie and

equation or the Killing equations is a difficult task.”~'3 So
it is difficult to obtain the conserved quantities.[!*1°! In this
paper, we present a new method for studying the Lie symme-
tries of a nonlinear wave equation. Firstly, to reduce the wave
equation with the method of Ablowitz—Ladik-Lattice, the con-
tinuous wave equation is transformed into a simple discrete
net equation. Secondly, we give the discrete vector operator
of infinitesimal transformation of dependent and independent
variables. Thirdly, according to the invariance of the discrete
wave equation and the restricted equations under the infinites-
imal transformation of dependent and independent variables,
we derive the determining equation of the Lie symmetry. Fi-
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nally, we study a model of a biological macromolecule chain
of mechanical behaviors by integrating the characteristic equa-
tions; a series of conserved quantities is obtained.

2. Wave equation

We consider a nonlinear wave equation as follows: "]

Uy = [f(u)ux]x 1

In the last two decades, the search for the symmetries of one-
dimensional nonlinear wave equations has been carried out.

21

Torrisi and Valenti>! have investigated the symmetries of the

following equations:

Uy = [fl (u) Mx]xa )
e = [fo () ux + g1 (x,u)], 3)

where fi, f», and g; are arbitrary functions of their arguments,
t is the time, and x is the one-space coordinate. An attempt
was made to collect many types of equations previously dis-
cussed by considering a wide class of nonlinear wave equation
of the form

Ut :f3 (X,VX) Vix + &2 (x7VX)7 4)

where f3 and g; are arbitrary functions of x, ¢, u,, and ;. Here,
we consider the discrete case of Eq. (4).
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3. Reduction of discrete wave equation with the
Ablowitz-Ladik-Lattice method

Substituting Eqgs. (6) and (7) into Eq. (4), we can reduce the
discrete wave equation to

In order to obtain a discrete wave equation, we use the

. . . [Mnx;% (un+1 + unfl) - unzxn (anrl +xn71)} (un+1 + unfl)
Ablowitz—Ladik—Lattice system

+ upxy [xn-l-lun—‘rl (un + un+2) + Xp—1Un—1 (un + un—Z)]
Uy (t) = ((X + Mnxn) (un+l + “nfl) — 20Uy,

Xn (1) = — (A + upxn) (Xps1 +x0—1) + 200, (5)

= f3('4n+l +un71)[xn+lun+1 (xn+2 +xn)

+ Xp—1Up—1 (xn—2 +xn) —Xn (xn+1 ""xn—l)z]i] +82. ®)

Differentiate Eq. (5) with respect to ¢, which is equivalent to If we fix

lin (t) = (lln (t)xn +Xn (t)u") (uVHrl +Mﬂ*l) f3= unxn[xn+1un+l (xn+2 ""xn)'i‘xnflunfl (xn72 +xn)

+ (0 +xptty) (i1 + tip—1) — 20k () , — Xn (Xng1 +Xn—1)2](un+1 +14n—1)717

Xn (t) = - (un (t)xn + Xy (t) un) (anrl +xnfl) 82 = UpXpXp4-1Un+1 (”n + un+2) + unx,zl (un+1 + unfl)z , 9

— (4 xpup) (Xpr1 +Xn—1) + 205, (¢ 6
( nttn) (1 +-%n-1) (), © then equation (8) can be rewritten as
where
Xn—1Un—1 (“n + “n72)
Uni1 (1) = (O + tpp1Xn41) (Uns2 + tn) — 2000541,

i (1) = (@ thy 150 1) (162 +10) — 2001051 — ity (tn—1 +tni1) (Xn—1 +2011) —1=0.  (10)
and make o = 0, then we can obtain The Ablowitz—Ladik—Lattice system can be written as
fin (t) = (tps1 +tn_1) [unx% (tng1 + tn_1) Unt1 — U = (O + unXn) (Unt1 + ttn—1)(tns1 —1n)
— Uy (Xn1 +Xn—1) | nXn X 1 g1 (g2 + 1) — 20y (tn1 = tn),
+ up—1xn—1 (Un +un—2)], Xpi1 —Xp = — (4 pXp) Xy 1 — Xn) (tnr1 — 1n)
S (1) = = 1023 (1 + 121) = 330 (1 + 25001 + 205ttt = hn). (an

X (X1 +Xn—1) + UnXn [xn+1un+l (Xn+2 +Xn)

+ Uy 1Xp—1 (xn +xn72) ] . (7)

