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Effects of material properties on the competition mechanism of heat
transfer of a granular bed in rotary cylinders∗
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Mixing and heat transfer processes of the granular materials within rotary cylinders play a key role in industrial
processes. The numerical simulation is carried out by using the discrete element method (DEM) to investigate the influences
of material properties on the bed mixing and heat transfer process, including heat conductivity, heat capacity, and shear
modulus. Moreover, a new Péclet number is derived to determine the dominant mechanism of the heating rate within
the particle bed, which is directly related to thermal and mechanical properties. The system exhibits a faster heating rate
with the increase of ratio of thermal conductivity and heat capacity, or the decrease of shear modulus when inter-particle
conduction dominates the heating rate; conversely, it shows a fast-mixing bed when particle convection governs the heating
rate. The simulation results show good agreement with the theoretical predictions.
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1. Introduction
The mixing and heat transfer processes of particle mate-

rials within rotary cylinders are important in industrial appli-
cations, such as heating, cooling, and calcinations. It is impor-
tant to understand the mixing characteristics and heat transfer
performance. However, the influences of the material proper-
ties on mixing and heat transfer process, which have signifi-
cant effects on the dominant mechanism of the heating rate,
have not been systematically investigated yet. Heat conduc-
tion is determined by particle–particle or particle–wall con-
tacts and affected by many factors.[1] Based on the thermal
particle dynamics, the effects of both mechanical and thermal
information in a two-dimensional (2D) packed bed of particles
were investigated.[2] Schlünde[3] reported that heat conduction
through particle contact is dominated when particle diameter
is very small (< 1 mm). And he defined a concept of particle
convection, which is similar to fluid flows, to describe particle
flows. Particles are in densely packed in a moving bed, which
provides a longer contact time with a much smaller fraction of
voids compared with a fluid bed.[4] Therefore, the contact con-
duction will be the dominant mechanism of the heat transfer in
the particle bed within rotary cylinders. Boateng and Barr[5]

deveploped a mathematical model to predict heat transfer from
the freeboard gas to the bed, temperature distribution within
the bed, and the refractory wall at any axial position of the
kiln. Van Puyvelde et al.[6] reported that mixing rate increases
linearly with filling degree by image analysis based on exper-
iment study. Liu and Eckehard[7] measured the temperature
distribution in a moving bed in a pilot kiln by a thermal couple

array.
Kwapinsk et al.[8] investigated the particle motion in the

transaction of a 2D rotary drum by discrete element method
(DEM) simulation, based on the previous experiments and the
definition of the bed rotation speed. Liu et al.,[9] and Zhao
and Cheng[10] studied the mixing process of a binary parti-
cle system in the rotary durm. Shi et al.[11] combined the
DEM and computational fluid dynamics (CFD) to investigate
the overall heat transfer process in a rotary kiln in order to
find the transition criteria from convection-dominated process
to conduction-dominated process. Bodhisattwa et al.[12] simu-
lated the particle flow and particle–wall heat transfer in calcin-
ers and impregnators by varying material properties, and the
effects of thermal properties of granular material have been
analyzed. The heat convection of the particle group caused by
the mixing effect may be dominant[13] according to relatively
small conductivity of bed material in industrial applications.

In the direct-fire rotary kiln, particles in the upper layer
are first heated by flame radiation, then mix with the cooler
particles in the active layer as the heat transfer medium.[14]

Therefore, the particle mixing phenomenon of the upper and
lower layers should be focused upon, however, the relevant re-
ports are rare. The effects of operational parameters on particle
mixing and heat transfer performance have been done in our
previous work (submitted to a journal), and the effects of ther-
mal and mechanical properties on heat transfer performance
will be investigated in the present paper.

