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In this paper, an intermittent synchronizing delayed fractional nonlinear system is studied. We propose a novel inter-
mittent stable theorem for the delayed fractional system and derive a new synchronization criterion for delayed fractional
systems by means of fractional stable theorem and the differential inequality method. Intermittent synchronizing fractional
delayed Newton—Leipnik system is taken as an illustrative example and numerical simulation of this example is presented
to show the feasibility and effectiveness of the proposed theorem.
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1. Introduction

Fractional calculus is a generalization of ordinary differ-
entiation and integration to an arbitrary (non-integer) order.
Real-world processes generally or most likely are fractional-
order systems, for example, dielectric polarization,!!! elec-
tromagnetic waves,[?! quantitative finance,®! and viscoelastic
systems. ] It was found that many systems in interdisciplinary
fields can be elegantly described with the help of fractional
derivatives.[>~7! Compared with the integer models, fractional
models provide an excellent instrument for the description of
memory and hereditary properties of various materials and
processes. It would be far better if many practical problems
were described by fractional-order dynamical systems rather
than integer-order ones. For example, local fractional calcu-
lus is revealed as one of the useful tools to deal with every-
where continuous but nowhere differentiable functions in ar-
eas ranging from fundamental science to engineering.[8! Re-
search about the theory of fractional calculus has attracted
much interest!°13 due to the exact description of nonlinear
phenomena. [16-1°]

On the other hand, time delay is an inherent property of
many dynamical systems in nature and in practical systems.
This intrinsic time delay makes a system infinitely dimen-
sional and more complex. In addition, a coupling delay may
appear during a transmission of signal or information in nat-
ural systems such as long axons of neurons practical systems,
communication channel via optical link, and electrical trans-
mission lines. It is very difficult to achieve satisfactory perfor-
mance for delay systems. Synchronization of fractional order
delayed systems becomes a challenging and interesting prob-
lem due to the potential applications in secure communication
and control processing.[20-24]
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Since Pecora L and Carroll T realized chaos synchro-
nization in 1990,25! numerous methods have been devel-
oped for controlling and synchronizing various chaotic sys-
tems which include linear and nonlinear feedback control, 20!
time-delay feedback control,?”! adaptive control,!?®! impul-

29.301 intermittent control, 21321 etc.

sive control,!

In comparison with continuous control of chaos synchro-
nization, the discontinuous control methods, which include
impulsive control and intermittent control, have attracted more
interest recently due to their easy implementation in engineer-
ing control and validity in real-life applications. Intermittent
control is different from impulsive control. Intermittent con-
trol has a nonzero control width, while impulsive control is
activated only at some isolated instants. Recently, much ef-
fort has been devoted to studying the synchronization of inte-
ger chaotic systems and dynamical networks by using inter-
mittent control, and many interesting results have been ob-
tained. However, the intermittent synchronizing fractional
chaotic system is rarely reported, especially the synchronizing
delayed fractional system owning to a lack of relevant stable
theorems.

Motivated by the above discussions, we will make a con-
tribution to intermittent synchronizing fractional systems with
delay in this paper. Based on the stability theory of fractional
system, an intermittent stable theorem for fractional system
with delay is proposed, which presents a sufficient condition
for the intermittent control of a fractional delayed system. The
proposed approach is applied to synchronize the delayed frac-
tional Newton—Leipnik system to explain the proposed theo-
rem, and the effectiveness is also illustrated by computer sim-
ulations.

The rest of the paper is organized as follows: Some defini-
tions and lemmas are given in Section 2. In Section 3, the main
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results are proposed. In Section 4, the proposed method is uti-
lized to synchronize the fractional delayed Newton—Leipnik
system. In Section 5, numerical simulations are presented and
conclusions are finally drawn in Section 6.

2. Fractional calculus

There are many definitions of fractional derivatives
such as the Riemann-Liouville derivative!**! and the Caputo
derivative*¥! that are mostly used in fractional systems. In
this paper, we adopt the Caputo definition for fractional deriva-
tive. The important reason for choosing Caputo derivatives for
solving initial-value fractional-order differential equations is
that the Riemann-Liouville initial value problems require ho-
mogeneous initial conditions, though the Caputo initial-value
problem holds for both homogeneous and non-homogeneous
conditions. The Caputo definition can be expressed as:

1 ! _ \—a+n—1 ¢(n)
B < L0 @ar

c

uD;xf(t) =
where n is the first integer which is not less than «, i.e.
n—1<a<nandI'(:)is gamma function.

