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Superconducting properties of barium in three phases
under high pressure from first principles∗
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Electron–phonon coupling (EPC) in the three high-pressure phases of Ba is investigated using a pseudopotential plane-
wave method based on density functional perturbation theory. The calculated values of superconducting critical temperature
Tc of Ba–I and Ba–II under pressure are consistent well with the trends observed experimentally. Moreover, Ba–V is found
to be superconducting with a maximum Tc exceeding 7.8 K at 45 GPa. With the increase of pressure, the values of Tc
increase in Ba I and Ba–II but the value of Tc decreases in Ba–V. For Ba–I at pressures below 2 GPa, the increases of
logarithmic average frequency ωlog and electron–phonon coupling parameters λ both contribute to the enhancement of Tc.
For all the three phases at pressures above 2 GPa, Tc is found to be primarily determined by λ . Further investigation reveals
that for all the three phases, the change in λ with pressure can be explained mainly by change in the phonon frequency.
Thus for Ba–II and Ba–V, although they exhibit completely different superconducting behaviors, their superconductivities
have the same origin; the pressure dependence of Tc is determined finally by the pressure dependence of phonon frequency.

Keywords: high-pressure phase transition, superconductivity, lattice dynamics

PACS: 74.25.Dw, 74.62.Fj, 71.15.Mb DOI: 10.1088/1674-1056/22/8/087403

1. Introduction
Superconductivity in an elemental solid at high pressure

is a subject of great importance and is believed to be related to
the general area of electron–phonon coupling (EPC) in solids.
Among those superconducting elements, the alkaline-earth
metals such as Ca,[1,2] Sr, and Ba[3] occupy a special position.
They are not superconducting at ambient pressure but become
superconductors under appropriate pressures. The pressure-
induced superconductivities were believed to be caused by the
pressure-driven electronic s→d transfer.[4–6] With pressure in-
creasing, the amount of d electronic occupation of those el-
ements increases, which changes the bonding characteristics
and finally causes the structural phase transition and supercon-
ductivity. Both Ca and Sr crystallize into face-centred cubic
(fcc) structures at ambient pressure and transform into body-
centred cubic (bcc) structures at higher pressure.[6] The fcc–
bcc transition in Ca and Sr was explained by the increase of d
electronic occupation number under pressures.[4] Ba behaves
slightly differently, the amount of d occupation of electrons in
Ba is higher than that in Ca and Sr, thus Ba already adopts bcc
(Ba–I) lattice at ambient pressure, and transforms into Ba–II at
5.5 GPa with a hexagonal close packed lattice (hcp).[7] Further
compression to 12.5 GPa leads to the observation of a third

phase transition to Ba–IV, a complex incommensurate tetrag-
onal host–guest lattice.[8,9] Ba–V exists above 45 GPa, which
also adopts the hcp structure, and the stability range of Ba–V
phase is found to extend to the megabar regime.[10]

The increase of the d-band occupation number of elec-
trons under pressure may also increase the value of Tc.[6] Ca
was first observed to be superconducting at 2 K at 44 GPa.[1]

The Tc increases almost linearly with pressure up to 15 K at
about 150 GPa.[2] and reaches about 25 K under further com-
pression to 161 GPa.[11] Up to now, it is the highest Tc found in
elemental solids. Compared with Ca, Ba becomes supercon-
ducting at relatively low pressures below 2 GPa.[12] The value
of Tc increases with pressure increasing, and reaches a maxi-
mum in Ba–IV, where the s–d electron transfer is considered
to be completed.[8,9] After that, Ba–V adopts hcp structure, so
does Ba–II.[10] No further experiments suggest whether Ba–V
is still superconducting. Moreover, although numerous exper-
imental and theoretical investigations have been carried out
on the structural or electronic properties of Ba;[3,7,8,10,13–17]

besides, the superconductivity was believed to be related to
s–d electron transfer, as far as we know, there has been no
more theoretical study of the superconductivity in Ba under
pressure. In fact, for the phonon-mediated superconducting
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superconductor, Bardeen–Cooper–Schrieffer (BCS) theory[18]

can provide a successful description, thus we can investigate
the origin of superconductivity in Ba based on the BCS the-
ory. Understanding the origin of the superconductivity in Ba
under high pressure is the main motivation for the study pre-
sented here, and besides the superconducting properties, the
relation between electron–phonon coupling and lattice dynam-
ics in barium is also investigated in detail to better understand
the superconducting behavior.