To obtain the information about particle mixing and heat
transfer in particle level, experiments in this field are often
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of limited applicability due to their high cost. Alternatively,
DEM has been increasingly accepted as an effective tool to in-
vestigate the heat transfer phenomena in particulate systems.
Therefore, the thermal DEM will be employed to study the
particle mixing and heat transport process within rotary cylin-
ders by varying material properties of particles, including ther-
mal conductivity ks, heat capicity cp, and Young modual G.
Moreover, a new Péclet number will be introducted to describe
the competition between thermal diffusion of particle bed and
bed mixing rate on heating rate. The influences of the three pa-
rameters on heat transfer performance will be systematically
investigated to determine the predominant mechanism of heat
transfer process.

2. Modeling of particle dynamic and heat trans-
fer

2.1. Governing equations of particles

The discrete element model has been widely used to in-
vestigate granular behaviors recently, and often used to replace
or implement the experimental research.[15] It was first devel-
oped by Cundall and Strack[16] in the 1970s. The translational
and rotational motions of a particle of radius Ri and mass mi

can be described as

mi
dvi

dt
= ∑

j
(Fn

i j +Fs
i j +mig), (1)

Ii
dωi

dt
= ∑

i
(Ri×Fs

i j−µrRi
∣∣Fn

i j
∣∣ ω̂i). (2)

Here, vi, ωi, and Ii represent the translational, angular ve-
locities, and moment of inertia of the particle respectively, Ri

is a vector ranging from the center of the particle to the contact
point, Fn

i j and Fs
i j are the normal contact force and the tangen-

tial contact force acting on particle i by particle j, respectively,
ur is the rolling friction coefficient, g the gravity acceleration,
and mi the mass of particle i.

The Hertz-Mindle model with no slip — a more accu-
rate and proper mathematical model for particle contact – was
obtained.[17] The elastic constant is a function of geometrical
and physical properties of the particle and wall as

Kn =
4
3

Eeq
√

Req. (3)

Here, Eeq and Req are the equivalent Young’s modulus
and equivalent radius respectively. The relation between nor-
mal force fn and noraml displacement δ n can be expressed as

fn =−Kn ·δ 3/2
n . (4)

The micro-slip phenomenon is negelected, the tangential
force is evaluated as

fn =−Kt0 ·δt . (5)

Here, Kt0 is the initial stiffness constant, which is a func-
tion of equivalent shear modulus Geq, radius Req, and actual
normal displacement δ n, and expressed as

Kt0 = 8Geq

√
Reqδn. (6)

Hertz–Mindle (no slip) model can provide more details
at the microscopic scale.[17] The time step should be short
enough, which is about 10−5 s∼10−7 s, according to the me-
chanical property in this work.[18]

2.2. Heat transfer model
2.2.1. Conduction model

Thermal conduction within the solid particle and through
the contact area between two particles is only of concern in this
system. And conduction is expected to be dominant while the
interstitial gas is stagnant with a much smaller thermal con-
ductivity compared with the particle material. This assump-
tion can be valid when ksa/kf� 1,[19] where a is the contact
radius, r is the particle radius of curvature, kf represents the
conductivity of interstitial gas, and ks is the thermal conduc-
tivity of the particle material.

The thermal particle dynamics (TPD) is adopted as the
basic model for thermal DEM.[20] The heat flow passes
through the contact area of two particles i and j in contact,
and the heat quantity between these two particles is:

Qi j = HC(Tj−Ti). (7)

The conductance can be calculated from Hertz contact theory
as

HC = 2ks

[
3FNReq

4Eeq

]1/3

. (8)

If the temperature gradients are confined to the contact
area, the conduction resistance within the particle is smaller
than between the particles, which can serve as Biot number.
Vargas and McCarthy[20] have derived the Bi on solid conduc-
tion as

Bi =
HcR
ksA

=
2aksR

ksA
=

2aR
πR2 =

2
π

√
α

R
. (9)

Here, a =
√

Rα represents the contact radius, and α is the
computational overlap of contacting particles. Because α �
R, we can conclude that Bi� 1. This implies that the resis-
tance to heat transfer inside a particle is significantly smaller
than between interacting particles.