In general, a common fractional linear differential equa-

tion can be expressed as:

eDfx(t) = Ax(r). )

The solution of formula (2) generally can be expressed
as:

x(t) = x(0)Eq (Ar%), 3)

where Mittag—Leffter function is

Zk

Eqy(Z)= _.
a2) k;or(ak+ 1)

Lemma 1 (Rayleigh principle) Define Amin(Amax) as
the minimum (maximum) eigenvalue of matrix Q, for any

x(t) € R", AminxT (£)x(t) < xT (1) Ox(t) < Amaxx™ (£)x(2).

{ o DFx(t) = f (x(1),x(t — 7)),
Dfx(t) = f(x(t),x(t — 7)) +u,

The main aim of this paper is to design suitable control
strength, control period, and control width to realize control-
ling fractional system (5) under the controller (6).
We define a special function g(x(t)) as:
T(\Cpao
X (t)a Dt X(t)
1)) = —t L2
g(x( )) XT(t)X(t)

When nT <t <nT +0o,n=0,1,2,..., we define the maxi-
mum of g(x(z)) as

®)

megD;xx@) v o

xT(1)x(1)

max g(x())) = max

nT <t<nT+o0,
nT+o<t<(n+1T,

A common fractional nonlinear system can be depicted
as:

SDx(r) = f(x(1)), &)

where 0 < o < 1,x(¢) € R", and f(-) is a nonlinear function.
Zhao et al. proposed a stable theorem about a fractional
nonlinear system, which is expressed as>>]

Lemma 2 When fractional order o < 1, if

(x(1)"f (x(1))

(x(1)) TG DPx() _ <

(x(2))"x() (x(2))"x(1)

for any x(¢) € R" and x(r) # 0, then | x(¢) |<| xo | Eq(01%).

3. The main result

Consider a delayed fractional system via intermittent con-
trol governed by the following equation:

G Dix(t) = fx(r),x(t = 7)) +u(r), ®
where x() = [x1,X2,...,%,]T € R" is the state vector.
fx(@),x(t = 7)) = [fi(x(1), x(t = 7)), fa(x(t) ,x(t = 7)),

s fu(x(t),x(t — 1))

is nonlinear vector function satisfying Leibniz condition, and
u(t) is the intermittent controller vector defined as

0, nT <t<nT+o, _
u(t) = { i T4+ <t<(ntDT, n=0,1,2,...., (6)
where u(t) is the intermittent controller, a set of control period
T > 0, the control widtho : 0 < o < T.
Under the controller (6), we can obtain a nonlinear system
with delay as follows:

n=0,1,2,... @)

\

WhennT +0 <t < (n+1)T,n=0,1,2,..., we similarly de-

fine the maximum of g(x(¢))

X (1)g Dfx(t)
xT(t)x(t)

Theorem 1 If intermittent control law (6) makes k, in

max(g(x(¢))) = max ( > = k. (10)

function (10) satisfy
Eq(kio*)Eq(ka(T —0)%) < 1. (11

Then, the system (5) is asymptotically stable to zero.
Proof
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When
_ X (1)gDf'x(r)
t€0,0),8(x(t)) = T <k,
according to Lemma 2
| x(t) <] x(0) | Eq(k12%), (12)
when T()C 0
_x'(t)yD¥x(t
telo,T),g(x()) = () <k,
we can obtain
| x(t) | < [x(0) [ Ea(kat”)
< | x(0) | Eq(kj0%)Eq(ka(t — 0)%) (13)
By inducing, it follows that
() If t € [nT,nT + ), we get
| x(t) | < |x(nT) | Ea(ka(t —nT))
< | x(0) | (Ea(kio®)Ea(ke(t — 0)*))" !
X Eq(ky(t —nT)%). (14)
(i) Ifr € [nT +o0,(n+1)T), we get
| x(2) | < |x(nT) | Eq(ki0%)Eq(ko(t —nT — 6)%)
< [ x(0) | (Ea(kio®)Ea(ke(t —0)%))"!
X Eq(kyo®)Eq (ko (t —nT — 0)%). (15)

Then from expressions (14) and (15), if Eq (ki 0%)Eq (ko(T —
0)%) < 1, we can get

lim | x(0) | (Eq(kio%)Eq (ko (t — 0)*))" ! = 0.

n—soo

(16)

We obtain ,152 | x(0) |= 0. Thus, the system (5) with delay
is asymptotically stable to zero under the intermittent con-
troller (6). This proof of Theorem 1 is completed.

In general, the goal of controlling a nonlinear system is
to make an unstable system stable. According to Lemma 1,
k1 > 0 is certain in unstable system (5). How to calculate the
value of k; is one of the key problems of designing the suitable
intermittent controller u(r) to make k, satisfy the condition
(11). In this paper, we propose a new approach to ascertain
the upper bound of k.