Introduce the infnitesimal transformation with respect to the
following variables:

by =ty + €M (tny tut 1y Xn—15Xn, Xt 1, Un—2, Un—1, Un, Unt1,Un+2) 5

f:f+1 =ty 1 + €A (tns a5 Xn— 15X, X 15 Un—2, Un—1, Uns Un 1, Un42)
XZ,] = Xn—1 +8§l (tnathrlaxnfl7xn7xn+17un72,unfl7unaun+17un+2)7
x; =Xp+ 8‘52 (tnytn+17xn71;xn;xn+1 ) un727un717un7un+1;un+2) ,

Xy 1 = X1+ EE3 (b bt 1 Xn— 1 X0, Xnep 1 Un—2, Un—1, Uy U 1, Ung2)
Un_n = tpn—2+ N (bnytnt 1y Xn—1,Xns Xnt 1, Un—2, Un—1,Un, Un+1,Un+2) s
Uy = Up 1+ €M (tny by 1,Xn— 1, X, Xt 1, U2, Un 1, Uny U1, Uny2) 5
u;; = Up +£n3 (tnathrl s Xn—1yXny Xn4+1,Un—2,Un—1,Un, Un+1, un+2) )

*
Upr) =Upt1+ENg (tnatn+1>xn—17xn7xn+1aun—27un—laun;Mn+17un+2)7 (12)

where A;, £ and i (i=1,2;j=1,2,3; k=1, 2, 3) constitute transformation lead to the determining equation
the Lie group of infnitesimal transformations. Furthermore,
we introduce the operator of the infinitesimal transformation

él [“nfl (“n + “an) —Un (”nfl + Upt1 )]

J d 0 0 d
X = M&T,, +7Lzm +61Tn—1 Jrézaianrém — &3 [un (tn—1 + 1) + M (Xn—1Un1)
0d 0 + M [xnfl (un +un72) — Up (xnfl +xn+1)]
Jrrlla +n28 JrTI3aiJrT]487. (13)
Up—2 Un—1 Un Un+1 +m3 [xn,lun,1 — (un,1 + un+1) (xn,l +xn+1)]

The invariants of Eqgs. (10) and (11) under the infinitesimal

- n4[un (anl +xn+1)] =0, (14)
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and the restrained equations

Na[l = (& + upxn) (a1 — )]

— M1+ (g1 + ttn—1) (tas1 — 1)

= 20U(tn1 —tn)] + (& + UnXn) M2 (tn41 — 1)
= Eottn (1 + ttn—1) (tar1 — )

+ (a4 upxy) (g1 +tn—1) (A2 — A1), 15)

& —& = —mxa(Xnr1 —x) (a1 — 1)
= Sty (X1 = Xn) (tns1 — 1)
— (o +unxn)(83 — &) (ta1 — 1)
— (@ +upxy) (Xni1 — Xn) (A2 — A1)
=20 (tgr1 —tn) +20x, (A2 — A1).  (16)

Equations (14)—(16) have a series of solutions as follows. Let

Afl = 51253:1"3:0’ 1"’2:—1’ n4:1,
]_2<a+unxn>

A’2 = (a+unxn)(un+l+un71)(tn+1_tn)7
£ = [1=2(a + upxy)][20x, — (O + tpxy) (Xp1 — Xn)]
(a+unxn)(un+1 +'4n71)(1+(a+unxn)) ’
n+ Un—
n = ”uiulz, a7

then the characteristic equation with infinitesimal transforma-
tion (13) will be

d'tn+1
1 —2(a+upx,)
1, —1
(a+unxn)(un+1 +un71) ( n n)
dxp i1

T =2(a+ upxy)] 20060 — (0 + tpxn) (Xns1 — Xn)]
(OC + u/zxn)(un+l + un—l)[l + (Ot + unxn)]

_ duy
(”n + un72) (xnf 1Up—2 — UpXpt1 )/unfl
du,—1  duyy
= = - 18
= 1 (18)

From Eq. (18), we can obtain the following conserved quanti-

ties:
I = 1 In Xn—1Up—2 — UpXpt1
UpXp—1 + UnXn+1 Up +Up—2
1
+ St (19)
L = 1 In Xp—1Up—2 — UpXpt1
UnXp—1 + UnXn+1 Up +Up—2
— Up—1Up+1, (20)
1—=2(0t + upxy)
L = tht1 —1n), (2D
(0t + 14nXn) (U1 + tin—1) (st = 1)

