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The propagation of shape changing soliton in a nonuniform
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Magnetization dynamics in uniformly magnetized ferromagnetic media is studied by using Landau-Lifshitz—Gilbert
equation. The nonlinear evolution equation is integrable with site-dependent and biquadratic exchange interaction by means
of Landau-Lifshitz (LL) equation which is well understood. In the present work, we construct the exact solitary solutions
of the nonlinear evolution equation, particularly, we employ the modified extended tangent hyperbolic function method.
We show the shape changing property of solitons for the given integrable system in the presence of damping as well as

inhomogeneities.
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1. Introduction

The classical Heisenberg ferromagnetic spin chains with
biquadratic interaction, Dzyaloshinsky—Moriya interaction,
and octupole—dipole interaction are some of the physically in-
teresting spin models, the nonlinear dynamics of which have
been understood and integrable models have been identified
in recent years.['#! In this context, the studies of the classi-
cal isotropic site-dependent Heisenberg spin chains are con-
sidered to be pioneering nonlinear spin models for they are
modelled by the inhomogeneous nonlinear Schrédinger equa-
tions, which are considered to be important when they exhibit
integrability in their own respect.[>®! Also, many effects of
further interactions leading to nonintegrability and damping
effects, etc., are some of the significant topics of current in-
terest which are being pursued vigorously. It is also of equal
interest to study the nature of nonlinear spin excitations in a
Heisenberg ferromagnet with varying exchange interactions
in the presence of Gilbert damping without holding the con-
ditions of integrability.[”-8] The interactions of solitons with
the imperfections in a ferromagnetic medium is an important
aspect of nonlinear physics. In recent years, the investigation
of the nonlinear dynamics of inhomogeneous systems has as-
sumed much significance because these systems are consid-
ered to be realistic. Also, the importance becomes particularly
apparent when solitons are used to model the nonlinear wave
propagation in dispersive and inhomogeneous media such as
radio waves in the ionosphere, waves in the ocean, optical
pulses in glass fibers, laser radiations in a plasma, and impuri-

[9-15

ties or defects in magnetic systems. I'Li et al., transformed
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the modified Landau-Lifshitz (LL) equation into an equation
of nonlinear Schrodinger type, and studied the interaction of a
periodic and a one-soliton solution for the spin-polarized cur-
rent in a uniaxial ferromagnetic nanowire and reported that
the soliton solution shows the characteristic breather behav-
ior of the soliton as it propagates along the ferromagnetic
nanowire.!'%! Also, He and Liu investigated the effect of spin-
transport on nonlinear excitations in a ferromagnetic nanowire
with nonuniform magnetizations and these solitons propagate
along the wire’s axis.!!'”! Further, Liu et al., formulated the
LL equation for an anisotropic (easy-plane) ferromagnet as a
Riemann-Hilbert problem on a Riemann surface of the spec-
tral parameter yielding all possible double wall solutions, in-
cluding states of colliding walls, breather modes of bound
walls, and a set of solutions corresponding to marginally
bound walls.["® Most of the studies on magnetic spin chains
have been based on the homogeneous Heisenberg Hamilto-
nian when the exchange integral associated with the coupling
interaction between nearest-neighbor pair of spins is a single
constant J. But due to the very presence of various magnetic
defects such as imperfect grain boundaries, impurities as well
as elastic defects such as misfitting precipitates and disloca-
tion, there arises an inhomogeneity in the magnetic lattice that
makes the dynamics more complex. Defects are the local devi-
ations from a given ordered structure and have attracted large

interest in many areas like biology,!'”! liquid crystals,2%-2!]

s,[22 r[24-261 a5 their for-

soap bubbles, [*?! alloys, 3] and soft matte
mation and evolution are one of the fundamental problems to
understand the complexity in these systems. Young et al., de-

scribed the spatio-temporally chaotic state sustained by the
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induced nucleation of penta-hepta defects in a model for ro-
tating hexagonal convection.?”! In experiments performed by
Pertsinidis et al., dislocations enhance the diffusion of di-
vacancies in two-dimensional colloidal crystals. The hopping
of defects does not follow a pure random walk, but exhibits
some memory effects due to the slow relaxation rates of dis-
tortions in the over-damped colloidal crystal.[*®! Neubecker et
al., demonstrated theoretically and experimentally the possi-
bility of an active manipulation of defects in terms of an ex-
ternally induced motion in a liquid crystal light valve under
single optical feedback.!*’! Also, physically apart from the
presence of defects, in general the inhomogeneity occurs in
the magnetic lattices due to the following two factors: (i) if
the distance between the neighboring atoms varies along the
lattice, as seen in some charge transfer complexes TCNQ and
in organometallic insulators, TTF bisdithiolenes, and (ii) the
wave function itself varies from site to site although the atoms
themselves may equally be spaced, e.g. a one-dimensional
magnetic insulator placed in a weak, static, inhomogeneous
electric field with the deliberate introduction of imperfections
in the vicinity of a bond so as to alter the electronic wave func-
tions without causing appreciable lattice distortion. In inho-
mogeneous magnetic materials, however, the size of the do-
main is determined exclusively by the inhomogeneity of the
materials independent of the shape of the specimen. The kinds
of inhomogeneity which can affect the domain structure are
voids, inclusions, fluctuations in alloy compositions internal
stress, local directional orders, crystal bounderies, etc. For in-
stance, if a spherical inclusion or void exists in a ferromag-
netic substance, the free poles which appear on its surface
should make the magnetostatic energy quite large. In the past
four decades, a sizable number of soliton possessing nonlinear
Schrédinger-type equations have been derived which form the
potential platform in studying the various phenomena of di-
verse physical systems. In this context, the aim of the present
study is to construct a series of exact solitary wave solutions of
an inhomogeneous higher order nonlinear Schrédinger equa-
tion (IHNLS) in the presence of damping and nonlocal po-
tential governing the dynamics of one-dimensional classical
isotropic biquadratic Heisenberg spin chain with varying bi-
linear and biquadratic exchange interactions. We achieve this
by employing the tangent hyperbolic function method embed-
ded with symbolic computation. The paper is organized as
follows. In Section 2, we formulate the associated dynamical
equation for the site-dependent ferromagnetic spin chain and
discuss the integrability conditions which hold the existence
of solitons. In Section 3, we give the methodology of notion
of integrability. In Section 4, we implement the tanh func-
tion method to solve the fourth order inhomogeneous nonlin-
ear Schrodinger (NLS) equation with nonlocal potential and
damping. In Section 5, we discuss the effect of inhomogene-

ity in both the presence and absence of damping on the spin
solitons. Finally we conclude our results.

2. Dynamics of a deformed ferromagnetic me-
dium modelled by a damped nonlocal higher
order nonlinear Schrodinger equation

Magnetic solitons have been identified as one of the inter-
esting class of nonlinear excitations representing the nonlinear
spin dynamics of one-dimensional classical continuum heisen-
berg ferromagnetic spin sytems. For a spin model, the associ-
ated Landau-Lifshiftz—Gilbert (LLG) equation can be written
as

S; =8 x Fos+ A For — (S - Forr) S]. (D

It is also of importance to include the processes leading to
damping and diffussion of the spin motions in Eq. (1). Such
processes are essentially related to the relativistic interaction
due to the conductivity of the medium. The simplest expres-
sion for such a process which causes least analytical distress
in the system is a term of the form A[S x [S x Fu]], where
A= G and & is the dimensionless Gilbert damping param-
eter, which quantifies the decay of the excited system back
to equilibrium. The damping term introduced in a phenome-
logical manner many decades ago. Clearly the magnetization
must be time-dependent for damping to occur, hence the pro-
portionality to d.S/dr. The LL equation is a rather simple
approximation to very intricate the dynamic processes. The
limitations of the approximations entering into the LL equa-
tion are likely to be tested by the next generation of magne-
todynamic devices. While many generalizations for the LL
equation are possible, we focus on investigating the impor-
tance of nonlocal contributions to damping. The nonlocality
of the magnetization dynamics can be interepted as a nonlocal
exchange coupling with explicit time dependence. It is gen-
erally assumed in both analyzing experimental results and in
performing micromagnetic simulations that damping is a lo-
cal phenomenon. While no clear experimental evidence exists
to contradict this assumption, the possibility that the damping
is nonlocal — that it depends, for example, on the local gra-
dient of the magnetization would have particular implications
for experiments that quantify spin-current polarization, ! for
storage,*%! logic devices,*!! and mode dynamics!*?! in pat-
terned samples, and the behavior of nano contact oscillators.
Furthermore, the damping motion of the magnetization vector,
particularly the damping of large motion plays a significant
role in the performance of magnetic recording devices. The
equation of motion in the presence of damping takes the form

(987‘?(1“,[) = [S(T‘,l‘) X Feff]

+A[Fur— (S(r.1) Fa)S(r,0)]. ()
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Generally, damping involves loss of energy from the
macroscopic motion of the local magnetization field by trans-
fering energy to microscopic thermal motion. The mechanism
by which this occurs includes coupling of the magnetization
field to spin waves, eddy currents, lattice vibrations, and the
effect of polycrystalline structure, strains, and crystal defects
such as voids, interstitial atoms, and foreign atoms. When the
external magnetic field is not strong enough to eliminate all
the domain walls, the domain structure plays a dominant role
in the damping, and the local rate of energy loss may vary
by large amounts from point to point within a ferromagnet.
For low damping, equation (2) describes the precession of the
magnetization around the field, Fig while the damping term
causes the precession angle to decrease and the spin gets re-
laxed along the direction parallel to Fi¢ and in turn the system
loses energy. The corresponding angular frequency and relax-
ation time are @ = §|Fig| and % = [A| Fyg|] respectively. It
may also be noted that equation (2) describes the dynamic do-
main wall damping caused by the viscous drag on a moving
domain wall. The damping constants may be determined from

ferromagnetic resonance experiments
b2 2

b a
Feff = [A - *Ax + ?Axx + ?Jbg(s : Sxx):| Sxx

2
2 2

[P At Syl See)] 81

2

+ 5 AS e+ %AXSW.
Where A(x) = J, f(x) + Jpg(x), f(x) and g(x) characterize the
inhomogeneity in bilinear and biquadratic interactions, respec-
tively. In the above equation, the suffices ¢ and x represent par-
tial derivatives time and space respectively. This equation is
the LL equation that describes the dynamics of spins in a one-
dimensional classical continuum isotropic inhomogeneous bi-
quadratic Heisenberg spin chain.