2. Computational method
Lattice parameters, enthalpy curve, phonon curves, and

electron–phonon coupling interaction are calculated using the
QUANTUM ESPRESSO package.[19] In these calculations,
the generalized gradient approximation (GGA)[20] exchange–
correlation functional in the Troullier–Martins form[21] is em-
ployed. Convergence tests give a kinetic energy cutoff as
50 Ry. For Ba–I, a 14× 14× 14 Monkhorst–Pack (MP)[22]

grid for the electronic Brillouin zone (BZ) integration, and a
7× 7× 7 Q mesh are used for both phonon and EPC calcu-
lations. At each Q point, the phonon and EPC matrices are
calculated with 21×21×21 Q-point meshes, while for Ba–II
and Ba–V, a 14× 14× 8 MP grid for the electronic BZ in-
tegration, and a 7× 7× 4 Q mesh are used for both phonon
and EPC calculations. At each Q point, the phonon and EPC
matrices are calculated with 21×21×12 Q-point meshes, ac-
cordingly. The convergences of the plane-wave basis set and
MP sampling are examined by employing a higher kinetic en-
ergy cutoff and a denser grid set.

3. Results and discussion
The calculated enthalpy of Ba–II relative to that of Ba–I

is shown in the inset of Fig. 1. Ba–I transforms into Ba–II at
about 3.9 GPa. The calculated transition pressure is smaller
than the experimental value of 5.5 GPa.[4] However, our re-
sults are closer to the experimental value than the previous
theoretical value (2.8 GPa).[13] An interesting phenomenon
in barium under high pressure is that although both Ba–II
and Ba–V adopt the same hcp structure, they exhibit differ-
ent bonding properties and high-pressure behaviors. The pres-
sure dependence of c/a ratio in Ba–II decreases dramatically
from 1.58 to 1.50, whereas the c/a ratio in Ba–V is almost
pressure-independent at about 1.58.[10] To verify the rational-
ity of our calculations, we calculate the c/a ratio of the two
hcp-Ba as a function of pressure. The results together with the
experimental values [10] and other theoretical results[9,13,17]

are listed in Fig. 1. The theoretical results calculated by
Reed and Ackland[9] using the ultra-soft pseudopotentials,[23]

have relatively large errors in both Ba–II and Ba–V. While
the two other results calculated by Jona and Marcus[13] and

Zeng et al.[17] using the more accurate full-potential meth-
ods were closer to the experimental measures. In this paper,
we calculate the c/a ratio by means of the accurate Troullier–
Martins norm-conserving pseudopotential.[21] The calculated
results below 15 GPa accord well with experimental measures.
Above 45 GPa, the calculated c/a ratio is almost pressure-
independent with a value of about 1.6, which is also in good
agreement with the experimental value of 1.58. All the above
results indicate that our calculations can reproduce correctly
the high-pressure behavior of Ba.
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Fig. 1. (color online) Pressure dependences of axial ratio c/a of hcp
Ba. Inset shows the enthalpy of Ba–II relative to Ba–I as a function of
pressure.

We estimate the Tc in the three phases of Ba using the
Allen–Dynes modified McMillan equation,

Tc =
ωlog

1.2
exp

[
− 1.04(1+λ )

λ −µ∗(1+0.62λ )

]
, (1)

where λ is the electron–phonon coupling constant, ωlog the
logarithmic average of the phonon frequency, and µ∗ the ef-
fective Coulomb pseudopotential. The latter one is defined as
1/µ∗ = 1/µ + ln(ωel/ωph), where µ is the direct Coulomb re-
pulsion between paired electrons, ωel corresponds to a plasma
frequency, while ωph is the high-frequency cutoff in EPC spec-
tral function α2F(ω).[24] Moreover, according to the well-
known McMillan formula,[25,26] λ can be further expressed
as

