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TOPICAL REVIEW — Iron-based high temperature superconductors

Spin, charge, and orbital orderings in iron-based superconductors∗
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In this article, we briefly review spin, charge, and orbital orderings in iron-based superconductors, as well as the
multi-orbital models. The interplay of spin, charge, and orbital orderings is a key to understand the high temperature
superconductivity. As an illustration, we use the two-orbital model to show the spin and charge orderings in iron-based
superconductors based on the mean-field approximation in real space. The typical spin and charge orderings are shown by
choosing appropriate parameters, which are in good agreement with experiments. We also show the effect of Fe vacancies,
which can introduce the nematic phase and interesting magnetic ground states. The orbital ordering is also discussed in
iron-based superconductors. It is found that disorder may play a role to produce the superconductivity.
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1. Introduction
It has been five years since the discovery of supercon-

ductivity at 26 K in LaFeAsO doped with F in 2008,[1]

great progresses have been made in the field of high tem-
perature iron-based superconductivity. Many compounds of
iron-based superconductors have been found and new mate-
rials are still being discovered. Basically, they can be di-
vided into two categories, pnictides and chalcogenides. On
the other hand, they can also be divided as 1111 compounds
(e.g., LaFeAsO), 122 compounds (e.g., SrFe2As2), 111 com-
pounds (e.g., LiFeAs), 11 compounds (e.g., FeTe/Se), 245
compounds (e.g., K2Fe4Se5), and so on. All these materi-
als share a common layered structure based on a planar layer
of iron atoms joined by pnictogen or chalcogen anions. It
is widely believed that their superconductivity is based on
the common iron layers, similar to the cuprate superconduc-
tors. The modern experimental probes, such as angle-resolved
photoemission spectroscopy (ARPES),[2,3] scanning tunneling
microscopy (STM),[4–6] neutron scattering,[7–9] inelastic X-
ray scattering (RIXS),[10,11] and X-ray diffraction (XRD),[12]

can provide important information for these materials.
Most parent compounds of iron-based superconductors

are bad metals (245 compounds are semiconductors), which
is an important difference between iron-based and cuprate su-
perconductors. Band structure calculations have shown a finite
density of states near the Fermi level.[13] Fermi pockets and fi-
nite resistances are observed in ARPES experiments and trans-
port experiments, respectively.[14–17] These results support the
importance of itinerant electrons. On the other hand, local

density approximation (LDA) band structure calculations in-
dicate that the Fe 3d orbitals are strongly hybridized, and play
a key role in the density of states near the Fermi level, espe-
cially dxz and dyz.[18,19] This character suggests that iron-based
superconductors have a multi-orbital nature, which is different
from cuprates.

Although the pairing symmetry is still under debate, it is
apparently not the conventional s wave. Actually, an s± wave
pairing symmetry is more favored,[18,20–22] and short range
spin fluctuations are believed to be a medium for Cooper pair-
ing. Before doping, the parent compounds of most iron-based
superconductors show long range antiferromagnetic orders.
From the local moment picture, the phase can be described
by a J1–J2 type Heisenberg model.[23–27] The corresponding
spin wave calculations can give consistent magnetic excita-
tions with neutron scattering experiments.[7,28,29] The mag-
netism can also be understood by the itinerant electron picture
because the parent compounds are bad metals. Within this
picture, the long range magnetic order arises from the Fermi
surface nesting. It is worth mentioning that iron-based super-
conductors may share a common mechanism with cuprates,
though they have different pairing symmetries. An S4 model
proposed by Hu et al. recently showed that an s± wave pairing
in iron-based superconductors can be connected to a d wave
pairing.[30]

Before applying any effective theoretical models to iron-
based superconductors, we need to know how strong the elec-
tron correlations are in these materials. The metallic nature
tells us that the correlations are relatively weaker compared to
cuprates whose parent compounds are Mott insulators. More
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in-depth studies suggest that most iron-based superconduc-
tors are in the intermediately-correlated regime.[31,32] Because
in most iron-based superconductors, the on-site Coulomb re-
pulsion U is found in an intermediate range between the
strong correlation side (cuprate superconductors) and the non-
interacting side (BCS superconductors) based on the fact that
most parent compounds of the iron-based superconductors are
antiferromagnetic (AF) bad metals with poor conductivity.[33]