Study of Eq. (2) is of interest not only from a physical

ics. However equation (2) is a highly nontrivial vector nonlin-
ear partial differential equation and it is very difficult to solve
it in its natural form. Therefore it is advantageous to go to a
representation by mapping the continuum spin system onto a
moving helical space curve in E* and obtain invariant equa-
tions in terms of the evolution of the curvature and torsion.
Like the discovery of solitons, the investigation through the
space curve first started in hydrodynamics and was then ap-
plied to different branches of science. The time evolution of
the space curve is associated with a geometric space. There-
fore, the analysis of the evolution equation for the spin density
is facilitated through a knowledge of the underlying geometry
of the system. The spin density S(x,¢) in Eq. (1) is mapped
on the unit tangent vector e; (x,7) of the space curve. Then the
unit normal vectors e (x,7) and ez (x,#) can also be defined in
the usual way to form a local co-ordinate system of the space
curve. The change of orientation of the trihedron e; (i =1,2,3)
which defines the space curve uniquely within rigid motion is
determined by the Serret—Frenet equations:

€1x 0 Kk 0 €]
ex |=[-x 01 e |, 3
€3y 0 —70 e3

where e;y =d X e;, d = —«ke3+7ej. The vectors e;, i =1,2,3
are the usual unit tangent, normal, and binormal vectors re-
spectively on the space curve. The classical spin vector S(x,?)
satisfying Eq. (1) is now identified with the tangent vector
e (x,t) so that Eq. (1) can be written as

ey =e; Xent+Alenn—(er-ex)er. “4)

The evolution of e; and e3 is found similarly. Thus the evolu-
tion of the trihedral e; takes the rigid body form
e;=mwxe, w=0e|+ ne;+ wzes.

Then the evolution of the trihedral e; preserving their orthog-
onality is determined by the equations (3) and (4) and it is

point of view, but also of great interest in applied mathemat-  written as
|
0 3+ Ax W) + Akt
el A €l
ey _ — 3 7Akx 0 (OF] +E(2kx7+er) e |. 3)
A
€3t —wy+AkT @+ E(kar—ker) 0 €3

The condition for the compatability of Serret—Frenet equa-
tion (1) with the system of Eq. (5) for the evolution of the
trihedron given by

(eix)t = (eit))m = 1a233a

leads to the evolution equations for curvature and torsion of
the space curve. After using the following transformation

q= gexp[i/x T(x,t)dx},

—oo

we obtain the generalized fourth-order damped nonlinear

Schrodinger equation as
igr + (1 =12) [hexq + 2heqy + hqy ]
+2¢ [hqq* + / 1 hdx'qq” +iAh / );(qqi - q*qx)dX}
+V [Grene + 8|9 e + 247G + 492> g + 64 43 + 64]q|*]
=0, (6)

where h(x) represents the inhomogeneity, ¢ is a function of x
and ¢, and A is the damping parameter. Equation (6) represents
the nonlinear spin dynamics of a one-dimensional Heisenberg
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ferromagnet with varying bilinear and biquadratic exchange
interaction in the classical continuum limit. The dynamics
of the spin system is expected to be integrable only when
the inhomogeneity assumes a linear function. Further, apart
from the integrable conditions, i.e., when the inhomogeneity
arises in the form of a nonlinear function the dynamics has
been investigated by employing an appropriate perturbation
theory along the lines of Kodama and Ablowitz.!33! As a con-
sequence, it has been analyzed that how the soliton behaves
when the nonlinear inhomogeneity is introduced as a small
perturbation. Solving recursively this system of equations and
taking care of the secularity problem appropriately, one can in
principle obtain the required perturbed solution and the rele-
vant physical information can also be revealed from the nature
of the solution. However, it is a standard feature of nonlin-
ear systems, that exact analytic solutions are possible only in
exceptional cases.

From Eq. (6) we could obtain several integrable mod-
els and the integrability will be confirmed by the Painleve
singularity structure analysis and the integrability properties
are investigated by constructing the Lax pair and soliton

[34

solutions.**! Finally we get the following fourth order NLS-

type equation:

: 2 2y a*A
igr + (hq)xx +2h|q| q+2q/_ hlgl” dx' + —— [Grun

12
+K1|q1*qee + K2q* @ + K3|qx|* g + Kaq* g% + 3Kaqlq|*]
=0, @)

where,
. b2 47
he=h+ A, K :-12(1+T”g),
3Jbg SJbg
Ky = —8(1+ 2208y K:—36(1 —)
> (1+ 1 ) 3 + A
24,8
Ki— —14<1 )
4 + 7A

3. The search for integrable models

In the study of integrability, in the sense of series ex-
pansion of the solution, some local properties of the system of
equations can be extended to answer the global question of in-
tegrability. In this attempt to decide whether the system has the
Painleve property we expand a formal Laurent series solution
about an arbitrary singular point in complex time. We begin
with a leading order analysis for the inhomogeneous fourth-
order NLS equation.

3.1. Integrable model at O(a%b°)

At 0(a’b?), equation (7) reduces to the following inho-
mogeneous cubic NLS equation

X
g+ (hq)x + 2h|qlzq+2q/ lg*dx’ =0. (®)

We denote g and ¢* by ¢ and 1 respectively and on defining a
new real function A, Eq. (8) and the complex conjugate equa-

tion can be written as

i0; + (ho)x + 2,0y + h G +2p0 =0, 9)
=iy + (M) xx + 2k 1y + Ayt +2p1 = 0, (10)
px — 2hyo1, — h(ot), = 0. an

We perform P analysis on Egs. (9—(11) by expanding the func-

tions o, 1, and p locally in the form of the Laurent series

0 = 0p(x, 1) (x,1)+ Y 0;(x,1) 9P, (12)
j=1
1=1o(x,0)09(x,0) + Y 1;(x,1)¢9*, (13)
j=1
p = polx,)¢*(x, 1)+ Y pj(x,0)9" . (14)
j=1

Now using the leading order terms of the solutions (12)—
(14), ie., 0 = 0p(x,1)9P(x,1), 1 = 19(x,1)$9(x,¢), and p =
Po(x,2)9*(x,7) in Egs. (14)—(16) containing leading order

terms alone

hoy +2h 6+ hyo+2p0 ~ 0, (15)
iy 4 2y + hy L +2p1 ~ 0, (16)
2h,o1+h(o1), ~ 0, (17)

and on balancing the dominant terms, we obtain the following

leading order results
s=-2, (18)
po = —ho?2. (19)

In order to find the resonances, i.e., the powers at which the

p=q=-1,

2
Oolp = — ¢y,

free coefficients enter into the generalized expansion, we ex-

pand
o =009 (x,1): - +arp"", (20)
1=100%(x,1) -+ 097", 1)
p = pod*(x,1)---+ 03", (22)

on substituting Eqgs. (20)—(22) in Egs. (15)—(17), we obtain the
following resonance equations

h(r—l)(r—2)+2po 0 20y (03]
0 h(r—l)(r—2)—|—2p0 219 (0
/’llor hG()r (r—z) (04]
=0. (23)

In order that a;, 0p, and o3 are arbitrary and nontrivial, we
evaluate the determinant of the (3 x 3) matrix on the left-hand
side of Eq. (23) and obtain the following polynomial equation

vi*r — 81r* + [25h* + 4hpo — 4hogl|

+[—381* — 20hpo + 12hmoto | + [28K7 +4pd + 32hpo
—8hooty — 8hGolopo] r — 8h* — 8pg — 16hpy

=0. (24)
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Upon substituting oy, 19, and pg, from Eq. (19) into Eq. (24),
we obtain the following resonances

r=-1,0,2,3,4. (25)

The resonances, —1 and O correspond to the arbitrariness of
the singular manifold of the coefficients oy or 1y respectively.
To check whether sufficient number of arbitrary functions
exists without introducing movable critical singularity mani-
folds, we substitute the Laurent expansion given in Eqs. (12)-
(14) in the full Egs. (9)—(11) and collect coefficients of differ-
ent powers of ¢ and solve them. The results are as follows:
For (92,072, 72):

