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Lowering plasma frequency by enhancing the effective mass of
electrons: A route to deep sub-wavelength metamaterials∗
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Deep sub-wavelength metamaterials are the key to the further development of practical metamaterials with small
volumes and broadband properties. We propose to reduce the electrical sizes of metamaterials down to more sub-wavelength
scales by lowering the plasma frequencies of metallic wires. The theoretical model is firstly established by analyzing the
plasma frequency of continuous thin wires. By introducing more inductance elements, the effective electron mass can be
enhanced drastically, leading to significantly lowered plasma frequencies. Based on this theory, we demonstrate that both
the electric and the magnetic plasma frequencies of metamaterials can be lowered significantly and thus the electrical sizes
of metamaterials can be reduced to more sub-wavelength scales. This provides an efficient route to deep sub-wavelength
metamaterials and will give rigorous impetus for the further development of practical metamaterials.
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1. Introduction

Metamaterials refer to artificial materials exhibiting
unique physical properties that cannot be found in natural ma-
terials, such as negative permeability/permittivity, extremely
high refractive index, zero refractive index.[1–5] In practice,
metamaterials are realized by embedding sub-wavelength in-
clusions into a matrix.[6,7] These small inclusions are analo-
gous to atoms and molecules in natural materials and the prop-
erties of metamaterials are dependent on the detailed config-
urations of these sub-wavelength inclusions. By modifying
the inclusion details, the interactions between electromagnetic
waves and metamaterials can be modulated to achieve diverse
functional materials such as sub-wavelength imaging, meta-
material cloaks, perfect absorbers, negative reflection meta-
surfaces, etc.[8–13]

The fascinating properties and design freedom of meta-
materials have attracted scientists from many fields, and an
increasing number of metamaterial designs have been put
forward.[14–18] However, most existing metamaterials are not
sufficiently electrically small to be treated as “materials”. As
is well known, the properties of natural materials are mainly
dependent on atoms or molecules which are extremely electri-
cally small even at optical frequencies. This guarantees the va-
lidity of macroscopic description of natural materials by con-
stitutive parameters. In analogy, to be “materials” strictly, the
inclusions of metamaterials must be as electrically small as

possible.[19,20] Meanwhile, from the perspective of practical

applications, one of the important advantages of metamaterials

is their small volume/thickness. However, since metamateials

are based on resonances, their bandwidth is quite narrow. To

expand the bandwidth, more inclusions must be added, which

usually means the increase of the volume/thicknes. To solve

this contradiction, the electrical sizes of metamaterial inclu-

sions must be reduced, which again needs the design of deep

sub-wavelength metamaterials. Hence, the design of deep

sub-wavelength metamaterials has become a crucial research

theme for the further development of metamaterials.

In this paper, we propose to realize deep sub-wavelength

metamaterails based on enhanced effective electron mass. By

introducing more inductance elements in metamaterial inclu-

sions, the electron mass is significantly enhanced and thus

the plasma frequency is reduced. A theoretical model for

lowering plasma frequency of continuous thin wires is es-

tablished, which lays the theoretical foundation for design-

ing sub-wavelength metamaterials. The canonical I-shaped

electric metamaterials and the short wire pair magnetic meta-

materails are taken as explicit examples to demonstrate this

design theory. Because of lowered electric/magnetic plasma

frequencies, the electrical sizes of metamaterials are signifi-

cantly reduced, which provides an efficient route to deep sub-

wavelength metamaterials.
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2. Lowering the plasma frequency of metallic
wires

Currently, most metamaterial inclusions are delicately-
designed metallic patterns which can be treated as combina-
tions of metallic wires. Metallic wires can be considered as
the basic component of metamaterial inclusions. Hence, we
start our analysis from the canonical continuous thin wires.
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Fig. 1. (color online) A continuous thin wire in a cubic lattice.