Theorem 2 If there is a semi-positive matrix P, for any
x(t) € R", satisfying

xT(SD%x(t) + (xT(¢£)Px(t) — xT(t — T)Px(t — 7)) <k
xT(t)x(2) -

where k > 0, then

xT(1)g Df'x(1)

X (t)x(t)

Proof

Suppose the function xT (&)SD%x(g) /xT(e)x(€) can take
the maximum ¢ when € € (t — 7,¢] and $D%x(&) = {x(€). Ac-
cording to Lemma 2, | x(¢) |=| x(t — 7) | Eq({1%), and we can

get
2 ()Px(t) = x" (1 = T)Px(t = T) (Ea({T%)%. (A7)
Then
() Px(t) —x" (1 — T)Px(t — 7)
= (1 — M)ﬂ(r)m(z). (18)

Define xT (t)Px(t) = AxT(t)x(t). Because P is a semi-positive
matrix, it is obviously 0 < Apin(P) < A < Apax (P) according
to Lemma 1.

Suppose the conclusion xT()SD%x(t) /xT(t)x(t) < k is
not correct for any x(¢) € R", that is to say

- (xT(r)SD?x(t)

X (1)x(t)

We can obtain inequalities (1 —1/(Eq(£7%))?) > 0and (1 —
1/(Eq(£7%))?)A > 0. Then it can be gained

>C>k20.

CxT(0)x(t) + (1 — ! 5 > AxT(0)x(t) > kxT(1)x(t), (19)

(Ea(E7%))
which contradict with

xT(t)SDf‘x(t) + (xT(t)Px(t) —x"(t — T)Px(t — 7))

xT(6)x(r)

<k,

for any x(¢) € R". Thus the supposition { > k cannot be
established. Then { is not more than k, that is to say,
xT()SD%x(t))/xT(t)x(t) < k for any x(¢) € R". The proof of
Theorem 2 is completed.

Theorem 3 For a certain delay time 7, if there is a semi-
positive matrix Q satisfying

(gD x(r) + (T (1) Qx(r) —x" (1 — 1) Ox(t — 7))

xT(0)x(1)

() (f(x(1), x(2 = 7)) +u) + (T (1) Qx(t) —xT(r = 1) Ox(t — 7))

xT(6)x(z)
1

= 12+ <1(Ea(127a))2>/1 Sler <1(Ea(lzra))2>lmax, /’Lmin§7L S)\,max,

! (20)
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where I, <0, and Ayin(Amax) is the minimum (maximum)
eigenvalue of the matrix Q. Then xT(£)SD%x(¢) /x (¢)x(t) <
b.

Proof

We first suppose
(g Dfx() ) _
max( T (Ox(0) ) = k3. 21

We need to prove k3 < k».
We first consider a special case, that is, when € € (t — 7,1),
CD%x(€) = ksx(€), which satisfies

K (OSDEx() ) _
mox (St ) =
According to Lemma 2
x(t) = x(t — 7)Eq(k3t%), (22)
xXT()Ox(t) = xT(t —7)Ox(t — T)E2 (k371%).  (23)
|

() (f(x(t), x(2 — 7)) + 1) + 2 (1) Qx(r)

We suppose that the conclusion k3 < kj is not correct, that
is to say k3 > k».

When k3 > ko, k3 may be bigger or not more than zero.
‘We need to consider two cases: k3 > 0 or k3 <O0.

Firstly, we consider k3 > 0.

Because k3 > 0, E2(k3t®) > 1, according to Rayleigh
principle

R el AN
(1-5 kﬂa)T(l)QX(t)
Vit (1)0

v

> (1- () >0, (24)

E2 (k3t%) (k T%)

which contracts with

—xT(t—1)0x(t — 1)

xT(6)x(z)

then k3 cannot be greater than 0.

<k <0, (25)

Secondly, we need to prove the conclusion that k3 > k» cannot be correct when k3 < 0.
When k3 <0, E2(k3t%) < 1 and (1 —1/E2(k37%)) < 0, we can get

021m1n<1

T (f(x(t),x(e —

Then

7)) +u) +xT(6)Ox(t) —xT(r —

1 1
EéU«sf“)) Z’“““(“ E&(W))' (26

7)Q0x(t - 7)

xT(1)x(1)

1

>k l— ————
= 3+A'max( Eé(kgr“)

which contracts with

X () (f (x(1),x(r — 7)) + 1) +xT () Ox(r)

) >k2+;\«max(1

—xT(t—1)0x(t — 1)

1
B2 (kat®) ) ’ @7

T (t)x(t)

Then when k3 < 0, the conclusion k3 > k» also is not correct.