2pp 0 209 (o]

0 2[)0 21y 1

hiy hoy —1 P1

1000 + 2100, Py + "G, Prx + 21,00 P«
= | —itp¢ +2h1px P + higxPxx + 2100 | . (26)
_hxq)x

Solving the above equation, we obtain

1 .
%= g2 [—3i00¢; — 6hC0: P +3h00P],  (27)
x |
0 0 20y O3
0 0 2y 3 |=

—2hoo @y —2h190x —@ P3

From the above derivation we find that either o3 or 13 is arbi-
trary and p3 is found to be
1
p3 = ——[—1loli; + 0001 + (oo — 60 02) ¢
Oplo
—2hy(0ptix + GoOix) — 2h P (0012 + 1002 )

— h(0plixx + 10O + 20012 + 20012y + 21002
+ (0012 + 1002) Pxx| —2p2(0011 + 1907 )
—2p1<0'()12+l()62)]. (33)

Proceeding further and by collecting terms at (¢!, ¢!, ¢') we
find that oy or 14 is arbitrary and py is expressed by a definite
value. As the equations at this order are unwieldy in nature,
we are not presenting the results here. Thus, equations (9)-
(11) are found to be free from movable critical manifolds for
the specific form of A(x) (inhomogeneity)

h(x) =Cx+D,

thereby satisfying the P-property. The integrable form of
Eq. (8) can therefore be written as

X
ig:+2Cqx+(Cx+D) [ +2]g|*q] +2Cq / lg)?dx' =0. (34)

Equation (34) is a completely integrable inhomogeneous NLS
equation which admits the soliton solution. The corresponding
integrable LL equation is written as

ds

1 .
= W [3110@ — 6h10x Py + 3hl0¢xx:|a (28)
p1= x¢x+h¢xx- (29)
For (¢ ',¢~",¢7"):

2p0 0 20y (o]

0 2[)0 219 1

hiy hoy —1 P1

—1060; — hOpxx — 2h, Opx — 2P1 O1 — Ophyy

= ilO — higye — 2hylox — 2P1 11 — lohyx . (30)

0
From the above equation we infer that either o, or 1, is arbi-
trary and obtain the resonance condition
p1x=4hx(l()01 +G()l])—2/’l(l()6] +G(Jll)x- (31)

Further the value of p, is evaluated from Egs. (30) and (31).
Substituting the value of p; in the resonance condition (31),
we get

hy =0, h, = constant,

which implies &(x) = Cx+ D, where C and D are constants.

For (¢°,9°,¢°):

01+ 020 — Iy 01 — 2 (Wi +120x) — A1+ 210 P+ 1200 ) —2(11 P2 +P2 1)
- llt+12¢t _hxxll _th(01x+62¢x)_h(o-lxx+262x¢x+62¢xx) —2(01P2+P20'1)
— P2 +2he (2000242101 + 07 +17 ) +2h(0) Oox+ 1 O+ 01 G20+ G200«

.(32)

+lolax+11lix+ 1 lz¢x+lzl()x)

Also at the same order, i.e., at O(aobo) when C = 0 which
ultimately implies that A(x) = J, f(x) + Jpg(x), is a constant,
Eq. (8) reduces to the completely integrable cubic NLS equa-
tion
i +quc + 2|q‘2q =0.

The cubic NLS equation has also been obtained as equivalent
to the one-dimensional classical isotropic Heisenberg ferro-
magnetic spin chain under space curve mapping. The corre-
sponding LL equation is written as

S =SAS8.

3.2. Integrable model at O(a?)

Moving to the next order, i.e. at O(a?), we assume that the
terms at O(ab) is of higher order than terms at O(a?), which
means that the variation of exchange interaction is slow com-
pared to the regular spin lattice. Under this approximation,
equation (6) gives the following inhomogeneous fourth-order
NLS-type equation
a’A
12
+K1 |91 g + Ko @ + K3dlas* + Kaq" ¢ + 3Kaqlql*]
=0, (35)

X
i+ (hg)+ 2hgla +2q [ helqPdv + 5 [guen

where,

b2
6

hy=h+ A, K1:—12(1+—
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3Jpg 8Jp8
K :78<1 —) K :46(1 —)
2 T 3 Y

24,9
K. :—14(1 )
4 + 7A

Now, we seek whether equation (35) is also expected to be in-
tegrable when A is a linear function of x or otherwise through
P-analysis. For this, we rewrite Eq. (35) and its complex con-
jugate equation by denoting ¢ and ¢* by E and G respectively

and by defining a new real function R as before

2

. a
i0; + hoy, + 2k, 0y + by O + 2RO + EA [Croex + K1 010y

+K>07 1 + K300, + K4Go} + 3K, 6°1%] =0, (36)
2
. a
—ily 4 Mgy + 20,0+ gt +2p1 + EA [Lexer + K1 Oy
+K>1% 0y + K31041 + K401 + 3K, 071°] =0, (37)
px —2hyo1—h(ot), = 0. (38)
We perform P-analysis on Egs. (36)-(38) by expanding
the functions o, 1, and p locally in the form of Laurent series
as done in the previous case and using the leading order terms
of the solutions (12)—(14) in Egs. (36)—(38) and after balanc-
ing the terms in the leading order equation,

[Crxx + K1010y + K267 1y + K30 031, + K4107

+3K,6°1%| ~0, (39)
[Leves + K1 Ol + K212 O + K31031 + Ka 017

+3K6%1%] ~ 0, (40)
2ho1+h(o1), ~ 0. (41)

We obtain the following two branches of leading order results
as listed in Table 1.

Table 1. Leading order results of the singularity structure analysis.

Branches  Leading order behavior Resonances
(1) P:q:*LS:*Z r:717071727
ooty — 9% 3,4,5,6
4(1+3J,g/A) T
Po = 7_%2
4(143J,8/A)
(i) p=q=—-1,0=-2 r=-3,-2,—-1,0,
ooty = —4¢?2 5,6,7,8
po = —4ho?

Now, we find the resonances, i.e., the powers at which the
free coefficients enter into the generalized expansion, by sub-
stituting Egs. (18) and (19) into Egs. (39)—(41), we obtain the
resonance matrix as

M, oM, 0 o
M, M, 0 o | =0, 42
hlo(z—}”) h0'0(2—r) (V—Z) o3
where
My = (r=1)(r=2)(r=3)(r—4)+ [(r—1)(Ki(r—2) — K3

—2K4) + 2K +4K; + K3 + 9K 0y 19| 0p o, (43)

My, = [Ka(r—1)(r—2)— K3(r—1)+ K4+ 2K |
+6K,001. (44)
On evaluating the determinant on the left-hand side of
Eq. (42), we obtain
8 —20r" + (80 42K )r® + (—800 — 26K; — 2K3 — 4K4)r°
+(1773 — 32K} + 10K, + 24Ky + 12K3 + K7 — K3 6313
—30K,0019 — 10K30010)r* + (—310K; — 6K} — 70K
—2K1 K3 — 4K K4 — 140K4 + 310K, 0019 + 6K K> 0p1g
+70K30010 + 2K K30019) 1 + (4180 + 628K, + 240K
+340K, + 280K, — 140K, 0919 — 70K3 0010 — 35K4 0019
— 140K, 0910 + 16K Ky + 10K K3 + 8K K> + 4K3 K,y + 4K
+8K7 — 4K, Ky y1g — 2K K36019 — 2K K4 Gptg — 4K 0ol
—12K,K>6313 — K331 — 9K3 6313 — 6K> K3 0013 ) r?
+(—2400 — 544K — 246K3 — 400K, — 296K, — 24K?
—8K7 — 8K — 24K K, — 28K K3 — 28K K4 — 16K, K3
—16K,K4 — 8K3K4 — TK1 K4 0919 — 4K K3 0910 — S0K4 01
—12K, chg 13 +2K1K3 Gg lg —5K>K3 Gglg - 3OOK26§ 13
—12K,K46313 + 12K3 0313 + K36313 + 18K3 00 13
+6K2K36313)r 4+ 576 + 192K 4+ 96K3 + 192K- 4 96K,
124K300Go +24K4 0010 + 16K + 16K3 +4K3 + 16K K3
+32K K> + 16K K4 + 12K3K4 + 16K> Ky + 4K K300
74K22 Oplo + 2K32 ool + 2K, K30019 — 24K, 001
—4K1 K> 0019 — 2K2 Ky Golg — 24K, 0019 — 6K3 6313
—3K,)K30213 — 5K2K40313 — K3K40313 — K2og13 = 0. (45)
In both the branches the resonances —1 and O correspond to
the arbitrariness of the manifold oy or 1y respectively. To
check whether sufficient numbers of arbitrary functions exist
without introducing movable critical singularity manifolds, we
substitute the Laurent expansions (12)—(14) into the full equa-
tions (36)—(38) and collect the coefficients of different powers
of ¢. At (¢4, ¢4 ¢~2), we obtain p; = —2h, + h¢,, and
O] or 11 is arbitrary corresponding to » = 1 with the resonance
condition