Numerical calculations indicate that U for Fe in iron-based
superconductors is approximately half of that for Cu in
cuprates.[34]

Actually, it is not completely right to fit iron-based su-
perconductors in one correlated regime. Theoretical investiga-
tions using multi-orbital models have shown that the values of
U distribute in a wide regime.[35] As a result, both the weak-
coupling and the strong-coupling models are used in studying
iron-based superconductors. So far, the theoretical models can
be divided into three kinds: weak-coupling theories, strong-
coupling theories, and hybrid theories which are also called
local-itinerant theories. The weak-coupling theories, called
itinerant theories as well, are focused on the itinerant electrons
and regard iron-based superconductors as BCS-like supercon-
ductors, with the electron pairing arising from the spin fluctu-
ation exchange. The strong-coupling theories are centered on
the local magnetic moments and consider that the supercon-
ductivity originates from doping the proximate Mott insulator,
which are based on the resonating valence bond (RVB) theo-
ries. The hybrid theories combine the above two. They assume
that both the itinerant electrons and the local magnetic mo-
ments survive and contribute to superconductivity. The itin-
erant electrons contribute to the Fermi surface, and the local
magnetic moments provide the pairing glue.

2. Multi-orbital Hubbard models
The Hubbard model, which was first proposed to describe

the magnetism of itinerant electrons in 1963, is the simplest
model of interacting particles in a lattice.[36] The Hubbard
Hamiltonian is given by

H =−t ∑
i, j,σ

(
c†

iσ c jσ +h.c.
)
+U ∑

i
ni↑ni↓, (1)

where c†
iσ (ciσ ) is the creation (annihilation) operator with

spin σ , ni↑
(
ni↓
)

is the number operator for spin up (down)
electrons. The first term of the Hamiltonian is the kinetic term
describing the hoppings of electrons, and the second item rep-
resents the on-site Coulomb interaction.

Although the Hubbard model has a simple form, it can not
be solved exactly except for the one-dimensional case. How-
ever, we are interested in the situation that the Coulomb inter-
action is much stronger than the kinetic energy (U � t) when
studying the cuprate superconductors. In this case, the kinetic

term can be treated as a perturbation, and the Hubbard model
will transform into the t–J model.

When applying the Hubbard model to iron-based super-
conductors, we have to consider their multi-orbital nature.
There are six electrons in five Fe 3d orbitals. First-principles
calculations show that the dxz and dyz orbitals play a key role
in the density of states near the Fermi level,[18,19] although
we need to include orbitals dxy, dx2−y2 , and d3z2−r2 too in
many cases. In iron-based superconductors, partial 3d elec-
trons are itinerant (e.g., dxz and dyz electrons), the rest of
them are mainly localized.[37,38] Theoretically, various multi-
orbital models have been proposed to describe the systems,
like two-,[39,40] three-,[41,42] four-,[43] and five-orbital Hubbard
models.[44,45]

The Hamiltonian for a multi-orbital Hubbard model gen-
erally contains two parts

H = H0 +Hint, (2)

where H0 corresponds to the tight-binding part of the Hamil-
tonian

H0 = ∑
𝑖,𝑗

∑
α,β

∑
σ

(
tα,β
𝑖,𝑗 c†

𝑖,α,σ c𝑗,β ,σ +h.c.
)
, (3)

where c†
𝑖,α,σ creates an electron at site 𝑖 with spin σ on the α

orbital (α = 1,2, . . . ,5 stands for the dxz, dyz, dxy, dx2−y2 , and
d3z2−r2 orbitals, respectively). The hopping parameters can be
obtained by fitting with experiments and first-principles calcu-
lations. The interaction part is

Hint = U ∑
𝑖,α

n𝑖,α,↑n𝑖,α,↓+
(
U ′− J/2

)
∑
𝑖

n𝑖,α n𝑖,β

−2J ∑
𝑖,α<β

𝑆𝑖,α ·𝑆𝑖,β

+JH ∑
𝑖,α<β

(
c†
𝑖,α,↑c

†
𝑖,α,↓c𝑖,β ,↓c𝑖,β ,↑+h.c.