The evolution of the temperature of particle i when con-
tacting particle j is given as

dTi

dt
=

Qi

ρiciVi
. (10)

Here, Ti is the temperature of particle i , Qi the total
amount of heat quantity transferred to particle i from its neigh-
bor (particle j), ρi the density of material of particle i, ci the
heat capacity of particle i, and Vi the volume of particle i.
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Then the temperature of particle i, Ti, at time t +∆t can
be calculated from

T t+∆t
i = T t

i +
N

∑
j=1

∆T t+∆t
i j

= T t
i +

N

∑
k=1

(
T t

j −T t
i
)(

1− exp
[
− Hc

ρiciVi

]
∆t
)
. (11)

Equations (7), (8), (9), and (10) can be used to calculate
the temperature variation of each particle in the material bed.
In addition, the material properties remain unchanged and the
wall of rotating cylinder is adiabatic.

2.2.2. Effective thermal conductivity

The effective thermal conductivity (ETC) for two contact-
ing particles within a packed bed has been described with the
consideration of many correlations.[21] For pure conduction,
Batchelor and O’Brien[19] have proposed independently the
approximate analytical solutions of heat conductance, which
is presented as Eq. (8). And Zhang et al.[22] used the simple
cubic arranged granular assemblies to investigate the particle
size effect on the overall thermal conduction properties, and
reported that the ETC is inversely proportional to particle di-
ameter. Therefore, the ETC for a packed bed can be turned
into

ke =
2ks

dP

(
3FNReq

4Eeq

)1/3

. (12)

Then, a certain ke of the packed bed can be obtained by simu-
lations under a constant void fraction.[20] However, it is much
more complicated when this two-particle model is extended to
a moving bed within rotary cylinders, which is rarely studied
at present. First, it is a complex function affected by mate-
rial properties, including shear modulus, thermal conductivity,
heat capacity, particle diameter and distribution, void fraction,
coordinate number distribution, and normal force distribution,
and so on. Second, there is no equilibrium state to determine
ke for a rotation bed, compared with for the packed bed. Con-
sidering the focus of this research, the attention should be paid
to the effects of the material properties. Thus, a fitting param-
eter ξ is introduced to simplify the above multiple effects, and
some parameters are listed in Table 1. Then, the ETC for the
moving bed can be simplified into

ke =
2ξ ks

dP

(
3FNReq

5.6G

)1/3

. (13)

3. Mixing dynamics
3.1. Mixing rate analysis

The mixing process is used to make a better temperature
distribution within the kilns, and maintain a high temperature
difference of mixing particles in the active layer to achieve

good heat transfer efficiency. The radial mixing, which is
much faster than axial mixing, is concerned with its com-
plexity depending strongly on both filling degree and rota-
tion speed of rotary kilns. By intoducing the definition of
the bed rotation speed,[23] Kwapinsk[8] developed an updated
model of the mixing number and cylinder revolution based on
the model derived by Schlünder and Mollekopf[24] in their
contact experiments. It has been validated by the previous
experiments[4] as

Nmix = 4.52Fr′0.22
. (14)

Here, Nmix is the mixing number, which refers to the revolu-
tions of the rotating cylinder when particle bed reaches a per-
fect mixing state, and Fr′ is the Froude number of the particle
bed and expressed as

Fr′ =
(2πn′)2D

2g
. (15)

Here, D is the diameter of the rotary cylinder, and n′ the bed
rotation speed, which can be presented as

n′ =
2πn
θ

. (16)

Here, θ is the cover angle of particle bed.[23] Moreover, the
filling degree f can be calculated by the chord area obtained
by the bed cover angle θ . Thus, the relation between the filling
degree and the bed cover angle is gained by data regression:

f = 0.0167θ
2 +0.1067θ +0.0023. (17)

Then, equation (14) can be derived as

Nmix = 6.02
( n

θ

)0.44
. (18)

It can be seen that the mixing number Nmix, as well as mixing
rate 1/tR, is strongly affected by both filling degree and rota-
tion speed of rotary kilns. The mixing time can be obtained
from tR = Nmix/n,[8] then, the mixing rate can be defined as

1
tR

= 0.019n0.56 f 0.4. (19)

