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In the paper, a novel four-wing hyper-chaotic system is proposed and analyzed. A rare dynamic phenomenon is found
that this new system with one equilibrium generates a four-wing-hyper-chaotic attractor as parameter varies. The system
has rich and complex dynamical behaviors, and it is investigated in terms of Lyapunov exponents, bifurcation diagrams,
Poincaré maps, frequency spectrum, and numerical simulations. In addition, the theoretical analysis shows that the system
undergoes a Hopf bifurcation as one parameter varies, which is illustrated by the numerical simulation. Finally, an analog

circuit is designed to implement this hyper-chaotic system.
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1. Introduction

Since Lorenz discovered the first chaotic attractor in
196311 and the Rossler hyper-chaotic attractor was obtained
by computer simulation in 1979,[?! more and more schol-
ars have shown their interest in the research on generation,
analysis, synchronization, and control of chaos and hyper-
chaos. The research on chaos and hyper-chaos has become
a hotspot. In the last decade, many researchers have employed
different techniques such as Lyapunov exponent, Poincaré
mapping, and topological horseshoe, etc. to analyze some
chaotic systems, such as Qi systems,[** Chen system,D!
Lii system,!®! multi-wing system,”~'4] and fractional-order

(15-17] Many scholars have also generated and

chaotic system.
analyzed some hyper-chaotic systems,[!8-24! and the research
on circuit implementations and applications of some chaotic
systems has been conducted as well.[2—34

Since a hyper-chaotic system with two or more pos-
itive Lyapunov exponents expands in two or more direc-
tions, it complicates dynamical behaviors, which offers it a
broader application value than a normal chaotic system in
some domains, such as communication encryption and im-
age encryption.[>>=37] To achieve a hyper-chaotic attractor, a

continuous autonomous system must have at least four dimen-
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sions, and there must be two unstable items in the coupled
equations of the system, one of them must be nonlinear. Al-
though much work has been done in the generation and anal-

ysis of hyper-chaotic systems,!!83]

it is still an interesting
thing to generate multi-wing hyper-chaotic systems with sim-
ple mathematical model and complex dynamic behavior.

Circuit implementation not only verifies the existence of
hyper-chaos in the physical sense, but also promotes the ap-
plication of the hyper-chaos. If a hyper-chaotic system can
be implemented by an analog circuit, then it will also be eas-
ier to be adopted in confidential communication. For some
systems, circuit implementation and application research have
been performed.[2>-30-34]

In the present paper, we construct a four-dimensional con-
tinuous autonomous hyper-chaotic system by adding a lin-
ear feedback controller to the Qi four-wing chaotic system.[’!
The system has three nonlinear items and only one equilib-
rium point. Despite only one equilibrium point, it possesses a
four-wing hyper-chaotic attractor. The basic dynamic charac-
teristics and bifurcation of an attractor are analyzed in terms
of phase diagrams, Lyapunov exponent spectrum, bifurcation
diagram, Poincaré mapping, and frequency spectral analysis.

These analyses indicate that the new system possesses very
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complicated dynamic characteristics, and it is even more in-
teresting that a broad range of hyper-chaos can be observed
when the parameter is varied. Finally, an analog circuit is built
to implement the new hyper-chaotic system. The output por-
traits of the circuit fit to the results of theoretical analysis and
numerical simulation, thereby verifying the hyper-chaotic at-
tractor at a physical level and providing a technical foundation

for further actual application.

2. Novel hyper-chaotic system and its basic
properties

Qi et al.lll reported on a three-dimensional (3D) four-
wing chaotic system, which is described as
x=a(y—x)+eyz,
y=cxtdy—axz, (1)
Z= —bz+xy,
where a, b, d, e, f € R", ¢ € R. On the basis of the above Qi
system, a novel system is obtained by adding a linear feedback
control as follows:
%= a(y—x)+eyz,
y=cx+dy—xz—w,
2= —bz+xy,
W= fy,

2

where a, b, d, e € R", ¢, f € R, are constant parameters of the
system, with f being a parameter determining the chaotic or

hyper-chaotic behaviors and bifurcations of system (2).
2.1. Equilibria

In order to obtain the equilibrium of system (2), let X =
y=z=w=0,ie,

a(y—x)+eyz=0,
cx+dy—xz—w=0,

—bz+xy =0, 3)
fy=0,
which determines only one equilibrium at the origin Sy =
(0,0,0,0).
For system (2) Jacobian matrix at Sop = (0,0,0,0) is ob-
tained as
—a a 0 O
c d 0 -1
0O f 0 0
and its characteristic equation is
f(A) = @A +Db)fi(A) =0, (5)

where

fild) = A[A*+(a—d)A —ac—ad] + f(A +a)

= A +(a—d)A* +(f —ac—ad)A +af.