Figure 1 gives a schematic illustration of a continuous
thin wire in a cubic lattice. For such a thin wire, the plasma fre-
quency is significantly reduced. Detailed deduction of the con-
tinuous straight thin wire plasma frequency is given in Ref. [1].
Suppose that the effective electron density of this unit cell is
neff and the effective mass of electrons in the thin wire is meff.
Then, the plasma frequency of this thin wire can be expressed
as

ωp =

√
neffe2

ε0meff
. (1)

In Eq. (1), neff = nπr2/a2, where n is the electron density in
metal and r is the radius of the thin wire. Any restoring force
acting on the electrons will have to work not only against the
rest mass of the electrons, but also against self-inductance of
the wire. Because of this, the effective electron mass in thin
wires is greatly enhanced compared with the rest mass of elec-
trons. For a straight wire, the effective mass of electrons is

meff =
µ0πr2e2n

2π
ln
(a

r

)
= e2 (

πr2n
)[ µ0

2π
ln
(a

r

)]
= e2NvLv, (2)

where Nv and Lv are, respectively, the total electron number
per unit length and the self-inductance per unit length. That
is to say, the effective mass of electrons in metallic wires is
proportional to both the electron number and the inductance
per unit length. Since the effective electron density is diluted
and the effective electron mass is enhanced in the continuous
thin wire, the plasma frequency is drastically reduced com-
pared with that of metallic sheets/bulky metals. In this way,

the plasma frequency can be reduced even to GHz frequen-
cies. For example, for a thin aluminum wire with a radius
of 1 µm in a cubic lattice 5 mm×5 mm×5 mm, the plasma
frequency can be reduced down to about 8.2 GHz.[1] The ra-
tio between the plasma wavelength and the lattice constant is
about 7.3, less than 10 (strictly speaking, the ratio between the
operating wavelength and lattice constant must be greater than
10 for metamaterials).

It can be found from Eq. (2) that a straight method of
lowering the plasma frequency is to make the wire thinner,
which is usually used in practical metamaterial design. How-
ever, such a method is limited by the precision of practical
fabrication techniques. Other ways of lowering the plasma fre-
quencies must be adopted for very delicately thin wires. It can
also be found from Eq. (2) that we can resort to enhancing the
effective electron mass to further lower the plasma frequency.
Figure 2 shows a typical metamaterial inclusion that can lower
the plasma frequency by the introduction of meander lines.

For the continuous meander wire in Fig. 2 with the same
radius and in the same lattice as a straight wire, the effective
electron density is larger than that in continuous straight wire
since metallic part occupies more space in the lattice. Consid-
ering additional electrons in the horizontal metallic bars, the
effective electron density is

n′eff = neff

(
1+

2lm
a

)
, (3)

where a is the lattice constant and m is the number of horizon-
tal bars introduced by meander sections. It appears in Eq. (3)
as if the plasma frequency would be increased since the ef-
fective electron density increases. However, we can see from
Eq. (1) that the plasma frequency is dependent not only on
the effective electron density but also on the effective electron
mass. So we must consider what happens to the effective elec-
tron mass as well.
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Fig. 2. (color online) A continuous meander wire in a cubic lattice. The
inset shows a single meander section.

For meander wires, the inductances include both the in-
ductance of the vertical metallic bars and the additional in-
ductances of horizontal bars. For a periodic array of wires,
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all the magnetic influxes produced by currents are confined
within the unit cell and the mutual inductance actually simpli-
fies the problem and introduces the lattice spacing as a natural
cutoff.[1] Because of the modification of periodicity, the total
inductance of the two horizontal bars on each meander section
is

Lh = l
µ0

π
ln
(

2a
mr

)
= l

µ0

π
ln
(

2d
r

)
, (4)

where d = a/m is the distance between the two adjacent hor-
izontal bars in a single meander section. Plus the inductance
of vertical bars, the total inductance per unit length along the
meander wire is

L =
µ0

2π
ln
(a

r

)
+

ml
a

µ0

2π

[
ln
(a

r

)
+ ln

(
2
m

)]
. (5)

When a� r, equation (5) can be reduced to

L =

(
1+

ml
a

)
µ0

2π
ln
(a

r

)
=

(
1+

ml
a

)
Lv. (6)

The total electron number per unit length along the meander
wire is

N =
(a+ml)πr2n

a
=

(
1+

ml
a

)
Nv. (7)

Substitute Eqs. (6) and (7) into Eq. (2), then we will have the
effective electron mass in meander wires as

m′eff = e2NL = e2NvLv

(
1+

ml
a

)2

= meff

(
1+

ml
a

)2

. (8)

Substituting Eqs. (3) and (8) into Eq. (1), we finally obtain the
plasma frequency of meander wires as

ω
′
p =

√
n′effe

2

ε0m′eff
=

√
neff (1+ml/a)e2

ε0meff (1+ml/a)2 =
ωp√

1+ml/a
. (9)

We can find from Eq. (8) that although the effective electron
density is increased, the plasma frequency of meander wires
is nevertheless reduced since the effective electron mass is
enhanced more drastically. Moreover, under a given lattice
constant a, we can lower the plasma frequency by increas-
ing the meander number m or the meander length l in a unit
cell. For example, for straight aluminum wires with r = 1 µm
and a = 5 mm, the plasma frequency is about 8.2 GHz; while
for meander aluminum wires with m = 4 and l = 4.5, the
plasma frequency is reduced to about 3.8 GHz, without scal-
ing up the lattice size. In this way, meander wires are more
sub-wavelength than straight ones, which provides an efficient
route to deep sub-wavelength metamaterials. Equation (9) can
also be rewritten as

ω
′
p =

ωp√
1+ l/d

.