)
, (4)

where 𝑆𝑖,α (n𝑖,α ) corresponds to the spin (charge density), U ,
U ′, J, and JH are the intra-orbital and the inter-orbital Coulomb
repulsions, Hund’s coupling, and the pairing hopping energy,
respectively. Generally, U ′ = U − 2J and JH = J.[46] Re-
cently, an optical spectroscopy measurement has found that
the Hund’s coupling greatly affects the correlations.[47]

3. Mean-field approximation
Because of the complexity, it is hard to study the multi-

orbital models. A lot of computing methods have been
used to deal with them, such as mean-field approximation
(MFA), random phase approximation (RPA), fluctuation ex-
change approximation (FLEX), functional renormalization
group (FRG), Gutzwiller variational method, exact diagonal-
ization (ED), dynamical mean-field theory (DMFT), and quan-
tum Monte–Carlo (QMC) method. However, each method has
its own limitations. For instance, the exact diagonalization
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method can only deal with some small systems, and the well-
know sign problem in QMC for Fermi systems is still difficult
to be solved.

The mean-field approximation is a useful method to deal
with the multi-orbital Hubbard models. We will review this
method and use it to study the ground state properties of the
two-orbital model in momentum space and real space.

3.1. Momentum space

In the momentum space, it is convenient to deal with the
structures which are well defined periodically. The simple
standard assumption of the MFA can be written as[42–46]

〈c†
𝑖,α,σ c𝑗,β ,σ ′〉=

[
nα +

σ

2
cos(𝑞 ·𝑟𝑖)mα

]
δ𝑖𝑗δαβδσσ ′ , (5)

where σ = ± correspond to up and down spins, 𝑞 is the
magnetic order wave vector of the ground state, nα and mα

describe the charge density and magnetization of orbital α ,
which can be calculated self-consistently. We can obtain the
mean-field interaction Hamiltonian in the momentum space as

HMF
int = ∑

𝑘,α,σ

[εα c†
𝑘,α,σ c𝑘,α,σ

−ηα,σ (c
†
𝑘,α,σ c𝑘+q,α,σ +h.c.)]+C, (6)

where

εα = Unα +
(
2U ′− J

)
∑

β 6=α

nβ ,

ηα,σ = −σ

2

(
Umα + J ∑

β 6=α

mβ

)
.

The last term in Eq. (6) is a constant (N is the number of sites)

C = −NU ∑
α

(
n2

α −
1
4

m2
α

)
−N

(
2U ′− J

)
∑

α 6=β

nα nβ

+
NJ
2 ∑

α 6=β

mα mβ .

The full mean-field Hamiltonian HMF = H0 + HMF
int is

quadratic, thus it can be solved with the mean-field parame-
ters nα and mα .

3.2. Real space

To investigate the spin, charge, and orbital orderings in
real space, it is better to study the real space Hubbard model,
especially for the non-periodic structures. It is convenient
to use MFA to study the magnetic order and charge den-
sity distribution for iron-based superconductors, especially
for materials with Fe vacancies, such as AxFe2−ySe2 com-
pounds. Similar to the case in the momentum space, the real
space Hubbard model can also be studied with the mean-field

approximation.[48–50] The first term of the real space Hartree–
Fock (HF) approximation to the Coulomb interaction is given
by

HHF
int = U ∑

𝑖,α,σ ,σ ′
(−1)(1−δ

σ ,σ ′)

× [c†
𝑖,α,σ c𝑖,α,σ ′〈c†

𝑖,α,−σ
c𝑖,α,−σ ′〉

−1/2〈c†
𝑖,α,σ c𝑖,α,σ ′〉〈c†

𝑖,α,−σ
c𝑖,α,−σ ′〉]. (7)

The other terms are available in the supplementary of
Ref. [48]. In MFA,

n𝑖 = ∑
α

n𝑖,α,σ = ∑
α

〈c†
𝑖,α,σ c𝑖,α,σ 〉.