0011 + 1001 = Pxx. (46)

From the equations at (¢ 3,03 ¢~'), we find that p, is ar-
bitrary and o, or 1, is arbitrary corresponding to r = 2, 2 with
the following resonance conditions

1
Ooly — )02 = 602 [=3(0010xx — 1000xe) — 2(PxPr)x — 40,
X
+4(2101x — Oolix) x + 4 (10x O — 10Pxx) O
+ 860x¢x¢xx]a (47)
Iy = 0. (48)

From the above results, we have o7 or 1; and o, or 1, and p;
being arbitrary. Further the condition £, = 0 implies that £ is
a linear function of x, say h = Cx+ D where C and D are con-
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stants. Proceeding further, we find that sufficient number of ar-
bitrary functions enter without introduction of movable critical
manifolds at r =3, 4, 5, and 6. However, as the compatibility
conditions corresponding to these resonances are unwieldy in
nature we are not presenting them here. For the branch (ii) we
verify that arbitrary functions enter at r = 5, 6, 7, and 8. Thus
Eq. (35) possesses the Painleve property and hence it is a can-
didate to be integrable when J,g/A = —5/12 and h = Cx+ D.
The integrable form of Eq. (35) (the fourth-order inhomoge-
neous NLS equation) can therefore be written as

X
ig; +2Cq, + (Cx+ D) g +2|q|*q] +2Cq/ |g|*dx’

2
a * *
+5 [Geoee + 8la1° que + 267 @ + 492 g + 64" 45 + 64|q|*]
—0. (49)

The associated LL equation is written as

2
S = SA[[(Cx+D)Su+CS + 5 [Sm —%(s.sxx)sxx

5
~2(S-Su)S,)- (50)

At the same order i.e., at O(az), when C = 0, that is when
the exchange interaction is not varying (constant) and for the
choice J,g/A = —5/12, Eq. (26) reduces to the following com-
pletely integrable fourth-order NLS equation

2
. a %
ig: + que +24|q* + T3 (e + 81q|*qux + 247 +4|ax*q
+64"q; +6|q|*q] =0. (51)

By substituting the values of oy1g into Eq. (45), we obtain all
the resonances as real values only for the following set of para-
metric choices i) J,g/A = —17 /48 and ii) J,g /A = —5/12. For
the choices of parameters given in case i) the two branches
merge into a single branch with the leading order results,
Oolo = —402, po = —4h¢?, and the resonances r = —1, —1,
0,0, 2, 3,4, 7, 8. Analyzing further, we find that the system
admits a logarithmic singularity manifold at » = 0, thereby de-
stroying the Painleve nature of solution and therefore we stop
treating case 1) further. However, for the case ii) we obtain the
following two branches as listed in Table 2.

Table 2. Leading order results of the singularity structure analysis.

Branches Leading order behavior Resonances
i) p=qg=—-1,s=-2 r=-1,0,1,2,2
oolo = — 2, po = h— §? 3,4,5,6
ii) p=q=—-1,0=-2 r=-3,-2,—1,0,
oplp = —49?2 2,5,6,7,8
po = —4ho}

The associated LL equation can be written as

2

S, = SA [sm+f—2[sm fg(ssxx)sxx]

5
-3(8- SW)SX}. (52)

When linear inhomogeneity is present in the system the Lax
pair and soliton solution can be written as follows.[**! The
Lax pair U, V associated with the AKNS-type linear eigen-
value problem ¥, = U¥, ¥, = V¥, where ¥ = (¥, ¥)T cor-
responding to Eq. (50) can be written as!!

_ia
v=|{ "1, (53)
—q* i
T .12 PPN ) * 2 4
V = [ilg]* +iV[g"qu +qqt — |ax|* +3]q|*]

+2AV(qq" — qxq*) — 2iA*[1 + Cx+D +270|q|?]
+8VAY 0, + i, M, + iV [6M*M, O, + 0. M)
—4iVA2 0. M +2(Cx+ D)M + 2A[M + V(M — 2M?)]

—89A°M, (54)
where 1 is the spectral parameter and ¥ = a’A/12,
10
oz—(O_l), (55)
0
M= ( . ") . (56)

Knowing the Lax pair, the multisoliton solutions can be
constructed by making use of the inverse scattering trans-
form (IST) method!3®! or using the Bicklund transforma-
tion technique. 3”8 For example, the one-soliton solution of
Eq. (50) is found to be

q(1) = —2psech { exp(—2ie), (57)
where,
§ = 2[p(8 +x) — 320u> +4(8p> + 1)pp]
+8D /(;ﬂ —pY)di+ 4, (58)

€ = pu[(&y+x) +2[(u? — p?)t —4¥(ut + p*)r +24p°p?)
+4D/ypdt+82, (59)

where p and u correspond to the scattering parameters and 5

and 32 are phase constants. The corresponding spin compo-

nents can be written as[3°]

St= ﬁ {,u, cos(%) E—p sin(%) { tanh C} sech {,(60)

&= ﬁ [,u sin(%)é—&—p cos(%) CtanhC} sech{, (61)

Si—1— {L] sech? ¢ (62)
(u?+p?) '

It may be noted that when terms at O(ab) are assumed to be
lesser order than terms at O(a?) and defining a — ia we have
the following inhomogeneous Hirota-type equation

iqf+(th)xx+2hqlfJ\2+ZQ/ hylg|*dx’

iab
o el + 6/q*qx] = 0. (63)

Equation (57) when A(x) is in the form of a linear function of
x has been proved to be completely integrable while carrying
out P-analysis on a generalized x-dependent Hirota equation.
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4. Exact analytic solution for the fourth order
INLS equation

The rapid development of science and technology and
the need to simulate complex physical phenomena demand
an increasing need to solve quite a number of complicated
higher dimensional and nonlinear partial differential equa-
tions (PDEs) with variable coefficients. Searching for explicit
solutions for these equations by using various methods is a
goal for many researchers. The investigation of these ex-
plicit exact solutions of soliton equations plays an important
role in the study of nonlinear physical phenomena. The wave
phenomena observed in fluid dynamics, plasma physics, and
chemical physics are often modelled by the bell-shaped and
kink-shaped soliton solutions. During the last decades, ef-
fective methodologies such as inverse scattering method, #0411
the tanh—sech method,*?! extended tanh method,**->1] sine—

32561 Jacobi elliptic function method,¥7->%)

cosine method,!
and Hirota bilinear method*!! have been proposed for the
determination of solitons. Among these proposed methods the
tanh function method provides an effective and direct alge-
braic method for solving nonlinear equations. Based on the
localized nature of soliton solutions, the tanh function method
overcomes the complex integration process to obtain explicit
solutions to various types of nonlinear equations. The soli-
ton solutions of the nonlinear equations are usually expressed
as polynomials of tanh functions. Based on the extension of

62631 developed a new alge-

the tanh function method, Fan!
braic method with symbolic computation for obtaining a se-
ries of travelling wave solutions in the unified way. Recently,
Wakil ef al.[%4%] proposed a modified extended tanh function
method to obtain new exact solutions for some nonlinear evo-
lution equations. Fan and Hon!%®! proposed a generalized tanh
method to obtain the more general explicit solutions to non-
linear soliton equations. The tanh method is developed by
Malfliet!9”-701 where the tanh is used as a new variable, since
all derivaties of a tanh are represented by a tanh itself. Con-
sider the general nonlinear wave partial differential equation
say in two variables

H (gt Uy Uy, Uy .. .) = 0. (64)

Firstly, we consider its travelling solutions u(x,t) = u(&),
& =x—ct or & = x+ct, where c is the velocity of wave and
the equation becomes an ordinary differential equation. In or-
der to seek the travelling wave solutions, we introduce a finite
series of tanh-function in the form of

N
u(&)=ao+Y aid'+bi0~", ¢' =b+9¢°, (65)
i=1

where b is a parameter to be determined, ¢ = ¢ (&) and ¢’ =
d¢/d&. The parameter N can be found by balancing the high-
est order derivative term with the nonlinear term. Substituting
these equations in the ordinary differential equation will yield

a system of algebraic equations with respect to a;, b;, b, and
c since all the coefficients of ¢’ have to vanish. Then we can
determine ag, a;, b;, b, and c¢. The Riccati equation has the
following general solutions:

I Ifrp<0

0 = —v/—btanh(V—bE), ¢ = —v—beoth(vV—bE),
it depends on the initial conditions.
a tbr=0
-
dm 1f»>0
¢ = Vbtan(VbE), ¢ =—Vbeot(VbE).

The modified extended tanh function is a mechanization
method, in which the processes of generating an algebraic sys-
tem from Eq. (6) and solving the same are two key procedures
and laborious to do by hand. But they can be implemented
with the help of symbolic computation packages. The outputs
of solving the algebraic system from computer comprise a list
of the form ay, by, and b. In general if b or any of the parameter
is left or unspecified, then it is to be regarded as arbitrary for
the solution of Eq. (6). Especially we are concerned with the
sign of b which shows the number of travelling wave solutions
for a given partial differential equation. The proposed method
not only gives a unified formulation to construct various trav-
elling wave solutions but also provides a rule to classify the
types of solutions according to the given parameter.