The first eigenvalue is at A; = —b, according to Routh—
Hurwitz criterion, the real parts of the others in fj(A) = 0 are
negative if and only if d < a,c+d < 0. Furthermore, equi-
librium point Sy = (0,0,0,0) of system (2) is asymptotically
stable when 0 < d < a,d < |c|, ¢ < 0, and system (2) has no

chaotic or hyper-chaotic attractor.

2.2. Symmetry and dissipation of system (2)

System (2) is symmetric about the z axis, for it is invariant

under the coordinate transformation:
(xayasz) - (_x7_yaza_w)' (6)

For the new system, let the equation

dx dy dz Idw
VV_7x+?y+§z+%__“+d_b<0’ )

which means that system (2) is dissipative with an exponential
contraction rate
dv
A 7(a+b7d)l. 8
T (®)
3. Observation and analysis of the new hyper-
chaotic system

3.1. Bifurcation analysis

Lyapunov exponent spectra and bifurcation diagrams of
system (2) are shown in Figs. 1 and 2, respectively. From
Fig. 1, one can observe that there are two positive Lyapunov
exponents over quite a wide range of parameter f, which im-
plies that system (2) is hyper-chaotic over a broad range. The
fourth Lyapunov exponent Ly is less than —30, so it is not
shown in Fig. 1. In order to clearly display the rich dynamical
behaviors of system (2), namely dynamics of periodic orbit,
quasi-periodic orbit, chaos and hyper-chaos and their evolu-
tion process, the Lyapunov exponent spectra and bifurcation
diagrams are divided into two figure paintings respectively, as
shown in Figs. 1(a) and 1(b), and Figs. 2(a) and 2(b). As can
be seen from Figs. 1 and 2, system (2) has very rich dynamics.
The Lyapunov exponent spectra and bifurcation diagrams are
well consistent with the results.

System (2) is in periodic orbit when f is varied in the pa-
rameter ranges: [0, 2.3], [8.3, 8.8], [10.9, 12.2], [13.8, 19],
[20.2, 21.6], [89.4, 97.5], [225.5, 229.5], [244.8, 289.9], and
[295.6, 300]. For example, fixing f = 16, the Lyapunov expo-
nents of system (2) are L1 =0, L2 = —0.8599, L3 = —3.6573,
and L4 = —37.4455, which indicates that system (2) is a peri-

odic orbit as shown in Fig. 3.

080504-2



Chin. Phys. B Vol. 22, No. 8 (2013) 080504

2 5 L1
g
Lo [ e
é W"’V
>
o]
£ -5 L3 1
g
= (a)
~10
0 10 20 30 40 50
f
w 5
‘g L1
g 0 il
13} L3
>
2
5 57
&
S (b)
= _10
50 100 150 200 250 300
f

Fig. 1. (color online) Lyapunov exponent spectra when a =
15, b =43, c=—6,d =16, e =5, f varying from 0 to 300.
(a) Lyapunov exponents spectra: f is varied from 0 to 50. (b)
Lyapunov exponents spectra: f is varied from 50 to 300.

300

100

—100

—300
0

—200¢-
50 100 150 200 250 300
f

Fig. 2. (color online) Bifurcation diagram when a = 15, b =43,
c=—6,d=16,e=235, f varying from 0 to 300. (a) Bifurcation
diagram in x direction: f is varied from O to 50. (b) Bifurcation
diagram in x direction: f is varied from 50 to 300.