The other order parameters can be written in a similar way.
Numerical calculations are done by iterations for every site in
the real space, which means that the expectation values in the
HF Hamiltonian are allowed to vary independently from site to
site. Results can be obtained self-consistently by minimizing
the HF energy. The random initial configurations can be used
for each site of the two-dimensional (2D) Fe square lattice,
thus there is less biasing towards the correct magnetic order or
charge density distribution.[48–50]

4. Results
The two-orbital model is based on the dxz and dyz orbitals,

which have been proved to make the dominant contribution
to the Fermi surface.[51] It is the simplest multi-orbital model
for the iron-based superconductors and can reveal the essen-
tial low energy physics of the iron-based superconductors.[39]

So it is suitable to use the two-orbital Hubbard model in many
cases. The form of this model is the same as that mentioned
above. In this section, some results on the real space two-
orbital Hubbard model are presented, some of which are in
good agreement with experiments.

4.1. Charge and spin stripes in pnictides

We have studied charge stripes in a square lattice by MFA.
We find both charge and spin stripes with the periodicity eight
in the case of electron doping 〈n〉 = 2.33. The results shown
in Fig. 1 are similar to those in Ref. [48]. The charge stripes
(Fig. 1(a)) are weaker than the usual Cu-oxides HF stripes,
because the charge difference ∆n between the maximum nmax

and the minimum nmin is smaller than that in cuprates. This re-
sult may arise from the fact that the coupling U in pnictides is
relatively smaller than that in cuprates. The spin configuration
shown in Fig. 1(b) corresponds to the charge stripe state shown
in Fig. 1(a). It is found that the spin stripes mainly stay at the
locations with the maximum electron density. In the HF mini-
mization, all the expectation values are entangled, therefore it
is unclear whether the spin states with domain walls drive the
charge stripes or vice versa.
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Fig. 1. (a) Charge stripe state of two-orbital model in 16× 16 clus-
ter, results are obtained with the HF approximation. The parameters
are t1 = 0.058, t2 = 0.22, t3 = −0.21, t4 = −0.08,[52,53] 〈n〉 = 2.33,
U = 0.8, JH/U = 0.25. The size of the circle is proportional to the
charge density. The largest and smallest circles denote nmax = 2.42 and
nmin = 2.27, respectively. Here, and in other figures, a full (open) cir-
cle means that the local density is larger (smaller) than the average. (b)
Mean value of the spin in the state shown in panel (a). The positions
of the magnetic domain walls are located at the charge stripes, which
are inserted in the (π,0) magnetic order background. More details are
available in Ref. [48].

4.2. Magnetic orders in AAA–Fe–Se chalcogenides

There are some unique properties in iron-chalcogenide
superconductors. For example, ARPES measurements have
reported that there are only electron-like pockets at (π , 0) and
(0, π) in their Fermi surfaces.[2,54–56] So the superconduc-
tivity in these materials can not be explained by the scatter-
ing between the hole- and electron-pockets[57] and the nest-
ing effect.[58,59] The magnetic orders for the alkaline iron se-
lenides are exotic too. For example, at the special composition
K0.8Fe1.6Se2 with

√
5×
√

5 Fe vacancies, neutron scattering
results for this insulating compound reveal an unusual block
AFM magnetic order. Theoretical calculations have found the
same magnetic results by using the real space five-orbital Hub-
bard model.[49] In this section, we will show that the results

obtained by real space HF approximation of the two-orbital
Hubbard model are in good agreement with experiments in
different structures of A–Fe–Se materials.