3.2. Heating rate analysis

The mechanism of heat transfer process in particle bed
within the rotary cylinder is complicated. It implies that the
inter-particle conduction and particle mixing are alternately
dominated under different conditions. The heat conduction
occurs only between two contacting particles, and the energy
transferring through the contact area depends on not only the
size of the contact area, but also the duration of the contact and
material properties. Consequently, the mechanical and ther-
mal properties will affect the heat conductive or diffusive rate
through the particles. On the other hand, the particle convec-
tion, caused by the bed rotation, will also affect the heating
rate, where mass transfers from a hotter region to a colder one.
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In this work, the Péclet number will be used to determine
the dominant mechanism in the overall bed heating.[13] A new
Péclet number for particulate system is defined as follows:

Pe =
mixing rate

rate of thermal diffusion
=

1/tR
α/l2 , (20)

where 1/tR has been defined in Subsection 3.1; α is the effec-
tive thermal diffusivity of the particle bed, which is related to
the thermal property of particle material; l is the characteristic
length of the system, which is set to be the equivalent diameter
of the rotary kiln. Therefore, α = k/cpρ , where conductivity
k = ke, density ρ = ρs(1− ε), ke being the effective thermal
conductivity of particle material, which is given in Eq. (14),
ε the average void fraction of particle bed. Then, the Péclet
number can be derived as

Pe =
ξ l2csρsdP(1− ε)

2tRks

(
5G

3FNReq

)−1/3

. (21)

Equation (21) shows that the ratio of the thermal properties
cs/ks, mechanical property G, and the mixing rate 1/tR all de-
termine the Péclet number.

Additionally, the equilibrium state should be defined as
Pe = 1, which indicates that the heat transfer process is fin-
ished when bed mixing reaches a perfect state at the mixing
time tR, or the rotary cylinder reaches the revolutions of the
mixing number Nmix. As shown in Fig. 1, the heat transfer
process is considered to be finished, when temperature varia-
tion rate is smaller than 0.2 K/s, which is rather smaller than
overall temperature cooling rate.
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t/tR

Fig. 1. (color online) Definition of equilium state when cooling process
finishes at the mixing time tR.

4. Results and analysis
Rotary cylinders filled by two kinds of spherical particles

at different temperatures are simulated by a DEM program.
Simulation conditions are summarized in Table 1. Considering
the end plate effect, the both sides of cylinder end plates are set
as periodic boundary condition (PBC). Therefore, the length
of the rotary cylinder can be minimized to L = 5.3dP, accord-
ing to the simulations.[25,26] The rotation speed n= 12.85 rpm,
which is in the rolling regime.

Table 1. Simulation condition and parameters.

Parameter Value
Rotary cylinder, D×L (mm) 1000×80
Filling degree, f 40%
Rotation speed, n/rpm 12.85
Particle size, dP/mm 15
Total number of particles, N 2000∼8000
Particle density/(kg/m3) 3500
Specific heat, Cp/(J/kg·K) 25
Thermal conductivity, ks/(W/m·K) 250∼1000
Particle size distributions normal distribution 12 (0.8,1.2)
Shear modulus of particle/(N/m2) 107 ∼109

Poisson’s ratio of particle and wall 0.29
Shear modulus of wall/(N/m2) 1×108

Coefficient of restitution 0.6
Coefficient of static friction 0.5
Coefficient of rolling friction 0.005
Time step ∆t 5×10−6

For Eq. (20), mixing rate is governed by operational pa-
rameters. Based on the definition of the mixing time and the
mixing number in Kwapinska’s research,[8] the optimal mix-
ing time is calculated to be tR = 18.1 s, with corresponding
mixing number Nmix = 3.86. The normal force FN and void
fraction ε are given as the average values of particle bed. And
l = 1000 mm, according to geometry of the rotary cylinder.
Thus, the effect of material properties on the Péclet number
can be directly seen as

Pe =
74csG−1/3

ks
. (22)

Equation (22) shows the theoretical relation between Péclet
number and the ratio of conductivity to heat capacity, shear
modulus and Péclet number. Then, for the given optimal pa-
rameters, the Péclet number will be discussed under different
material properties, to determine the dominant mechanism of
heat transfer process in particle bed.