From the two steps of the proof process, we can see that
k3 cannot be greater than k», then k3 < k. The proof of Theo-
rem 3 is completed.

4. Intermittent synchronizing fractional
Newton-Leipnik system with time delay

The fractional-order Newton—Leipnik chaotic system is
proposed in Ref. [36], which can be depicted as

eDfx1 (1) = —ax (t) +y1(1) + 10y1 (1)z: (2),
CD%y(t) = —x1(t) — 0.4y, (1) +5x1()z1 (1),  (28)
$D%z1(t) = bz (1) = 5x1(1)y1(2),

1
<ky+Amax| 1 — 5+ ).
<k + mdx( Eé(sz‘ﬂ)

where ¢ is fractional order. It has been shown that the system
will exhibit chaotic behavior when 0.94 < a <1 anda =0.4,
b =0.175. The delayed fractional-order Newton—Leipnik sys-
tem can be expressed as

@Dty (1) = —axi (1) +y1 (1) + 1091 (1)1 (1),
CD%y(t) = —x1(t) — 0.4y1 (t — T) + 5x1 ()21 (1),  (29)
o Dfz1(1) = bz (t — ) = 5x1(1)y1 (1),

where 7 > 0 is the delay time. Taking parameter b = 0.175,

fractional order o = 0.97 and delay time 7 = 0.03 s, we get
the bifurcation diagram of system (29) by varying parameters
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a as shown in Fig. 1. From the result, we take a = 0.4 and get
the attractor of system (29) as shown in Figs. 2 and 3. 0-4r
From Figs. 1-3, we can see clearly that the fractional
Newton—-Leipnik system with delay still exhibits the chaotic 0.2}
behavior when parameter a, b, and delay 7 are taken in a cer- &
tain range. ot
—0.2}
—04 0 04 08
Ty

Fig. 3. The chaotic attractors x;—z; of system (29).

08— 2 3 Taking system (29) as the drive system, then the response
a system via intermittent control can be defined as
Fig. 1. Bifurcation diagram of fractional system (29) versus parameter a. thaxZ (t) —axp (l ) +y2 (t ) + 10y, (I)Zz (t ),

SDIy () = —x2(t) — 0.4y2 (1 — T) + 5x2 (1) 22 (1),
SDP2y(t) = bza(t —T) — Sxa(1)y2 (1),

0.4 nT <t<nT+o0, 30)
o Dfxa(1) = —axa (1) +y2(1) + 10y2(1)z2(1) + i (1),
aDfya(1) = —xa(t) = 0.4y2(t — 7) + 5x2 (1) 22 (1) + ua (1),
0 ] SDP2o(t) = bza(t — T) — Sxa (1) y2 (1) 4 us (1),
> nT+o<t<(n+1)T,
04 where n =0, 1,2,.... Define the synchronizing error between
the drive system (29) and the response system (30) as
—0.8 — . — o el(t) =xa(t) —x1(t), ex(t) =y2(t) = y1(1),
' 1 ' ' e3(t) = 22(t) — 21 (¢). 31
Fig. 2. The chaotic attractors x;—y; of system (29). We can get the synchronizing error as:
|
o De1(1) = —aei (1) +ex(t) +10(z2(r)ea (1) +y1(1)es (1)),
CD%ey (1) = —ey (1) —0.dex(t — T) +5(x2(t)e3(t) +z1(t)er(t)), nT <t <nT+o0,
aCD"‘ 3(t) = bes3(t — 1) = 5(x2(t)ea(t) + y1(t)er (1)), 32)
oDyei(r) = —aei (t) +ex(r) +10(za(r)ea(r) +y1(t)e3 (1)) +ur (1),
CDO‘ ex(t) = —ej(t) —0.4er(t — 1) +5(xa(t)es(t) +z1(t)er1 (7)) +ua(t), nT+o<t<(n+1T.
CDO‘ea(t) =be3(t — 1) = 5(x2(r)ex(t) +y1(r)er (1)) +us (1),
|
When nT <t < nT + o, we can obtain 40 46’%0— 7) +€%(t)+ b e3(r—1)+e3(1)
' 2 2
e!(1)gDfre(1) 11022(0) +521 (1) | 5yi() |\ »
— —ad(t)+ e1(0)ea(t) + 1061 (z2(1)ea(r) = (o O 2 e
—ey(t)ex(t) —0.4ex(t — T)ex(r) — 0.4ex(t — T)ea(t) | 1022 (1) + 521 (¢) | s
+Sua(t)ea(t)ealt) + 521 ()er (1)ea1) P 020
+bes(t —T)es(r) = 5xa(t)ea(r)es(t) — Syi(r)e(t)es(r) 5(yi(t)|  |b]
(1) +) * (y§+z>€5(f>
< —aet(t) + (] 10z2(¢) + 521 () Df
5| ei(r) + (1) -I—O.Ze%(t—f)—%%e%(t—r). (33)