4.2.1. Magnetic order for rhombus type iron vacancies

Recently neutron diffraction experiments have revealed
the existence of superconductivity in the parent compound of
K–Fe–Se, which is an AF semiconductor with a rhombus type
iron vacancy order.[60] Its magnetic structure is similar to that
of iron pnictides. Superconductivity happens when the AF or-
der is suppressed by electron doping. The novel discovery
proves that an AF semiconductor can also induce supercon-
ductivity.

Next-next-nearest neighbor (NNNN) hoppings are con-
sidered in the real space HF approximation Hubbard model. A
lattice with rhombus vacancies on a 16×16 cluster is shown
in Fig. 2, with periodic boundary conditions. The hoppings
for the nearest neighbor (NN) and the next-nearest neighbor
(NNN) are explained in Ref. [39]. Since we focus on the par-
ent magnetic properties, we set 〈n〉 = 2.0. The antiferromag-
netic state with rhombus Fe vacancies shown in Fig. 2 is ob-
tained by adjusting the NNNN hoppings t5, t6 and Hubbard U .
The stripe antiferromagnetic order we obtained is consistent
with the results of neutron diffraction experiments.
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Fig. 2. The parent magnetic state of K0.85Fe1.54Se2 with rhombus Fe
vacancies. The parameters are t1 = −1.0, t2 = 1.3, t3 = t4 = −0.85,
t5 =−0.27, t6 = 0.16, U = 0.8, JH/U = 0.25.

4.2.2. Effect of Fe vacancies on charge stripes

Recently, many experiments have been carried out to
study the compound AxFe2−ySe2 by transmission electron
microscope (TEM),[61] neutron scattering,[8,9] and STM[5,6]

because of the discovery of superconductivity with Tc =

30 K.[62,63] So far, several different Fe vacancy patterns
have been found.[64] Different Fe vacancy patterns can in-
troduce different ground state magnetic structures, such as
the block AFM magnetic structure in the

√
5×
√

5 Fe va-
cancy pattern,[8,9,65] A-collinear AFM magnetic structure in
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the
√

2× 2
√

2 Fe vacancy pattern,[60,66] c-AFM magnetic
structure in 2×2 Fe vacancy pattern,[66] and so on. From these
measurements, we can see that the Fe vacancies play an im-
portant role to the magnetic order and superconductivity. Mo-
tivated by these phenomena, we study the charge ordering in a
lattice with Fe vacancies.

Figure 3 shows the charge density distributions of dif-
ferent Fe vacancies. For comparison, all the parameters are
set to be the same as those in Fig. 1, so it is easy to inves-
tigate whether and how the Fe vacancies affect the charge

stripes. In Figs. 3(a) and 3(b), only a 3×3 Fe vacancy pat-

tern is introduced on different sites in a 16×16 cluster. We

find that stripes can be attracted by Fe vacancies. From our

calculations, we find that the Fe vacancies can change the

well-ordered stripe phase to the nematic phase. Recently, the

electronic nematic phase has been found experimentally in

diverse systems, including the cuprate superconductors[67–69]

and iron-based superconductors.[70,71] The nematic phase is

believed to be a medium to provide the glue for Cooper pairs.
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Fig. 3. The ground states of charge density for different Fe vacancy patterns. (a) and (b) Only a 3×3 Fe vacancy pattern exists in
different locations, (c) 4×4 type Fe vacancy pattern, and (d) 2×4 type Fe vacancy pattern.

4.2.3. Magnetic order for spin-ladder iron selenides
AAAFe222Se333

The structure of the spin-ladder compounds AFe2Se3 (A
= K, Rb, Cs, Ba) is similar to that of iron pnictide supercon-
ductors. These compounds contain double chains (ladders)
of edge-sharing FeSe4 tetrahedra. It is found that BaFe2Se3

is an insulator. Neutron diffraction measurements[72,73] have
shown that the dominant magnetic structure of this 123 mate-
rial has a block AFM structure, in which four Fe ions form a
ferromagnetic cluster (as a unit) and the ferromagnetic blocks
couple with each other antiferromagnetically along the lad-
der direction,[72] as shown in Figs. 4(b) and 4(d). This phe-

nomenon is also reported in K0.8Fe1.6Se2.[8,9] When BaFe2Se3

is doped with K and changed to Ba1−xKxFe2Se3, the mag-
netic state transforms from a block antiferromagnet to a stripe
antiferromagnet.[73]