4.1. Effects of thermal properties

The thermal properties mainly include thermal conduc-
tivity and heat capacity. The heat conduction occurs in a lim-
ited contact area of the interface for two neighboring parti-
cles. Consequently, the conductivity of particle material can
directly affect the rate of heat transfer. Similarly, the heat ca-
pacity is another important parameter, which demonstrates the
temperature sensitivity of particles.

It can be predicted from Eq. (22) that Pe < 1 when
ks/cp < 43 under the condition of the fixed G = 1.0 ×
108 N/m2. Thus, the particle convection (or mixing effect)
caused by cylinder rotation can be the predominant mecha-
nism of the cooling process. In contrast, Pe > 1 when ks/cp >

43, then the inter-particle conduction governs the heating rate.
Figure 2 shows the effects of different values of ks/cp on

heat transfer performance. Two parts of particles with a tem-
perature difference gradually mix and the interface begin to
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elongate, which provides more paths for enhancing the cool-
ing rate. Both the conductivity and heat capacity determine
the cooling rate, which contribute to faster heat diffusion with
higher value of ks/cp.

With the increase of ks/cp, the temperature uniformity
gradually increases at t = 10.34 s. But there is no further im-
provement at t = 19.68 s, relatively large temperature differ-
ences still exist in upper and bottom layers, which is caused
by inadequate mixing. Therefore, it should be avoided in in-
dustrial process, and some effective measurements should be
carried out, such as adding buffles at inner wall of rotary cylin-
ders.

k
s/
c
p
=

6
0
k

s/
c
p
=

4
3

k
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c
p
=

2
0

t=1.00 s t=5.67 s t=10.34 s t=19.68 s

Fig. 2. (color online) Effects of ks/cp on the paritcle mixing and heat
transfer process in rotary cylinder over time.

Figure 3 shows the temperature variations of hot particles
with time for three values of ks/cp. When ks/cp = 20, the aver-
age temperature of hot particles Thot continues to decline to an
equilibrium state when time overpasses tR = 18.1 s. Therefore,
the cooling process lags behind the mixing process, which in-
dicates the particle mixing mechanism is dominant for the heat
transfer process. When ks/cp = 43, Thot reaches the equilib-
rium state at about tR = 18.1 s, which means that two mecha-
nisms both control the cooling process. When ks/cp = 60, Thot

reaches the equilibrium state before the mixing time, which
means that the cooling process overpasses the mixing process,
and inter-particle conduction governs the heat transfer process.
Consequently, different values of ratio ks/cp can determine the
governing mechanism of cooling process of particle bed, and
the above descriptions are well consistent with the prediction
of Eq. (22).

To gain an insight into the evolutions of average temper-
ature of hot particles Thot within five revolutions, the values of
Thot in all time intervals are scaled by the average value at five
revolutions. The results are illustrated in Fig. 4, showing that
the smaller value of ks/cp makes cooling rate slower. At begin-
ning, the case of ks/cp = 60 presents a larger decreasing rate,
then Tavg/T 5revs dramatically declines and tends to flat at about
3 revolutions. Thus, Tavg/T 5revs can directly reflect the evolu-
tion of the cooling process. As ks/cp = 43, Tavg/T 5revs contin-
ues to decrease at 3 revolutions and tends to flat at Nmix = 3.86
revolutions. However, it keeps decreasing over 5 revolutions

for the case of ks/cp = 20, which indicates that the heat trans-
fer process is not finished yet, more revolutions are needed in
order to achieve the temperature uniformity in the bed. The
iron ore pellet (ks = 10 W/m2·K, cp = 2000 J/kg·K) is taken as
an example for the metallurgical industry process, and the re-
sult shows that its heat transfer process is far behind that with
the mixing process.
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Fig. 3. (color online) Variations of average temperature of the hot par-
ticles with time for three values of ks/cp.
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Fig. 4. (color online) Growths of scaled average bed temperature for
varying ks/cp.