Iy = (tny1+up1)
(1=2(at-+unxn))
X [200xn — (0 4 upXy) (X1 — Xy)] THotumm)) - (22)

When equations (14)—(16) have the following solutions:

l1 = 512522113:07 711:—17 772:17
N4 = [xn—l (un + un—2) (xn—lun—Z - unxn+1>

— U (xn—l +xn+1)] [”n(xn—l "‘xn-&-l)]il s
Xn—1 (un + un72) (xnfl Up—2 — unxn+1)

A =
un(a +unxn)(un+l +“n71)(xn+l ""xnfl)
2
(@ + Xy ) (Un 1 + 1)’
£ = 20, — (0 + upxy) (Xnt1 — Xn)

1+ (o + upxn) (1 — tn)
Xn—1 (un + un72) (xnf 1Up—2 — UpXp41 )

Un (00 + UpXy) (Un1 +tn—1) (Xng1 +2Xn—1)

u2

- - ) (23)
(OC + unxn) ("‘n+1 + Un—l)

and the characteristic equation is written as

dup_» . du,—y
-1 1
d”nJrl {[x,,,] (”n + ’/‘n72) (xnflun72 - unxn+1)

- un(xnfl +xn+1)][un(xnfl +x11+1)]71}71
d 200, — (00 + upxn) (Xpt1 — Xn)
Xn+1
L+ (ot + upxn) (ty1 — 1)
[ Xn—1 (un + un—Z)(xn—lun—Z - Mnxn+1)
un(a + unxn)(unJrl +un—1 ) (xn+1 +xn71)

2 —1
(a+“nxn)(“n+l +”nl):| }

—d |: Xn—1 (un + un72)(xn71un72 - unxn+1)
= dlyy]
un(a + unxn) (urH—l + un—l)(xn-H + xn—l)
u? -
n
— . (24)
(Ot + unxn) (unJrl + unfl) :|

From Eq. (24), we obtain the following conserved quantities:
1, 2 2
Is = —xy—1up—1un—2+ Exnflununfz — Xp—1UyUn—2Xp+1
2 3 1 2
T 3 X012 = 5 Xn—1Unlly 2 Xn1
- un”n72(xn71 +xn+1) + UnUy 1 (xnfl +xn+1)» (25)

Is = wy(Upy1 — p—1)(Xn—1 +Xnt1)

- [)Cn,1 (un + uan)(xnfl Up—2 — UpXp+1 )}unfla (26)
Uiity—>
L= a2
(un+] +Mn71)
Xt () (Y14 /2 — ity 2% 1)
”n(un+1 +un71)(xn+l +xn71)
+ [1+ (& 4 ttyxn) (tng1 — 1))
X In(200x, — (00 4 pXp) (X1 — Xn))s 27
I — Xn—1 (un + un—2)(xn—1un—2 - unxn-'rl)
8 = Up—1
un(a+unxn)(un+l +un71)(xn+l +xn71)
2
Uy
— ————In(up+1 +up—1) —tht1- 28
(OH—unxn) ( n+1 n 1) n+1 ( )
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When equations (14)—(16) have the following solutions:

M=&=56=n=0, =1,
(1= (@ +unxn)) (tns1 — tn)

n4:_17

= (Ot—&—unxn)(unﬂ +Mn—l)
+ (xnfluth —Xp—1Up—1 — unxr1+1)(tn+l — tn)
”n(unJrl +un71)(xn+l +xn71) ’
Xp—1Up—2 — Xp—1Up—1 — UpXn+1
N =

Un (Xp41+Xn—1)

63 (a'f'unxn)(xnflun72 —Xp—1Up—1 — unxn+l)(xn+l _xn)
un(unJrl - urzfl)(l + (a+unxn))(xn+l +xn71)

(a+upxy) (1 — (06 + tpxy))

B (1+ (0t + tpxn)) ’ 29

the characteristic equations on the Lie group of transformation
(29) are written as

du,_o
1

duy—
_Mn(xnfl +xn+1) —Xp—1Un—1
Xn—1 (un + un72) (xnflun72 - unxn+l)

_ dupy
-1
= dxp4 {[((X + unxn)(xnfl Up—2 —Xp—1Up—1 — unxn+])
X (X1 = %)) [tn (1 — 1) (14 (& + X))

X (xn+1 “"xn—l)]il

_ (@ + upxy) (1 = (@ + tpXn)) }1
(1+(a+ uuxn))

(1= (0t +unxn)) (tat1 —1n)
(0 + X)) (Uny1 +n—1)