2
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Then we can define semi-positive matrix P as

0
0.2
= . 34
P b (34)
2
Then
et (1)SD%e(t) 4 €T (1 — T)Pe(t — 1)
¢ (ar L0501 5000 g,
+ <| 10Z2(t)2+511(t) | +0.4) e (1)
+ <5|y;(t)|+ b )eg(t), (35)
then
eT(t)SD%e(t) + e (t — T)Pe(t — 1)
et(t)e(t)
| 1022(t) +5z1(1) | | S|3() |
< max (—a—f— 3 + 3 ,
| 10Z2(t);'511(t) \ +O.4,5 |y;(t) |+ b ) (36)

According to Theorem 1, define:

10z2(¢) +5z1(t) | 5|t
L 100) £330 | 3100

ki = max(—a

10z2(¢) 4+ 5z1 (¢ S5|yi(t
1050 1300 g4 SL01 1),

When nT + 0 <t < (n+1)T, we design the controller as

u3(t) =l€3(t). 37
According to expressions (33), (34), and (35), we can obtain

eT(1)SD%(1) 4 €T (1 — T)Pe(r — T)
< (—a+ | IOZZ(I);SZ'(I) 3 |y;(t) | +l)e%(t)

4 (| 10z(¢) 4+ 521 (1) |

5 +0.4+1> e (r)

+ (5”;([)+ b +z> (1) (38)

Then
eT(t)SD%e(t) + e (t — T)Pe(t — 1)
eT(1)e(t)

< oy L0501 3100

+1,

10z2(¢) + 5z1 (¢ 5 t
| Zz“; Zl()|+0.4+l,|y;()|+|b|+l).(39)
Define
b — max [ —as 02O +520)] SN0,
2 2
10zp(¢) + 5z; (¢ 5 t
1050 £550) | o4y S0y,
2 2
Then k3 = ky + 1. Suppose
Eq(kio®)Eq(ka(T — 0)%) = 1. (40)
If we can select a suitable / to make k3 satisfy
k3 <kp+ Am ué 41
3 > K2 ax Eé(sz“) .

According to Theorem 1, Theorem 2, and Theorem 3, the error
system (32) is stable to zero via intermittent control (37).

5. Numerical simulation

In this section, we will show the numerical results for in-
termittent synchronization of the fractional delayed Newton—
Leipnik system to verify and illustrate the effectiveness of the
proposed theorems.

From the numerical simulations result in Figs. 2 and 3,
we can see:

x1 € [—0.5569, 0.7229],
21 €[—0.27, 0.43].

y1 € [~0.4038, 0.5267],

In function (9), we can get
ki = max(4.14175,3.625,1.49175) = 4.14175.  (42)

In numerical simulation, the parameters of the drive sys-
tem (29) are taken as T = 0.03 and fractional order ¢ = 0.97
and the initial values are selected as x;(0) = 0.23,y;(0) =
0.51,z1(0) = 0.43, and the control period as T = 0.1, the con-
trol width 6 = 0.06. From Ey(kj6%)Eq(ka(T — 0)%) = 1,
Amax = 0.2, we can get: kp = —6.163, k3 < —6.163+0.2(1 —
1/E2(—0.198)) = —6.207, then we can get [ > 10.31 from
Section 4. Here we select / = 11 and the initial values of the
response system (17) are selected as xp(0) = —7.23,y,(0) =
—8.41,25(0) = —10.2 and the intermittent synchronization er-
rors are shown in Fig. 4. Figure 4 shows that the intermittent
synchronization errors gradually converge to zero with time z,
which implies that the systems achieve intermittent synchro-
nization. It also shows the effectiveness of the controller in the
response system designed according to the proposed method.
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34 5
t

f——

Nz/vv\/\

Q

0.

B

0 1 2 3 1 5
t

g0

5~

0 1 5 3 I 5

Fig. 4. The synchronization errors e (t), e2(t), e3(¢) with time 7.

6. Conclusion

In this paper, we proposed a novel stability method and
an intermittent stable theorem for a fractional nonlinear sys-
tem with delay. The proposed methods have been applied to
synchronize fractional Newton—Leipnik system with time de-
lay. The numerical simulations have shown the effectiveness
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of the proposed methods. The two methods also pave the way

for controlling and synchronizing a fractional system with de-

lay by more ways.
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