That is, the ratio between plasma frequencies of straight and
meander wires are only dependent on the ratio between the
horizontal bar length and the distance between adjacent hori-
zontal bars.

To verify the above theoretical analysis, numerical simu-
lations are carried out for continuous wire structures in prac-
tical metamaterial design using the frequency domain solver
of CST Microwave Studio. In practical fabrication techniques
such as lithography and silk-screen printing, metallic struc-
tures are usually patterned on supporting substrates. Fig-
ure 3(a) illustrates the continuous thin wire unit cell typically
used in the design of left-handed metamaterials. A metallic
strip (0.02-mm thick) is etched on one side of a 1-mm thick
FR4 substrate (εr = 4.3). The lattice constant is a = 5 mm.
The metallic strip width is w = 0.2 mm and thus the effective
radius is reff ≈ w/4 = 0.05 mm[21] for w� l. Figure 3(b)
shows the corresponding meander wire with m = 4 horizontal
bars. The length of the horizontal bars is 3.8 mm. Substituting
these values into Eq. (9), then we will obtain

ω ′p
ωp

=
1√

1+ml/a
=

1√
1+4×3.8/5

≈ 0.5.

The computed plasma frequencies of the straight and mean-
der wires are 10.68 GHz and 5.82 GHz, respectively. The
computed ratio between plasma frequencies of meander and
straight wires is thus about 0.54, in good agreement with that
predicted using Eq. (9).
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Fig. 3. (color online) Schematic illustrations of a continuous straight
wire and meander wire in cubic lattices: (a) the continuous straight wire
unit cell; (b) the continuous meander wire unit cell.

3. Reducing the electrical sizes of electric meta-
materials
For discontinuous resonant metallic structures, the

plasma frequency can also be lowered by introducing mean-
ders since the additional meander bars provide additional in-
ductances to enhance the effective electron mass. In addition
to continuous thin wires, the discontinuous I-shaped electric
metamaterial is also a good candidate for realizing broadband
negative effective permittivity.[18] The effective permittivity of
such electric metamaterials is in the form as[3]

εr(ω) = 1−
ω2

pe−ω2
oe

ω2−ω2
oe + iγω

,
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where ωpe and ωoe are the electric plasma frequency and elec-
tric resonance frequency, respectively, and γ is the dissipation
factor. In lossless case γ = 0, when ω = ωpe, εr(ω) = 0; when
ω = ωoe, εr(ω)→ ∞.

The electric plasma frequency of I-shaped electric meta-
material can also be lowered by introducing meander bars. For
discontinuous metallic structures, the sizes in all the directions
are shorter than the lattice constant, so Eq. (9) should be mod-
ified as

ω ′pe

ωpe
=

1√
1+ml/l1

. (10)

To verify our analysis, we carry out numerical simula-
tion for a typical I-shaped electric metamaterial. Figure 4(a)
shows the unit cell of this electric metamaterial. The I-shaped
metallic pattern is etched on one side of a 1-mm thick FR4
substrate (εr = 4.3). The strip width is w = 0.2 mm and
the lengths of the metallic strips are l1 = l2 = 4 mm. The
lattice constant is a = 5 mm. Figure 4(b) shows the cor-
responding meander version of I-shaped electric metamate-
rial. Instead of a straight central bar, 3 more horizontal bars
(m = 3) each with a length of l = 4 mm are introduced in
the meander version. Using Eq. (10), it can be predicted that
ω ′pe/ωpe = 1/

√
1+3×4/4 = 0.5.