λ =
N(EF)〈I2〉

M〈ω2〉
, (2)

where N(EF) is the electronic density of states per spin at
the Fermi level, 〈I2

i 〉 the square of the EPC matrix element at
N(EF), M the mass of the atoms, and 〈ω2〉 the average of the
squared phonon frequencies. The calculated values of Tc to-
gether with the previous theoretical and experimental data are
shown in Fig. 2. The pressurized Ba becomes superconduct-
ing at relatively low pressures below 2 GPa. Although the Tc

in Ba–I continues to increase as pressure increases, as a whole,
Ba–I has a very low Tc (below 0.6 K). After Ba–I transforms
into Ba–II under further compression, the Tc also continues to
increase with pressure increasing, which is in good agreement
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with the experimental results.[3] Above 45 GPa, Ba–V is found
to be superconducting. The Tc decreases as pressure increases,
leading to the final suppression of the superconductivity above
250 GPa. To estimate Tc, the effective Coulomb repulsion pa-
rameter µ∗ must be appropriately chosen. According to the
previous results for a similar system such as Ca[27] and the ex-
perimental results in Ref. [3], it is reasonable to choose µ∗ to
be 0.10 or 0.12. By using a nominal Coulomb repulsion pa-
rameter µ∗ of 0.10, the maximal Tc in Ba–V is predicted to be
9.5 K at 45 GPa. However, if we assume 0.14 for the value of
µ∗, we will obtain a much smaller Tc value of 7.8 K.

0 50 100 150 200 250 300

10

8

6

4

2

0

Pressure/GPa

T
c
/
K

 

Ba↩ll

Ba↩l

Ba↩l experimental results[3]

Ba↩ll experimental results[3]

Ba↩l this work (µ∗=0.1)
Ba↩ll this work (µ∗=0.1)
Ba↩ll this work (µ∗=0.12)
Ba↩V this work (µ∗=0.1)
Ba↩V this work (µ∗=0.12)
Ba↩V this work (µ∗=0.14)

Ba↩V

Fig. 2. (color online) Superconducting temperatures versus pressure for
the three high-pressure phases in Ba, showing the experimental data and
results calculated based on Allen–Dynes equation for different values of
µ∗.

For many materials, applying pressure can cause great
change in Tc.[28–39] Ba is just a typical example, which ex-
hibits complex superconducting behavior under pressure. As
pressure increases, the Tc in Ba first increases, then decreases,
and finally disappears. Moreover, even having the same hcp
structure, Ba–II and Ba–V show completely different super-
conducting behaviors under pressure. With the increase of
pressure, the Tc increases in Ba–II while decreases in Ba–V. To
uncover the nature of the complex superconducting behavior,
we calculate EPC parameter λ , NEF, and ωlog each as a func-
tion of pressure, which are shown in Fig. 3. For all the three
phases, NEF continues to decrease as pressure increases, ac-
cording to Eq. (2), the NEF decreases in the direction of lower-
ing Tc. For Ba–I at pressures below 2 GPa, ωlog and λ increase
with pressure increasing, both of them contribute to the en-
hancement of Tc. However, ωlog changes more gently at pres-
sures above 2 GPa, and even decreases above 3 GPa. There-
fore, for Ba–I above 2 GPa, the increasing Tc is not caused by
ωlog, λ is responsible for the enhancement of Tc. After Ba–I
transforms into Ba–II at 3.9 GPa, ωlog almost decreases lin-
eally with pressure, thus the dominant cause of the enhance-
ment of Tc is the large increase of λ . For Ba–V, the Tc con-
tinues to decrease as pressure increases. From Fig. 3, we can

see that with the increase of pressure, ωlog increases while λ

decreases, thus λ mainly dominates the superconducting be-
havior of Ba–V, leading to the decrease or even disappearance
of Tc.
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Fig. 3. (color online) The calculated EPC parameter λ , electronic den-
sity of states at Fermi level N(EF), and phonon frequency logarithmic
average ωlog each as a function of pressure for the three high-pressure
phases of Ba.