= dtn+1 |:_

(xn—lun—Z —Xpn—1Up—1 — unxn+1)(tn+l - tn)
U (un+l + Up—1 )(anrl +Xn—1 )

-1
+ } . (30)

The following conserved quantities are obtained:

1
un(xn—l +xn+1)
Xn—1
un(xnfl +xn+l)
+ ln(un(xnfl +xn+l)+xn71un71)

1

= ———In{ [(x—1Up—2 — UpXpq ) !
un(xnfl +xn+1) {[( n—14n—-2 n n+1)

Iy = — In(u, + up—2)

ln(xn— 1Up—2 — UpXpt1 )

X (Mn(xn—l +xn+1) +xn—lun—1)un(x"7l+x"+l)]

X (un+un2)]}a (3D

*

t

Lo = In(up(Xp—1 + Xn41) +Xn—11n—1)

Un+1
(un + un72) (xnfl Up—2 — UpXp+1 )
I] | = (Mn+l + Uy )(a+unxn)<xn71“n727xn71un71 —UpXpi1)

X =ty (1 — (0 4 ttyX)) (tnr1 — tn) (Xnp1 +2Xn—1)
+ (a+unxn)(xnflun72 —Xp—1Up—1— unxn+])

X (tpg1 — tn)]”n(a+llnxn)(xn+l+Xn—l)_ (33)

4. Illustrate example

The ultra thin rod elastic equation of motion is a model
of a biological macromolecule chain of mechanical behaviors.
Ultra thin elastic rod dynamics plays an important role in the
DNA of balance and stability studies. The equation of motion
of a hyperelastic homogeneous bar, whose cross-sectional area
is variable along the bar, is expressed as

P =T+ (34)
where p is the constant mass density, u = u(x,7) is the dis-
placement, x is the coordinate of point P in the present ref-
erence frame, ¢ is the time, T (u,) is the tension, and S(x) is
the cross-sectional area that varies according to the following
exponential law:

S= SO e”x, T = XUy . (35)
Then equation (16) becomes
1
Ut = —XprlUxx + Exttux' (36)
p p

With Eq. (7), we can obtain the discrete wave equation

(p - 1) {(MVHrl +un71) [xn (unJrl +un71)
— tty (X1 + X0 1)] + X1ty 1 (g2 + )

+ Un—1Xn—1 (un + un72)}
Up+1+Up—1

= #m {Bxn (Unt1 + ttn—1) — tty (X1 +X0-1)]
X (anrl +X,171) - [xn+lun+l (xn+2 +xn)
+ Up—1Xn—1 (Xn—2 +%xn) ]} . (37)

We introduce the infnitesimal transformation on the following
variables:

no1 =1 FEA (1, by by 1, X2, X 15 X, X 1y X125 U2 U 1 Uy U 15 Un12),

*
tn =t + 8)“2(1‘1171 shs It 15 Xn—25Xn—1Xns Xnt- 15 Xn+2, Un—2, Un—1, Un, Un+1, unJrZ)v

*

t

bl = In+1+ 813(%717tn7tn+1;xn727xn717xnaxn+laxn+27un727unflaun; un+laun+2)»

.
Xp_p = Xn—2 4+ €& (tn—1, Ty e 15 Xn—2, Xn— 15X, X1, X2 Un—2, Un— 1, U U1, Un 42,

.
Xp_1 =Xn—1 + €5 (tn—1, Ty n 15 Xn—2, Xn— 15 X, X1, X2 Un—2, Un— 1, Uy U1, Un42),
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*
X, =X+ 8%3 (tn—lytnytn-&-l yXn—2,Xn—1,Xn,Xn+1,Xn+2, Mn—27un—laun>un+17un+2)7

*
Xpa+1 = Xn+1 + 854(%71 sty Int-15,Xn—25Xn—15Xn, Xn+15Xn+2, Un—2, Up—1, Un, Up+1 7un+2)a

*
xn+2 = Xn+42 + eés(tnfl 7tnatn+17xn727xn717xn7xn+1 s Xn+2,Un—2, Mnflaun7un+17un+2)a

*
U, »=1Up 2+ EMN (tnfl s by Int-15Xn—25Xn—15Xn, Xn+15Xn+2, Un—2, Up—1, Un, Up+1 7un+2),

*
un—] = Up—1 + 8”20}171atnvtrH»laxan;xnfl ;xn;anrl ,xn+27u1172) Un—1,Un, un+17un+2);