Figures 5(a) and 5(b) give, respectively, the simulated
transmission spectra for the straight I-shaped and the mean-

der I-shaped electric metamaterials. Comparing Fig. 5(a) with
Fig. 5(b), we can find that the transmission dip is lowered
from 10.2 GHz to about 5.0 GHz under the unchanged lat-
tice constant a = 5 mm. Figures 5(c) and 5(d) give the re-
trieved effective permittivity values of the straight and the me-
ander I-shaped electric metamaterials, respectively. As shown
in Figs. 5(c) and 5(d), the electric plasma frequency is lowered
from 14.0 GHz to 7.0 GHz, in excellent agreement with that
predicted by Eq. (10). Moreover, the electric resonance fre-
quency is also lowered from 8.4 GHz to 4.8 GHz. That is to
say, both the electric resonance frequency and electric plasma
frequency are lowered significantly for the meander electric
metamaterial through the introduction of meanders. Thus, in
the operating band, the electrical sizes of electric metamateri-
als can be reduced significantly.
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Fig. 4. (color online) Unit cells of the straight and meander I-shaped
electric metamaterials: (a) straight I-shaped unit cell; (b) meander I-
shaped unit cell.
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Fig. 5. (color online) Transmission spectra and effective permittivity for the electric metamaterials: (a) S11 and S21 parameters of
the straight I-shaped electric metamaterial; (b) S11 and S21 parameters of the meander I-shaped electric metamaterial; (c) effective
permittivity of straight I-shaped electric metamaterial; (d) effective permittivity of meander I-shaped electric metamaterial.
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4. Reducing the electrical sizes of magnetic
metamaterials
Magnetic metamaterials realize negative effective perme-

ability values by their magnetic resonances in response to ex-
ternal magnetic fields. The effective permeability is in the
form as[3]

µr(ω) = 1−
ω2

pm−ω2
om

ω2−ω2
om + iγω

,

where ωpm and ωom are the magnetic plasma frequency and
magnetic resonance frequency, respectively, and γ is the dissi-
pation factor. In lossless case γ = 0, when ω = ωpm, µr(ω) =

0; when ω = ωom, µr(ω)→ ∞.
To achieve strong magnetic resonances, most magnetic

metamaterials, like split-ring resonators,[2] require incident
EM waves to be in parallel with the substrate, which brings
troubles in fabricating and applying these magnetic metama-
terials. Fortunately, there are also magnetic metamaterials that
allow normal incidence.[13] A typical normal-incidence mag-
netic metamaterial is the short wire pair structure[18] as shown
in Fig. 6(a). The unit cell is composed of two identical metal-
lic short wires etched on both sides of a dielectric substrate.
Two fundamental modes exist for such a structure in response
to external EM waves: anti-symmetric mode with anti-parallel
surface currents and symmetric mode with parallel surface cur-
rents. The short wire pair magnetic metamaterial operates just
under the first mode, anti-symmetric mode. Under this mode,
anti-parallel surface currents on the short wire pair, plus the
displacement current in between the two short wires, form
an effective current loop which is equivalent to a magnetic
dipole. Strong diamagnetic response of this equivalent mag-
netic dipole will bring the effective permeability down in the
resonance regime. However, such a magnetic metamaterial is
only sub-wavelength along the normal of the substrate, usu-
ally about half wavelength along the wire direction. To act as
a magnetic metamaterial strictly, the planar sizes of the short
wire pair unit cell must be reduced.
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Fig. 6. (color online) Unit cells of short wire pair magnetic metamateri-
als and the corresponding meander-modified version: (a) the short wire
pair; (b) the meander-modified short wire pair.

Figure 6(b) shows the corresponding meander-modified
version of the short wire pair magnetic metamaterial. Two
identical meander wires with m (in Fig. 6(b), as an example,

m = 4) additional horizontal bars are etched on both sides of a
dielectric substrate. The effective electron density is

n′eff =

(
2l1 +2lm

2l1

)
neff =

(
1+

lm
l1

)
neff, (11)

where neff denotes the effective electron density of the straight
short wire pair. Then, the total electron number per unit length
is

N =

(
1+

ml
l1

)
Nv, (12)

where Nv denotes the total electron number per unit length for
the straight short wire pair.