To further understand the electron–phonon coupling
mechanism in detail, we calculate the phonon curves and λ

parameters for the three high-pressure phases along several
high symmetry lines, which are presented in Figs. 4(a)–4(c)
respectively. Although all the three phases are dynamically
stable at 0 K, phonon softening can be observed in both Ba–I
and Ba–II. The dynamic and mechanical stabilities of the three
high-pressure phases in Ba under pressure have been discussed
in our previous work.[40] The regions where the phonon soft-
ening occurs are circled in black in the corresponding phonon
band structures (see Figs. 4(a) and 4(b) in detail). According
to Eq. (2), phonon softening (decrease of 〈ω2〉) contributes to
the increase of λ , thus for both Ba–I and Ba–II, phonon soften-
ing is responsible for the enhancement of λ , leading to the in-
crease of Tc from 2 GPa to 15 GPa. On the contrary, for Ba–V,
the pressure-induced phonon hardening results in the decrease
of λ , leading to the decrease or even disappearance of Tc. Thus
for Ba–II and Ba–V, although they exhibit completely different
superconducting behaviors under pressure, their superconduc-
tivities have the same origin, the pressure dependence on Tc

is determined by the pressure dependence of λ and hence the
pressure dependence of phonon frequency.

We also perform the calculations of the spectral function
α2F(ω) and the integrated EPC parameter λ each as a func-
tion of frequency for all the three phases, which are presented
in Figs. 5(a)–5(c) respectively. For Ba–I at 3 GPa, a narrow
band between 1 THz and 1.5 THz and centers at 1.2 THz
contributes most to the EPC. The integrated λ over this fre-
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quency range is 0.21, which constitutes 57% of the total cou-
pling parameter. Interestingly, the narrow band is just located
in the frequency range where phonon softening occurs in Ba–
I, moreover, as pressure increases, the narrow band increases
more rapidly, indicating that the phonon softening contributes
most to the increase in EPC. A similar phenomenon can be
found in Ba–II as shown in Fig. 5(b), the narrow band between
0.6 THz and 1.5 THz contributes most to the EPC. While for
Ba–V, all the values of integrated EPC parameter λ at different
pressures almost lineally increase with frequency increasing
(see Fig. 5(c) in detail). All of the phonon modes nearly have
the same contributions to λ .

H P G H N GN P

G K M G A L AH

G K M G A L AH

4
3
2
1
0

1.5
1.0
0.5

0

4
3
2
1
0

0.6
0.4
0.2

0

12
9
6
3

1.2
0.8
0.4

0

F
re

q
u
en

cy
/
T

H
z

λ
F
re

q
u
en

cy
/
T

H
z

λ
F
re

q
u
en

cy
/
T

H
z

λ

(a) Ba↩l

(b) Ba↩ll

(c) Ba↩V

0 GPa 3 GPa

7 GPa 11 GPa

45 GPa 90 GPa
150 GPa

Fig. 4. (color online) Calculated partial EPC constants and phonon
spectra of the three high-pressure phases of Ba along the same high
symmetry lines at selected pressures in panels (a), (b), and (c), respec-
tively.
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sures for the three high-pressure phases of Ba at selected pressures in
panels (a), (b), and (c), respectively.

4. Conclusions
In this paper, we present an extensive study on the

electron–phonon coupling of three high-pressure phases of Ba
using density functional perturbation theory. We successfully
reproduce the superconducting behaviors observed in Ba–I
and Ba–II under pressure, and predict the superconducting be-
havior of Ba–V. The predicted maximal Tc in Ba–V exceeds
7.8 K at 45 GPa. For Ba–I at pressures below 2 GPa, the in-
creases in both ωlog and λ are responsible for the enhance-
ment of Tc. However, as pressure increases above 2 GPa, λ

dominates the superconducting behaviors of the three phases.
Moreover, the changes in λ can be explained by the changes
in phonon frequency for all the three phases. With pressure
increasing, the phonon softening is found in both Ba–I and
Ba–II, leading to the increase of λ ; while the phonon hard-
ening is found in Ba–V, leading to the decrease of λ . So for
Ba–II and Ba–V, although they exhibit completely different
superconducting behaviors under pressure, their superconduc-
tivities have the same origin, the pressure dependence of Tc

is determined by the pressure dependence of λ and hence the
pressure dependence of the phonon frequency. Further experi-
ments are suggested to test theoretical results on the electron–
phonon interaction and superconducting properties.
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