5. Zero damped dynamics
In order to solve Eq. (6), we put g(x,7) = E and ¢*(x,7) =
G,
iE, + howE + 21yEy + hEyx +2E [hEG + / ’ h;Ede’}
+V[Exon + 8EGEqy + 2E*Go + 4EcLE + 6GE; + 6E°G?]
=0. (66)
Therefore equation (6) becomes,
LE; + hyiE 4 2h(Ex + hEy +2ER + V [Exci + 8EGEy,
+2E%Gy, +4E,G,E + 6GE} + 6E°G*| = 0. (67)
Taking the complex conjugate of Eq. (6) and simpifying the
equation we get,

X
—iGy + hG + 2hyGy + hGox +2G {hGE + / h;Ede’]

+V[Guxrr + 8EGG iy + 2G?Eyx +4GEG + 6EG: + 6G°E?|
=0, (68)
hence equation (6) becomes
—1Gy + hG + 2hGy + hGyx + 2GR+ V Gy + 8BEGGy
+2G% ¢y +4G,E.G+6EG: +6G°E*] =0, (69)
R, —2hEG — hE.G — hEG, =0, (70)
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where
R= hEG—&—/x hyEGdX, (71)
equation (6) admits the travelli;g wave solutions as
E=u(§)e'™ ) 1 =u&)e ' R=v(§), (72)
where,
§=t—nx+&. (73)
Substituting the above transformation we get,
in (§) + ou(§) + hu(§) +hm*u" (&) F ih2knu (§)
— k(&) = 2hemu () £ 2ihuku(§) +2u(§)v(&)
+vntu" (&) F4ivin u"” (&) —6vnZiPu (&) £ 4ivnkiu (&)
+VEu(E) + 10vnu? (§)u" (&) F 24ivknu® (§)u' (€)
—12vi2 (&) + 10vn2u(E)u* (&) + 6vid (E) = 0, (74)
V(&) = 2ha (&) + 2hnu(E)ud (€) =0, (75)
upon separating the real from imaginary parts we gain,
ou(§) +hau(§) +hnu" () — hkPu(&) — 2hanud (&)
+2u(G)v(&) +vntu" (&) —6vn kP (&) + vKkiu(§)
+10vn? (&) (&) — 12vkA’ (£) + 10vn2u(&)u ()

+6vi’ (£) =0, (76)
(&) —2hknu (&) +2hku(&) — 4vkn’u” (§)
+Havnicd (&) —24vinu? (§)u' (§) =0, (77)
—u/ (&) +2hknu (&) — 2hcku(§) +4vkn*u" (&)
—4vnlPu (E) +24vidu (E)u' (E) =0, (78)
V(&) = 2ha(§) +2hmu(&)u' (§) = 0. (79)
Now let us assume the solutions of u(&) and v(&) as
N
u(§) ZQO+Z(ai¢i+bi¢7i>v (80)
N
V(&) =s0+ Y (c;07 +d;97), 81
J

substituting ¢’ (&) = b+ ¢? and equating the powers of higher
order linear term with nonlinear term, we obtain the values of
iand j as 1 and 2 respectively. With the aid of Matlab we sub-
stitute the value of i and j in Egs. (80) and (81) and obtain a
system of equations as follows:

16vn*a; 6% +24vn*b1b* + 6vb] +2¢%apc
+60vaiodal +30vn2bib? + 6val¢® +40vn>ai¢Ohib
+30vn2a;02b3b* +20vn2ag’ bias +60vntagp b
—12vi*n?¢8a; +20vnZagd’a > by +40vn2agd aibib
+40vn2ai ¢8b + 50vn2ag’a’ — 12vn* k> o*byb
+20vn2ad¢dar +20vn2a3¢*bib +2hn by
+20vn2a3¢°b*by + 10vn2a; 9°b* — 36k>v*adh,
—36k*ve aga’ — 36k*v3agh? 4+ 30vapd’af
+10vn2ag¢’b*at — 72k* v aga1 by +30vai¢db,

+10vn2ag9 b7 — 36k>v®atby — 36k>veta b}
+60vn2ag9’alb + 50vntagpbib® +20vn2ad¢®ha;
+20%a150 + 203 aods + 20" ager + 20 apd, + 60va; ¢°b?
+60val¢*b} + 30vagdbt 4 30vaie®a; +30va; ¢?b}

+ 0*b; + 0¢°a; +60vai ¢’ ad +60va o>} +2¢3ad,

+20 a1 +40vn2a; ¢*bib + 10vn2ad ¢*bb,

+16vn*e*h1b* — 12vik* % 9%ba; + w3 ag +2hn> 9> b b*

+30vn2a9dhy + 10vn? b2 ¢%a; +2hm*9* b1 b

—36k*v¢®ada; +40vn*bi¢*b — 2h,n ¢ ba,

+2h,n¢3b1b +2hM%¢%ba; — 12vi>n° ¢*b 1 b*

+40vn*ba; ¢® +40vn*b b3 9% +2¢0°b1d) +2¢%b; ¢y

+20%b1dy + 20 apso + 30vagotby + 60vaie®h; +2¢%aico
+20%a1ds +20*b1so +20°bict + hec 0Dy + hy9%ay

+ hag +6va; ¢'° + vit¢%a; + vit 3 ag + 24vn* 9%,

+vi*¢*by +180vagd®atby +120vagdar b

+180vag9 > aib? —2hmo’a; — hk>¢*by +30vn2ai9'”

—12k*v9%b3 — 12k*vda — 12k2 v al + 120vagd’ a3 b,

+10vn2b39* + 180vad*a b + 120vaidda by — hi* ¢ ag

+2mm2¢%a; — hk®¢®a; = 0, (82)

24vikn3b b 4 24viknbib +4vnk’ ¢%a; — 24vinalo*ba,

—4vnk> ¢*by + 2hkn @%bby + 2hkn ¢*by — 2hkn ¢°a;

—32vkn3ba; ¢® — 2hkn ¢*ba; — 8vkn>a; ¢*b?

+32vkn3b1b* 9% 4 8vkn3o*b b — 24vikn> ¢8a;

+4vni> ¢*bay — 4vnk3 9*bby — 24vikna; ¢°b

—24vkna ¢®by 4+ 24vkna19*b? +24vkna, ¢*b3b

+24vkn ¢*b} — 24vknai ® +48vknagpblb

+48vknag>b? — 24vknal¢*bb, — 48vknagd3alb

—48vknao$’ at +24viknaio*by + 2h k> ay

+24viknak¢’bby — 24vknak¢®ar — b1be® +a19*b

+a1¢® — b19* + 2hko* ag + 2hk by =0, (83)

nbe1 9> +nbdy ¢ — 2nbcrd* +2nbdy — N3¢y +ndd;

—2n¢°cr+2n¢3ds — 2h ¢} — 4hd*apay — 4h.d*aoh,

—2h0a? — 4ho@3a1by — 2hdb? + 2hnapd>a,b

—2hnagdbib+2hn ¢ agar — 2hnagd>by +2hnato*b

+2hm a3 ¢® —2hmb3b — 2hmbi¢* = 0. (84)

Collecting the coefficients of each power of ¢,

010 : 24vnta; +6va; +30vnial =0,

¢° : 50vn2agat +30vagai = 0,

0% : 30vn?adb; +2hn’a; 4 2a,c2 + 60vdial +20vn*dda
+40vn2aib +30vaib, — 12vk*n*a; +40vn*ba,
—12k?va3 =0,

¢7 :2aic1+ 20v172a0b1a1 4+ 2apcs +60vn2a0a%b
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—36k*vagat — 2h,may + 60vaiat + 120vapaib; =0,

0% : 20vn2adbay + 2apci — 12vik*n2bay + vikta
+10vn?bia; +40vn>atbb 4 2ayso + 2hn*ba,

— hik*ay + hyay +30vaga; + 180vadatby + 10vn2aib?
—36k>vaiby + 16vn*a b® + 60vaib? 4 2bic,
+ wa; — 36k*vaja; =0,

0’ : heeag + vk*ag +2b1cy + 120vaja by + 10vn*agb®a;
+ 10vn2agh? + 2h,nb; + 2agsy + ®ag — hk*ag
+ 180va0a%b% + 6va(5) —72k*vaga, by +2ad,

— 12k*vag — 2h,mbay +40vn*aga;b1b = 0,

0% : by — 12V N*b1b + 10vn2atb?by + 2apd;
+60valb; +10vn*b3 +2a1dy + ob;
+20vn2adbib+2hn*b1b+40vn*abb — 36vkia bt
+30vagh, — hikby + 180vada; bt + 16vn*bb*
—36k*vagh, +2byso + vk*b = 0,

0 : 2agdy +120vaga b3 +2h,nbib+60vn>aghth
—36Vk*aoh? +20vn*agaib*by + 2bydy 4+ 60vagh?
=0,