*
U, =u,+EN3 (tn—lytnytn+1 s Xn—25Xn—1,Xn,Xn4+1,Xn+2, Un—2,Up—1, unvun+17un+2)7

*
Uy 1 = Unt1 + 8774(tnfl sl Int-15Xn—25Xn—15Xn, Xn+15Xn+2, Un—2, Un—1, Un, Un+1 7un+2)a

*
Upip = Upt2 +EMNs (tn—17tn7tn+1 yXn—25Xn—1,Xns Xn+1,Xn+2, Un—2, Un—1, Un, Un+1, un+2)a (38)

where &; and 1; constitute the Lie group of infnitesimal trans-
formations. For obtaining the discrete analogue of the con-
served quantities for Egs. (11) and (37), we introduce the

infnitesimal transformation operator

d d d d d
X=h Oty_1 +/1297n 4 Otpi1 A Otni2 o Oxp—2
0
+Ea— +53a + &= F
+¢ a + I + J
5& Xn+2 m ity 2 m ity
2] 0 0
+ nsa—un + N4 I +Ms FI (39)

The invariants of Eqgs. (11) and (37) under the infinitesimal
transformation lead to the determining equations

m <(p 1)t tir1) — (g1 1)

+xn+1(un+2+un)_u {[xn(un+l +“n71)

Xn+1+Xn—1
- ”n(xn+1 +xn71)](xn+1 +xn71)

- [xn+l Upi1 (xn+2 +xn) + Up—1Xp—1 (xn72 +xn)}}

+ (P - 1)(un+l +Mn71)[xn +xn+l(un+2 +un)]

Upy1 +Up—1
)C:LT;L] [xn(xn—H “!‘Xn‘l) —xn+1(xn+2 +xn)])

+ ((P - l)[xn(un+1 +un71) - un(xn+1 +xn71)]

+ (P = 1) (1 + ttn—1)Xn + (p — 1)xn—1 (tn + ttn—2)
1

— U— | Xn(U +up—1)—
Iixn+]+xnil {[ n( n+1 n 1)

X (xn+l +xn71) -

un(xn+1 “"xnfl)]

[xn+1un+1 (xn+2 +xn)
Upi] + Up—1

+Xy—
Xt +x"_1 [xn(xn+1 Xn 1)

+ Up—1Xp—1 (xn72 +xn)] —H

2+ 3] ) | = (0 = Do +5,)

X (tpg1 +ttn—1) + (p = D)xpp1ttnr1 + (P — 1)Xp—11tn—1
Un+1 +Mn71(
Xp1 +Xn—1

+1s [(p - l)xn+lun+1(u11+1 +Mn—1)]

+ Mil(p — 1)xn—1ttn—1 (tnt1 + tin—1)]

Xn+1 +xn—l)2:|

+ éz{ —(p = 1) (g 1+ ttn—1)ttn+ (P — D)t 1 (tn + 1t —2)

Upt1+Up—1
— Xu (U, +Up_1)— X +Xp—
Yot X [ n( n+1 n 1) Mn( n+1 n 1)]}

+€3 |:( )(un+l+un l)Z*N(un+l+un71)2

Up+1+Up—1

(Xn 1 U1+ Uy 1 X1 )}
Xnt1+Xn—1

T 54{(;0 1)t -ttt (0 — Dt (2 + )

Upte1 +Up—1
m [xn(un+1 + un—l)
n n—

— U (Xnt1 +Xn71)](xn+l +X0-1) —xn+lun+1(xn+2 +x,)

Upt1+Up—1

+ Up—1Xn—1 (xn—2 +xn> —u
Xn+1 +xn71

Upt1+Up—1

Xn4+-1Un+1
Xn+1+Xn—1

meAMH+qu}+&u

Upt1 +Up—1
e X1 =0, (40)
X1+ Xn—1

and the restrained equations

Ns[1— (0 + s 1X011) (T2 — tur1)]
= Matur1 (Uni2 +ttn) (tas2 = tys1) + (1

+ N3 (X + i 1%41) (tnr2 — tas1)

+ Eattns 1 (Un 2+ n) (tay2 —tay1)

+ (@ + s 1Xn41) (Uns2 + tn) = 20Uy 1](Aa — A3), (41)

N3[l — (a4 up—1X0-1) (ta —ta—1)]

_tn+l))]