To obtain the effective electron mass, we must firstly an-
alyze the inductance of the meander short wire pair. The in-
ductance includes mainly three parts: inductance of the ver-
tical connecting bars Lv, inductance of horizontal bars on the
same side Lh1, and mutual inductance of horizontal bar on both
sides Lh2. From the inductance formula of two parallel wires
in electromagnetic theories,[22] the three kinds of inductances
are, respectively,

Lv = l1
µ0

π
ln
(

a
reff

)
, (13)

Lh1 = 2ml
µ0

π
ln
(

a
reff

)
, (14)

Lh2 = m2l
µ0

2π
ln
(

a
reff

)
, (15)

where t and reff are the thickness of the substrate and the effec-
tive radius of the metallic strip. The total inductance per unit
length is thus

L =
Lv +Lh1 +Lh2

a
=

l1
a

µ0

π
ln
(

a
reff

)
+

2ml
a

µ0

π
ln
(

a
reff

)
+

m2l
a

µ0

2π
ln
(

a
reff

)
. (16)

Equation (16) can be reduced to

L =

[
1+

(2m+m2/2)l
l1

]
Lv. (17)

Substituting Eqs. (17) and (12) into Eq. (2), then we will ob-
tain the effective electron mass as

m′eff = e2NL =

(
1+

ml
l1

)[
1+

(2m+m2/2)l
l1

]
meff. (18)

Substituting Eqs. (18) and (11) into Eq. (1), we finally obtain
the magnetic plasma frequency as

ω
′
pm =

√
n′effe

2

ε0m′eff
=

ωpm√
1+(2m+m2/2)l/l1

, (19)

where ωpm denotes the magnetic plasma frequency of the
straight short wire pair.

To verify the above theoretical analysis, numerical simu-
lations are carried out for the straight and meander short wire
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pair. For the straight short wire pair, the geometrical parame-
ters are as follows: a = 5 mm, l1 = 4 mm, w = 0.2 mm. FR4
substrate with a thickness t = 1 mm and dielectric constant
εr = 4.3 is used. For the meander short wire pair, m = 4 hori-
zontal bars are introduced and the geometrical parameters are
as follows: a = 5 mm, l1 = 4 mm, t = 1 mm, w = 0.2 mm,
l = 4 mm. Using Eq. (19), it can be predicted that the ratio
between the magnetic plasma frequencies of straight and me-
ander short wire pairs is

ω ′pm

ωpm
=

1√
1+(2m+m2/2)l/l1

≈ 0.24.

Figures 7(a) and 7(b) show the simulated transmission
spectra of the straight and meander short wire pair magnetic
metamaterials, respectively. There are two transmission dips
in Figs. 7(a) and 7(b), corresponding to the anti-symmetric
and symmetric modes, respectively. The anti-symmetric mode
is drastically reduced from about 21.0 GHz to 5.0 GHz. The
ratio between the magnetic plasma frequencies of straight and
meander short wire pairs is about 0.238, highly consistent
with the predicted result using Eq. (19). Hence, by the intro-
duction of meander lines, the size of short wire pair magnetic
metamaterial is reduced from about λ/3 to less than λ/12,
strictly sub-wavelength in all the directions of the lattice. Note
that the electric plasma frequency under symmetric mode is
also reduced to about a quarter that of the straight short wire
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Fig. 7. (color online) Transmission spectra of the straight and meander
short wire pair metamaterials: (a) transmission spectra of straight short
wire pair; (b) transmission spectra of meander short wire pair.

pair. Since the meander short wire pair metamaterial is strictly
sub-wavelength, it can be described by the effective medium
theory. Figures 8(a) and 8(b) present the effective permeabil-
ity and permittivity of the meander short wire pair metamate-
rial. As shown in Fig. 8, the effective permeability is negative
in a frequency range of 5.0 GHz–5.1 GHz ( fom = 5.0 GHz,
fpm = 5.1 GHz) under the anti-symmetric mode, which is just
the operating band of the short wire pair magnetic metamate-
rial. Moreover, in a frequency range of 6.15 GHz–8.5 GHz
( foe = 6.15 GHz, fpe = 8.5 GHz), the meander short wire pair
can also act as an electric metamaterial with negative effective
permittivity.
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Fig. 8. (color online) Effective permeability and permittivity of the me-
ander short wire pair metamaterial: (a) effective permeability; (b) effec-
tive permittivity.

5. Conclusions
In this paper, we propose and demonstrate the theory of

realizing deep sub-wavelength metamaterials by lowering the
plasma frequencies of metamaterial inclusions. By adding
more inductance elements, the effective electron mass is dras-
tically enhanced. In this way, plasma frequencies of both the
electric and magnetic metamaterials can be significantly low-
ered and thus the electrical sizes of metamaterial inclusions are
reduced to deep sub-wavelength scales. Because more metal-
lic parts are adopted within the small volume, more absorp-
tion losses are introduced. Nevertheless, the theory provides
an efficient route to deep sub-wavelength metamaterials and
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thus will give vigorous impetus for the further development of
ultra-thin, broadband metamaterials.
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