0% : 60vagh; +20vn2agh*by +30vabi +2hnb*b,

— 12vi*n2b1b* +40vn*b b® + 30vn2a  bib?
— 12k>vb3 +40vn2bib+2bydy = 0,

¢' : 50vn2aghtb? + 30vaghi = 0,

0° : 6vDb3 +24vkn*b b* +30vn’bib* =0,

08 : —24vikna; —24viknia; =0,

07 —48vkna0a% =0,

0° : —24vknaib, — 2hkna; +4vnkia; —24vknaib
—32vkn>ba, + a; — 24vinaia; =0,

0° : —48vknagaib + 2hka; =0,

0% : —24viknadba; — 4vnk3by +2hknb, — 24vknalbb,
+24vkna;b? + a1b — by +24vknaib, +4vnk*ba;
+8vkn>b1b — 2hknbay + 2h.kag — 8vkn’aib* =0,

03 : 2 kb +48vknagh? =0,

0% : 24vkna,bib — 4vnk’bby + 2hknbb; — byb
+32vkn3b b* 4 24vknaibb, + 24vknb; =0,

o' : 48vknaghib =0,

0° : 24vknbib +24vkn3b b® = 0;

(85)

(86)
and
¢°: —2ncy +2hnat =0,
(}55 T —Ncp — 2hxa% +2hnapa; =0,
¢4 : Zhnba% —2nbcy —4heapa; =0,
03 : ndy +2hmagba, — 2h.a} — 4haiby — 2hAagh,
—MNbcy =0,

¢* : —2hmb3 — 4heagby +2ndy = 0,
¢' : —2hnagbb, — 2h,b? +nbd; =0,
¢° : —2hmbb? +2nbd, = 0. (87)

Further using Matlab we solve the resulting system of alge-
braic equations and obtain the following set of distinct solu-
tions of parameters.

Case 1

24vnad —48vatn(24vat —h
al = nao; blZO, 1= aon( aO )a

hy hy

—576n%a§v?(—h+48va})

= hz )
X
h3

di =0, dr=0, b= —%
: ? 576a3v2n?

24vna3 h2
E= =
{ao + hy 576a3v2n?

2

Xtan|: W(r—nx—l—&o)}} }exp(l(kx—a)t)),
24vna} h2
G= -
{a0+ e [ 576a3v2n?
h2 Lk
X tan W([—T}x—i—éo) exp(—l( .x_a)l))7
—48vain(24va —h h2
R:{SO+ Va()n( vao ) |: 4X o)
x 576av-"
5

t — A (t—nx+

x an[ 576a§‘)v2n2( i 50)”

N —576n%a§v?(—h+48va3) h2
h2 576agv?n?
h2 :

t ———(t— . 88
e
Case 2

-0 b =—> = =

a; =0, by 2Avnay’ c1=0, =0,

g hy(24val—h)  —h}(—h+48vd})
T 2vn T stevin?a
__ "
© 576a3vin?’

E=4dap+ s U
17 24vnag |\ 576a2v2n?

h2 !
— l‘_
576a3v2n2( nx+§0)” }
x exp(i(kx — ot)),
—h, 2
G= o
{“0 * 2avna { 576a4v2n>

h2 B
s 49|

X tan{

X tan[
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x exp(—i(kx — ot)),

hy(24vak —h) h2
R= 450+
12vn 576agv>n?
[ R !
t. —r (-
8 an[ 576a3v2n2( nx—H;O)”
—h2(—h+48va3) h2
576v2n%a3 576agv?n?
h? -
t . —- . (89
X an|: 576(13V2T[2( TVCJF&O)” } ( )
Case 3
_6vnay . —h _ —12vain(6vaj —h)
M= T 2avnay 1T I ’
—36n%alv*(—h+48va}) hye(6va3 — h)
Cy) = y, d1 =
h? 12vn
b —h2(—h+48va}) W2
2T s76v202a? T 144divin?’
6vnay h2
E= x
{“” Iy 1443v2n?
X tan i (¢ +&)
— 5 —Nx
144a3v2n? e
P h2
24vnag | \| 144adv?n?
h? !
Xt —_—(t—
| g a]]

x exp(i(kx — o)),

6vna; h2
G= Y —
{“°+ Iy [ 144d3v2n?
X tan U (t +&)
— > (t—nx
14dqdvenz T TTe

N —hy n2
24vnag |\ 144aivin?
h2 -
Xt —(t —
|\ gz}

exp(—i(kx — wr)),

—12vain(6va: —h h2
R: SO+ OTI( 0 ) 4)( 5
hy 144a5v<n

2
Xtanh|: M_4,a};4)x\/2r’2(t_nx+éo):|:|
N —36n%alv*(—h+48va}) [ h2
h2 144atvin?
h2 ?
Xtan|: 14403\/21"2<t_nx+€0):|:|

| ha(6vag —h) [ [ R
12vn 144a3v2n?
[ 2 !
Xtan|: W(fﬂx+§0):|:|

—h2(—h+48va) h2
576v2n2a3 144atv?n?

| R -2
Xtal’l|: 144-613)(‘/2172(1‘—17)(5—"-50):” .

The propagation of solitons in the presence of inhomogeneities

(90)

concerns a wide variety of physical systems. A soliton in an
integrable system moves with constant velocity and shape. In
realistic situations, however, because of the inhomogeneity of
the media, solitons may exhibit more complex motion with
changing velocity and shape which may be used as a desir-
able effect for fast transport, fast communication, or even for
a possible soliton gun.!”!! If the system is inhomogeneous, the
coefficients of equations may be expected to become depen-
dent on the function describing the inhomogeneity and on its
derivatives. From the above solution, the A(x) arises from the
site dependence or inhomogeneity of the coupling between
the spins. When A = constant the system yields the homo-
geneous Heisenberg spin chain. Now we elucidate a series of
exact propagating soliton solutions for the following types of
inhomogeneities such as (i) quadratic inhomogeneity, (ii) in-
verse inhomogeneity, (iii) localized inhomogeneity in the form
of tangent hyperbolic function, and (iv) exponential function
which introduces a novel type of solitons.

a) Linear inhomogeneity

We have plotted for this case i(x) = Cx+ D, which cor-
responds to the solution E, as presented in the first case, as
shown in Figs. 1(a)-1(c), respectively. It is observed from the
plots that, the shape of the soliton is stable and robust when
C =0.81 (a), C =0.01 (b), and C = 0.833 (c). A further in-
crease in the value of C, makes the soliton distorted with num-
ber of unstable modes developed subsequently as depicted in
Fig. 1.

b) Quadratic inhomogeneity

For the case of quadratic inhomogeneity i(x) = Bx* +
Cx+ D, it leads an intriguing change in the soliton shape as
clearly seen in Fig. 2, we have plotted the solutions E as rep-
resented in Eq. (88), for quadratic inhomogeneity, and the so-
lution assumes the hyperbolic solitary excitations as portrayed
in Fig. 2, for various values of B, C, and D.

¢) Inverse inhomogeneity

We have plotted Eq. (88) for the case of inverse inhomo-
geneity i(x) = C/x in Fig. 3, for the parameters (a) C = 0.001,
(b) C =0.001, and (c) C = 1.41. Surprisingly, the solution
assumes the form of parabolic solitons as shown in Fig. 3.

d) Localized inhomogeneity
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If the inhomogeneity is assumed to be localized in the
form of a hyperbolic function, A(x) = Atanhx, the solution
propagates in the form of typical parabolic solitons as shown
in Fig. 4. It is known that in real magnetic materials the
appearance of local variation of magnetic parameters can be
related to various types of structural and chemical inhomo-
geneities, and also to various local actions (mechanical, ther-
mal or light). The presence of such inhomogeneities (or de-
fects) can lead to the formation of different kinds of magnetic
inhomogeneities, which influence the process of the magneti-

SN A}

u(z,t)

zation reversal of a sample.”>73] Recently Ekomasov et al.,
have considered a magnetic inhomogeneity of soliton or kink
type which is highly localized in nature. The ranges of the pa-
rameters which determine the possibility of existence of each
of the obtained magnetic inhomogeneity have also been deter-
mined, which has potential application in constructing multi-
layered ferromagnetic structures with a periodic and spatially
inhomogeneous anisotropy for data storage devices. Figure 4
depicts the soliton excitations and the evolution occurs only in

the middle region, keeping the soliton tail intact.

Fig. 1. (color online) Snapshots of a soliton for linear inhomogeneity (a) C = 0.81, D =0, (b) C =0.01, D =0.7, and (c) C =0.833, D =0.19.

o

(b)

0
T

Fig. 2. (color online) Snapshots of a soliton for nonlinear inhomogeneity (a) B=0.23,C=0,D=0, (b) B=0.7,C=0,D =0, and

(¢) B=0.02,C=0.08, D= 0.06.
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Fig. 3. (color online) Snapshots of a soliton for inverse inhomogeneity (a) C = 0.001, (b) C = 0.001, and (c) C = 1.41.