— Z(X(In+2

= M[(1 =20ty —tn—1)) + Xn—1 (p—2 + ttn) (tn — tn—1)]
+ Soutn—1 (Un—2+un) (tn —th—1)
+ M (@ + up—1xp—1) (th —ta—1)
+ (A2 —AM)[(@4up1x0-1) (Up—2 +1p) =20, 1]. (42)
Let
=h=8=8G==m=m=13=0
= &1 = Un11%011,M5 = &5 = —Un—1%n—1,
Ay = — Xt 1Un+1(0 + ty—1X0—1) (tn — ta—1)
(ot +un—1%0-1) (ttn—2 + tp) — 201ty _1’
Xn—1Un—1[1 = (0 4ty 1X011)] (tn2 — tat1)

Ay =

; (43)

(Ot + Up4+1Xn+1 )(un+2 + I/ln) 20Uy 41
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then the characteristic equations are

du,_» dupyo
Up+1Xn+1 —Up—1Xp—1
ds,

X 1 U1 (O F ty—1X0—1) (ty — 1)
(a + un—lxn—l)(un—Z + un) — 20,1
dtn+2
Xn— 11 [1 = (0 + s 1%041)] (ta2 — t1)
(0t + thyp1X041) (Ung2 + thn) — 20Uy 41

_ dxp—2
Up+1Xn+1
d
- T2 (44)
—Up—1Xn—1
the system will possess the conserved quantities
T = UpioUp 1 Xn41 — Up—2Un—1Xn—1, (45)
DL = U1 X0+ 1%042 + Up—1Xn—1Xn—2, (46)
13 _ ((X + un+1xn+l)(un+2 + un) - 2O“'{nJrl
Xn—1Un—1 [1 - ((X + Un+1Xn+1 )]
X ln(tn+2 — fn+1)
+ (OC + Mnflxnfl)(un72 + un) — 20Uy, 1
Xn+1Un+1 ((X + un—lxn—l)
x In(tyr1 —tn), 47)
Iy = xpi1upqq ]H[(Mn_z + un) - 2O“/tn—l]
+ ln(tn - tn—l)a (43)
Is = (1 — (@4t 1% 1) X012
(a + Mn+1xn+1)(un+2 + un) — 20,41
+ ln(tn+2 —tn+]). (49)
Let
M=h=6L=86=5L=mu=m=13=0,
- 1 B 1
Xn+1Un+1 ’ Xn—1Un—1
_ 1 _ 1
Xt 1lp i1 Xn—tlp—1
A= 1 1 — (0 +tpp1Xn41) (tag2 — tag1)
Xttt 1 (O + i 1X011) (Ung2 + Un) — 200,11
Ay = 1 <a+un—1xn—1)(tn_tn—1) . (50)

Xn—1Up—1 ((X + unflxnfl) (un72 + Mn) - 2aun71

then the characteristic equations are

_ Xnt1Unt1 [0+ tnt1Xn11) (Ung2 + tn) — 20Up4 1] Aty 10
1- (OC + U 1Xn11) (T2 — Tnt1)
Xp—1Un—1 [(Ol + ity 1Xp—1) (Un—2 +uy) — 20614”,1] dt,
(ot +up—1Xp—1) (ta —tn—1)
= —Xp—1Up—14dXy—2 = Xp+1Up1 X2 = —Xp—1Up—1dtty—2

Xn1Up1 A2,

the system will possess the conserved quantities

Is = Xpi1lpi1tys2 +Xp_1Up_1Uy_2, (51)

L

Iy

I

= Xn4+1Xn4+2Un+1 T Xn—1Xp—2Un—1, (52)
Xt 1 Un+ 1 [( O+ Un 1 X0 41) (U2 + Un) — 20U 41]
(0 +ttny1Xn41)
X In(1 — (0 + tpr1%n41) (T2 —tas1))
XU [(0 4 Un—1X0—1) (tn—2 + ) — 200 1]
(04 tp—1X4-1)

x In(t, —t,-1),
(o 4 tpt1Xn11) (Ung2 +1tn) — 200,11 ] Aty g0
(a+un+1xn+1)

X ln(l - ((X + Up+1Xn+1) (l‘n+2 — l‘n+1)) +Xpt2, (54)
[(OC + un_lxn_l) (un_z + u,,) — 2aun_1]
(a+up—1x5-1)

X In(ty, —t,—1) — up—2.

(53)

(55)

Certainly, we can also obtain other conserved quantities.

5. Conclusion

In this paper, we present a method to reduce to a discrete

wave equation with the Ablowitz—Ladik—Lattice and obtain

the Lie symmetries theories. Our results give a significant step

to profoundly study the Lie symmetries in the mechanical and

physical fields.
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