4.2. Effects of shear modulus

The shear modulus of particle material can strongly af-
fect the size of the contacting area, according to the Hertz
contact theory. Therefore, it can directly affect the inter-
particle conduction and entire performance of the particu-
late system. Theoretically, the ETC of particle bed can de-
crease with shear modulus G in power function, according to
Eq. (14). It can be predicted from Eq. (22) that Pe < 1 when
G < 1.0×108 N/m2 under the condition of ks/cp = 43. Thus,
the particle convection caused by bed rotation can be the gov-
erning mechanism of the cooling process. In contrast, Pe > 1
when G > 1.0× 108 N/m2, then the inter-particle conduction
governs the heating rate.

Figure 5 shows the effects of different shear moduli on
heat transfer performance. Obviously, smaller shear modulus
makes contact area larger, which attributes to faster heat dif-
fusion. The interface gradually extends, which is caused by
bed mixing at t = 5.67 s. It shows that a faster diffusive rate
has a smaller shear modulus G. With the increase of G, the
temperature uniformity gradually decreases at t = 10.34 s.

084501-5



Chin. Phys. B Vol. 22, No. 8 (2013) 084501

t=1.00 s t=5.67 s t=10.34 s t=19.68 s
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Fig. 5. (color online) Eeffects of shear modulus on paritcle mixing and heat transfer process in rotary cylinder over time.

Figure 6 shows the temperature variations of hot particles
for different shear moduli. When G = 1.0×109 N/m2, the av-
erage temperature of hot particles Thot continues to decline to
reach an equilibrium state when time overpasses tR = 18.1 s.
Thus, the cooling process lags behind the mixing process,
which indicates the heat transfer process is dominated by par-
ticle mixing mechanism. When G = 1.0× 108 N/m2, Thot

reaches the equilibrium state at about tR = 18.1 s, which im-
plies that both mechanisms can control the cooling process.
When G = 1.0×107 N/m2, Thot reaches the equilibrium state
before the mixing time tR. Thus, it means that the cooling pro-
cess will overpass the mixing process, and the inter-particle
conduction will govern the heat transfer process. It can be
concluded that different shear moduli can also determine the
governing mechanism of cooling process, and the above de-
scriptions are well consistent with the prediction of Eq. (22).
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Fig. 6. (color online) Temperature variations of hot particles for varying
shear modulus.

Similarly, the values of Thot in all time intervals are scaled
by the average value at five revolutions. The results shown in
Fig. 7 indicate that the case of G = 1.0× 107 N/m2 presents

a larger decreasing rate at the beginning, then Tavg/T 5revs dra-
matically drops off and tends to flat at about 3 revolutions. As
G = 1.0× 108 N/m2, Tavg/T 5revs tends to flat at Nmix = 3.86
revolutions. However, it keeps decreasing over 5 revolutions
for the case of G = 1.0× 109 N/m2, which suggests that the
heat transfer process is not finished yet, more revolutions are
needed to achieve the temperature uniformity in the bed.
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Fig. 7. (color online) Growths of scaled average bed temperature for
varying shear modulus.

5. Conclusions
DEM is employed to examine the particle mixing and heat

transfer process in three-dimensional rotating cylinders; the
influences of the thermal properties and shear modulus are in-
vestigated. The system exhibits faster heating rate when the
ratio of thermal conductivity to heat capacity increases or the
shear modulus decreases. Additionally, the Péclet number is
proposed to determine the dominated mechanism of heat trans-
fer process within particle bed. The simulation results show
good agreement with the theoretical predictions of the mecha-
nism with different material properties. Fast-heating beds can
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be obtained when Pe > 1 due to the higher value of ks/cp and
lower value of shear modulus G, where the heating rate is dom-
inated by heat conduction. In contrast, it is fast-mixing beds
when Pe < 1 due to the lower vaule of ks/cp and higher value
of shear modulus G; where the heat transfer process is gov-
erned by bed mixing.
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