—10 -5 0 5 10

—10 -5 0 5 10
T

Fig. 4. (color online) Snapshots of a soliton for localized inhomogeneity (a) C = 0.001 and (b) C = 0.89.

e) Exponential inhomogeneity

To illustrate this type of exponential inhomogeneity, Vil-
larroel et al.l’* have studied the propagation of optical beams
under the interplay of dispersion and Kerr nonlinearity mod-
elled by a perturbed optical NLS fibers with impurities dis-
tributed randomly on the fiber. More, especially with the as-
sumption that the distance between the impurities or inhomo-
geneities that are exponentially distributed, which eventually

resulted in the disappearance of the solitons into radiation and
may be relevant for long-distance fiber-optic communication
systems. Figure 5 represents the periodic soliton for exponen-
tial inhomogeneity in the zero damped case. An increase of
inhomogeneity will lead to the periodic soliton being annihi-
lated. Furthermore the annihilated soliton is created again and
the figure shows the recreation of the soliton nature and corre-
spondingly, the contour plots are also given.
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(a)

(b) (c)

Fig. 5. (color online) Snapshots of a soliton for exponential inhomogeneity (a) C = 0.08, (b) C = 0.00001 and (c) C = 0.005.

6. Damped inhomogeneous dynamics

In this section, we implement the tangent hyperbolic
function method in the presence of inhomogeneity as well as
damping. To see the effect of nonlinear inhomogeneities and
damping on soliton dynamics, we consider the following in-
homogeneous damped NLS equation

X
ige + (1 —id) [hxq + 20y gy + hqre] + 29 [hqq* + / H.dx'qq"*

X
+Wl/ (qqy — q*qx)dx} +V [Grcer + 8191 + 207G

+4|g:*q+ 64" ¢ + 64lq|*] = 0. 1)

In a similar way, we take the complex conjugate and separate
the real from imaginary parts, then we get

ou(§) + hou(§) —2hnu (&) +hn*u (&) — hiCu(§) +
2Akhu(8) —2Ahknu' (&) +2u(§)v(§) +vn*u (&)
—6vn?ku (&) + vktu(§) + 10vu(E)*n*u" (&)
—12vu(EP K2+ 10vn2u(E)ud (€ +6vu(E)’ =0,  (92)
u'(§) +2hku(&) — 2hknu (&) — Au(& ) ho + 2ANhd (&)
— A" (&) + K Ahu(E) — 4vin3u” (&) + 4vidnu (€)
—24vknu(E) (E) =0, (93)
—u' (&) = 2hoku(&) + 2hknu (&) + Au(§) ey — 2Anhad (§)
+ A2 (E) — KPAhu(E) +4vinu” (&) — 4vidnu (&)
+24viknu(E)u (E) =0, (94)
and
— AV (E) = 2h i (E) + 2hnu(E)u (&) — 2hkAu? (E) = 0. (95)

The tanh method admits the use of a finite expansion of tanh
function. Assume the solutions for u(&) and v(&) as

N
u(§) =ao+ Y (ai'+b:i9 ™), (96)

N
V(&) =s0+ ) (cj¢! +d;97), o7
J

where ¢ = ¢(&), ¢’ = d¢/d&, and ¢’ = b+ ¢>. On balancing
the higher order linear term with nonlinear term we obtain the
values of i and j as 1 and 2 respectively. Again with the aid of
Matlab by substituting the values of i and j into Egs. (96) and
(97), we obtain the following system of equations,

2¢0°bic; +60va; 9°b3 +30vaiedh, + 10vn2b3¢*
—12vi*¢%b3 — 12vk*98al — 12vi2 9 a) +30vn‘?ai¢'°
+Vk* o4 + vk ¢%a) + vk o3 ag +24vn*9 0 +2h,mo7b,
—2hm@’ay — hk*¢*by +60vagdb; + 60vaie®al
+60vai93b? +60vaie’at +30vagdrby + heo®a;

+ he0*by +203b1d) +30vaid®ar +30vagdb} 4 30vapd’al
+60vat¢*b} +2¢%a1s0 + 20 agds +2¢" agcy + 2% aod;
+2¢%agct +2¢°apso + @9*by +6vad® +2¢*byso
+2¢%ar1dr +2¢8arcr +2¢°ardy +2¢7arcy

+20%1¢2 +20%b1dr + 6val o' + wd’ag + 09°a,
+h®’ag — hi*@%ay +30va; 0°bT +2hn*¢8a; — hk* ¢ a
+2Akh, ¢ ag + 180vadd*a bt — 12vn*k> ¢*b b*
—12vn2k29*b b+ 16vn*¢*b b* — 12vn 2k ¢3ay
+40vn*b1639? — 12vn2k*¢Sba; + 16vna, ¢°b*
+40vn*ba, ¢® + 2Ahkn ¢ by + 2Ahkn ¢>b1b — 2Ahkn ¢’ a,
+2Akh¢* by — 2Ahkn ¢ bay 4 2k, $>b1b + 2Akh,$0a,
+2mm%9*b\b* — 2h,m ¢ bay +2hn*$®bay +120vagda; b3
+20vn2ag¢’ bras + 50vnagdbib? +40vn2agd’arbib
+50vn2ag¢’a? + 60vn2agd’ atb +20vn>agd3a b b
+20vn2addda; +20vn2ad¢tb b +20vn a0 bh,
+20vn*a}¢®ba; +180va39®alb; +120vaie’a by

+ 120vai @3 ayby + 120vagd’ aiby + 180vagd aib;

084209-14



Chin. Phys. B Vol. 22, No. 8 (2013) 084209

+10vn2ap9’b*a? 4+ 10vn2apd b} + 10vn>a; Ob?
—36Vk29*a b7 —36vi29%atby — 36Vi> ¢ agb?
—T72vk* 3 aga by — 36vk> ¢ atay — 36vk> $*adb
—36Vk>¢Sada; +40vn292bib +40vn>o*abb
+10vn?b¢%a; +30vn2a, ¢*bib* +30vnal¢®h,
+10vn2a3¢*b*by +40vn2al¢®bib +60vn2ag 3 b3b
+40vn2ai ¢8b +2mm29*b1b+ 24vn*bib* + 30vn*bib?
+6vh] =0, (98)
—2hkn §%ay + 2h k> by + 2hkd ay + 2hkd*ag
— A @by + a1 0*b — b1b9* +24vknbib +24vkn3 b b?
—b1¢* — Ah¢*ag — Ahwd’a) +2hkn97bib
—24vinat¢®ay + a1 ¢° — 48vknap¢’a? + 48vknaod>b?
—48vknag9>atb —24vikn>¢8a; — 24vkn ¢*atba;
+4vnk3¢%a; —avnk3o*b — 4vnkE92b b +4vnk o*ba,
+8vn3ko*b1b —32vkn3ba; ¢° + 32vkn>b b 9>
+24vikna, ¢*b? — 8vkn3a, ¢*b* + 24vikna, ¢>b3b
+24vkn ¢*b3 — 24viknal ¢*byb — 24viknal ¢5b,
—24vkna} ®b — 24vinal ¢® + 48vknagpbib + 2nAh,¢a;
—2NAh?b1b + 2hkn@* by +2ANh ¢ ba; — 2hkn ¢*ba,
+24vin¢*aibib —2A0>ho b b* —22hn*¢3b1b
—2A0hN% 0 a1b —2ANh¢*by + k> Ah¢3 by + K2 Ah¢ ag
+K2Ah¢ ay +24viknado*by — 2A4hn*¢ a; =0, (99)
—Nbc19® +nbd1 —21ber¢* +21bdy — N9 ci + 1 dy
—2n¢%cr+2n¢°d, 2 — 2h 93} — dhd*agay — 4h.9*aph,
—2h,$3ar — 4h@3a by — 2, b3 +2hnagd3arb
—2hnaypbib+2hnagd’a; — 2hnagd>by +2hnate*b
+2mmat¢® —2mmbib — 2mmbi¢> — 2hk¢ Aad
—4hkA ¢*aga) — 2hkA b3 — 4hkA¢3a1by — 4hkA¢>agh,
—2hkAad® = 0.
Upon collecting the coefficients of each power of ¢
¢'0: 30vn2al +24vnta; +6va; =0,

¢° : 30vagat +50vn2apa’ =0,

0% : 2hna; — 12vn*k2a; + 30vaib; +20vndda
+60vajai +30vn?aib, +40vniaib — 12k*va;
+2ajc; +40vn4ba1 =0,

¢ : 20vn2aghia; +60vaial 4 2apcy + 60vn‘>apalhb
— 2hAnkay + 120vagai by — 36k>vaga’ + 2a; ¢y
—2hyna; =0,

0° : hyay — hkPay +2a,50 4+ 10vn*bla; + vikta,
—36k>vagay + 16vn*ab* 4 2apcy + 2hkAa;
+2hA%bay +180adaiby + 60vaib? +40vn>aib b
—36k*vaiby +2bicy +30vaga; + 10vn2aib? + way
— 12vk*n2ba; +20vn*aiba, =0,

¢° : 2hAnkb; + hyag +120vaga by + 180vagaibt +2b;c
—2hAnkba, — 2hmba; — 72k*vaga by + 2aoso
+2h,Mby — 12k°vad + 6vad — hk*ag +40vn2aga; by b
+ 10Vn2a0b2a% + vitag 4 2hkAag + 2a,d;

+ 10V1]2a0b% + way =0,

(100)

0* 2 heeby 4 2a0d) + 2a1ds +60vai b3 +20vn*adbb
+2hm%bby +10vn2atbib* + 180vada b + 2h.kAb;
—36k*va, b} 4+ oby — hk*by +10vn*b3 + 30vadh,
+40vn2a,b3b — 12vk>n2byb + 16vn*b  b* + vi*b,
—36k*vagby +2bysy = 0,