To obtain these magnetic states, we use our model in a
ladder lattice of size 2×8 with a periodic boundary condition
along the ladder direction and an open boundary condition in
the rung direction. Numerical results are shown in Figs. 4(a)
and 4(b), with hopping amplitudes t1x = 0.058, t1y = 0.116,
t2x = 0.2196, t2y = 0.4329, t3 = −0.20828, t4 =−0.079. The
anisotropy is considered, we assume that the hopping ampli-
tudes along the rung direction are twice as much as those in
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the direction along the ladder. The spin stripe magnetic phase
appears when the electron density is 〈n〉 = 1.6701 (hole dop-
ing). The block magnetic phase appears when 〈n〉 = 2.2532,
which corresponds to electron doping. The same results can
be obtained by using another set of hopping parameters,[39] as
shown in Figs. 4(c) and 4(d). Here U = 0.8 and JH/U = 0.3
for all these calculations.

(a)

(c)

(b)

(d)

Fig. 4. The magnetic states of spin ladder in Ba1−xKxFe2Se3. (a)
The result with parameters t1x = 0.058, t1y = 0.116, t2x = 0.2196,
t2y = 0.4329, t3 = −0.20828, t4 = −0.079, 〈n〉 = 1.6701. (b) The pa-
rameters are the same as those in panel (a), but 〈n〉 = 2.2532. (c) The
result with parameters t1 =−1.0, t2 = 1.3, t3 = t4 =−0.85, 〈n〉= 1.16.
(d) The parameters are the same as those in panel (c), but 〈n〉= 2.65.

4.3. Orbital ordering

Laser angle resolved photoemission spectroscopy (laser-
ARPES) experiments have shown that the observed cut of
the Fermi surface in the AF state is dominantly composed
of the Fe 3dxz orbital.[74,75] Theoretical calculations from the
three- and five-orbital models have the same conclusion that
the states near the Fermi surface have more dxz characters than
dyz.[76,77]

Orbital ordering or anisotropy, which always coexists
with spin ordering, is considered as the origin of the structural
distortion. The dxz and dyz orbitals are the only two 3d orbitals
breaking the lattice C4 rotational symmetry locally. For the
systems favored by the dxz orbital, the inequivalence between
the dxz and dyz orbitals breaks the C4 rotational symmetry and
induces a structural distortion.

To investigate the orbital ordering, different numerical
methods have been used, including the MFA. For example,
a very weak orbital ordering has been found in the two-orbital
model in the half-filled case.[78]

5. Summary

In this paper, we have reviewed some spin, charge, and
orbital orderings in iron-based superconductors, as well as the
multi-orbital Hubbard models. We have shown some results
of the multi-orbital models to illustrate the properties. They

are in agreement with experiments. Meanwhile the mean-field
approximation has been introduced.

On certain dopings, spin and charge stripes appear and
are connected with the orbital ordering or anisotropy. For in-
stance, the (π,0)-AF order gives rise to the inequality of or-
bitals so the dxz orbitals may be more populated than dyz.[76]

This can be the origin of the orbital ordering. On the other
hand, the orbital ordering affects the spin and charge order-
ings. Meanwhile the nematic order has been found in the su-
perconducting phase, which is thought as a medium to provide
the glue for Cooper pairs. Thus the disorder may be important
for the macroscopic superconductivity in iron-based supercon-
ductors and cuprate superconductors. It is reasonable to be-
lieve that the spin, charge, orbital orderings and the supercon-
ducting order can couple to each other. These orderings may
provide the medium for superconductivity. However, these or-
derings may also be resulted from the superconductivity.
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