03 : 2b1dy + 2apd> + 120vaga; b3 + 2k, b b — 36k*vagh?
+ 2hANkbb + 60vaib} +20vn2aga; b*b,
+60vn2agb?h =0,

0% : —12K*vb3 +40vn2bib +2hn*b*by + 60vaib;
+40vn*b b 4 2bydy + 30vn2a b3b* — 12vi*n*bb?
+30va; b} +20vn>aib*h =0,

o' : 30vagh} 4 50vn2aghb* =0,

0° : 30vn2b3b% + 6vh; +24vn*b bt =0,

and

08 : —24vkn3a; — 24vikna; =0,

0" : —2hAn’a, —48vknapal =0,

0° : dvniay — 24vknaib — 2hkna, — 24viknaia
—32vkn3aib+2h Ana; —24vknaib, +a; =0,

03 : hAk*a) — Ahgay — 2hAn>ba; — 48vknaga’b
+2hka; =0,

¢* : —2h Anb| —24vknaiba; — 24vknadb, + hAk>ag
+2h Anba; — 24vknaibb, — 8vkn>aib* + 2hkag
+8Vkn3b b+ 2hknby 4 24vkna,b? + a1b+ 4vnk’ba,
— by —4vnk’by — 2hknba; — Ahgag =0,

0> : hAK?by — 2hm* b1 b+ 2h.kby + 48Vknagb?

— Ahyby =0,

0% : —b1b —2h, Anbib -+ 2hknbb; +24vknb}
+24vkna;bb + 24vknadbb + 32vkn>b b?
—4vnk’bib =0,

o' : —2hAn°b*by + 48vknaghb = 0,

0° : 24vknb3ib +24vkn3bb® = 0. (102)

By using the symbolic computation and solving the resulting

system of algebraic equations, we obtain the following sets of
traveling wave solutions as follows.

(101)

Case a
24adkv
aj :0, b] = W, (&} :0, 6‘2:0,
i = 2a3(hyA + hA%k+24kvad)
AN ’
i = 48agkv(12kval + hA’k+ hyA)
hA2n2 ’
16v2i*al
and b= %2”20.

The travelling wave solutions are given by

b Las 24adkv [ [576v2k2a]
T Than h2A2n?
[576v2k2at -1
Xtan|: ]/W)(an+é0):|:| }
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x exp(i(kx — wr)), (103)

G +24agkv 576v2k%a]
T Than h2A2n?

[576v2k2ad -
Xtan|: }W)(t_nx+€0):|:| }

x exp(—1i(kx — wr)), (104)

2a3(hA + hﬂk +24kvad) [ [576v*k3a]
R=qso+ 12222
576v2k2a0
X tan hzlznz —nx+&)
N 48a3kv (12kval + Ak +hA) [ | 576V2k2ag
hA?n? h222n?

|576v2k2a} -2
xtan{ ATt —nx+&) ” } (105)
Case b
—1 hin
M= Vkag T
—1 Anh?(hy k+hlzk+24vka0)
C
17288 V22
1 h3lzn2(12kvao+hlzk+hxl)
27 6012 Viidad ’
576v2k2a}
d] :07 d2=O, b:W
‘We have

g gy LW 576V
24 Vkag \| h2A2n2
[576v2k2as
X tan }W)(I_HX‘FgO)}eXp( (kx a)t)), (106)

G { —1hAn |576v2k*a

0t og Vkay \| h*A2%n?

[576v2iial .
X tan }W}(t_TIX"'éO)} exp(—l(kx—a)t)), (107)
redoi =L ANh* (heA+hA2k+24vkal) [ | 576v2k2aj
17" 288 Va2 A2
|576v2k2al
Xtan|: W)(t—nx+<§0):|:|
L] BA2n%(12kvad+hA*k+hA) [ [576V2K2a}
6912 v3kda h2)2n?
[576v2k2al 2
xtan[ W)(t—nx—i-éo)” }

Case ¢
—1hdn
24 vkay’

(108)

6agkv
hAn ’

ay = 1=

—1 Anh?(h A +h/12k+24vka0)
288 v2k2a}

1 #A°n%(3kval + hA2k+hA)
1728 agvie
a3 (hyA +hA%k+24kvald)

21N ’

 12afkv(3kvag +hAk + hA)
2= hAZn2 )

1=

)

Cy) =

3

dy =

 144vK%a]
h?A*n?

We gain
Eo 71 hAn 144v2k2a3
1% 24 Vkao \| h2A2n?

[144v2k2at
Xtan|: }W}(f—nx+§0):|
6azkv | 144v2k2ad
+
hAn h2A2n?
| 144v2k2a} !
Xtan|: W)(t—nx+§0):| }

x exp(i(kx — or)),
144v2k2a}
+ JE—

G= { 24 vkag h2A*n?

[144v2k2a}
Xtan|: W)(t_nx+€0):|
N 6aikv [144v2k2ad
hAn h2An?
| 144v2k2a} -
Xtan|: W)(t—nx-l-éo)] }

x exp(—1(kx — or)),

_ 2 2
R Ly LA (A4 k+24vkad)
288 v2k2a?

144v2k2a}
X‘a“[\/ ]
L1 RA*N*(3kvag +hAk+hA) | 144v2k2a
1728 agv3is h*A*n?
| 144v2K2a} 2
Xtan|: M([T[x+§0):|
ad(hA +hA%k+24kvad) [ | 144v2k2a]
2A7M h?A2n?
[ 144v2k2a} 17!
X tan W(I_nx+éo)
12atkv(3kvad +hA’k+ ) [ | 144v2k2ad
h2A2n>2

(109)
—1 hAn

(110)

144v2k2a}
h212n 2

[ 144v2K2a4 172
X tan ano(tfn.X‘i’éO) }

(111)
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In this section, we try to demonstrate the shape changing soli-
ton under the influence of both the effects of inhomogeneity
and damping. In the presence of inhomogeneity and the damp-
ing Egs, (103)—(105) lead to the evolution of soliton in the pe-
riodic nature which depends upon the parameters A, B, and C.
When the inhomogeneity takes the form of a linear function
in the presence of damping, it leads to the following conclu-
sions. We assume the function that takes the form of a linear
inhomogeneity function i.e., h(x) = Ax+ B. Figure 6 displays
the evolution of stable soliton pattern under the influence of
linear inhomogeneity and damping for the first case of solu-
tion. Upon increasing the value of parameter B, the system is
found to support the creation and annihilation of a soliton de-
pending on the strength of the inhomogeneity involved. Next,

we try to analyze the effect of nonlinear inhomogeneity that
takes the form of A(x) = Bx?> + Cx + D, again the solution ex-
hibits a peculiar property when the value of inhomogeneity is
increased as seen in Fig. 7. When the value of C is increased a
stable periodic solitary pattern found to develop from an anni-
hilated structure. For the case of inverse inhomogeneity, when
the strength of the inhomogeneity is increased, surprisingly, a
hyperbolic solitary pattern is found to evolve from an annihi-
lated pattern as depicted in Fig. 8. More interestingly, when
the exponential inhomogeneity is introduced and upon the in-
crease of the strength of the exponential inhomogeneity, the
stable solitary pattern transforms into a stable kink soliton, as
depicted in Fig. 9.

u(x,t)

0

(a)

x T

(b) (c)

Fig. 6. (color online) Soliton evolution for the case of linear inhomogeneity with damping, A=1, (a) A=0.1, B=—1.2, (b)) A =0.1,

B=-02,and (c)A=0.1,B=0.2.

ANAALALRAKRARMALE

T

(a)
Fig. 7. (color online) Soliton evolution for the case of nonlinear inhomogeneity with damping A = 0.5, (a) A = 0.001, B = 0.002,
C=0.01, (b) A=10.001, B=10.002, C =0.53, and (c) A = 0.001, B =0.002, C =2.4.

(b) (c)
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0
x x
(a) (b)
Fig. 9. (color online) Soliton evolution for the case of exponential inhomogeneity with damping A = 0.5, (a) A = 0.001, and (b)
A=209.
7. Conclusion the higher order biquadratic exchange interaction and damp-

In summary, we have investigated the nonlinear excita- ing. The associated dynamics of the Heisenberg spin chain

tions in an inhomogeneous ferromagnetic media along with ~ is governed by the LL equation which is highly nontriv-

084209-18



Chin. Phys. B Vol. 22, No. 8 (2013) 084209

ial to solve and it is not amenable to easy analysis. It is
shown using space curve formalism that the relevant nonlin-
ear evolution equation is described by the generalized nonlin-
ear Schrodinger equation. In order to elucidate the integrable
property of the equation, we employed P-analysis and found
that the equation possesses integrability. Further, we have
constructed the exact solitary wave solutions for the INLS
equation by invoking modified extended tanh function method
aided with symbolic computation. Moreover, attention has
been paid to understand the effect of various inhomogeneities
and damping on the nature of soliton solutions and we elabo-
rately discussed the classes of coherent structures that evolved
under different inhomogeneities.
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