The system is in quasi-periodic orbit, i.e. the first and the second Lyapunov exponent are zeros when f is varied in the
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Fig. 3. (color online) System (2) in a periodic state with a = 15,
b=43,c=—6,d =16,e=35, f = 16: (a) projections in x—z
plane and (b) projection in y—z plane.

parameter ranges: (2.3, 4.1], [12.8, 13.8), and (229.5, 244.8). For example, fixing f = 240, L1 = L2 =0, L3 = —0.3816, and
LA = 41.6296, indicating that it is a quasi-periodic orbit as shown in Fig. 4.
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Fig. 4. (color online) System (2) in a quasi-periodic state with
a=15,b=43,c=—6,d =16, e =5, f = 240: (a) projection
in z—w plane and (b) projection in x—w plane.
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Fig. 5. (color online) System (2) in a four-wing-chaotic state with a = 15, b =43, ¢ = —6,d = 16, e = 5, f = 150. (a) Projection in

y-w plane and (b) projection in x—w plane.

80 T T T T T T T

200

80

Fig. 6. (color online) System (2) in a four-wing-hyper-chaotic state witha =15, b =43, c = —6,d = 16, ¢ =5, f = 60: (a) projection

in y—z plane and (b) projection in x—z plane.

The system is in chaos, when f is varied in the param-
eter ranges: (4.1, 8.3), (8.8, 10.9), (12.2, 12.8), (19, 20.2),
(21.6, 31), (88.2, 89.4), (97.5, 212.9], and (289.9, 295.6).
For instance, fixing f = 150, it has L1 = 2.2323, [2 = 0,
L3 = —0.9481, and L4 = —43.2707, indicating that it is a
chaotic state as shown in Fig. 5. The attractor has four wings,
so it is a four-wing chaotic attractor.

The system is in hyper-chaos when f is varied in the
parameter ranges of [31, 88.2] and (212.9, 225.5). For in-
stance, fixing f = 60, L1 = 2.8869, L2 = 0.3325, L3 =0,
and L4 = —45.0744, indicating that system (2) is in a hyper-
chaotic state as shown in Fig. 6. The attractor has four wings,

so it is a four-wing-hyper-chaotic attractor, which rarely ap-

pears in other chaotic systems.

3.2. Poincaré map

Through the Poincaré map diagram in the x—z plane of
Fig. 7(a), it is clearly observed that system (2) has a four-wing
attractor. In the x—y plane [Fig. 7(b)], the mapping points are
dispersive and disordered. The two diagrams which are in y di-
rection and z direction respectively prove that the system has
four wings and is chaotic. In addition, it has two positive Lya-
punov exponents, therefore it is definitely a four-wing-hyper-

chaotic attractor.
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Fig. 7. (color online) Poincaré map diagrams of the system (2) with
a=15b=43,c=—-6,d=16,e =5, f =60: (a) x—z plane (y = 6).
(b) x—y plane (z = 1.5).

3.3. Frequency spectral analysis

Figure 8 shows the frequency spectrum of system (2)
which can generate a four-wing-hyper-chaotic attractor at the
parameters a = 15, b =43, c = —6,d = 16, a = 15, b = 43,
c=—6,d=16,e=25, f =50. From Fig. 8 it follows that
system (2) has a broad frequency bandwidth. Therefore the
chaotic signals of system (2) can be used in real communica-

tion.
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Fig. 8. (color online) Frequency spectrum of system (2).

4. Hopf bifurcation of the system (2)

If the chaotic system has Hopf bifurcation, the vector field

must satisfy the following two conditions: 38!

(1) The Jacobian matrix of system at the specified equilib-
rium has two purely imaginary eigenvalues;
(i1) The real parts of eigenvalues must satisfy

%(Re(l(u))) P

System (2) may have Hopf bifurcation when parameter f
varies. Suppose that (1) has a pair of pure imaginary roots

A=+ioy, wy€RT,

then it will be easy to obtain

a(d+c)(d—a)

f=h= 7 , d<a, c+d<0. )

The Jacobian matrix equation (4) of system (2) at ori-
gin has two real negative eigenvalues and a pair of imaginary
eigenvalues as follows:

and
A4 = a(fo) Xio(fo) = Fiwp,

where
oy =+/fo—ad—ac.
i.e. condition (1) is satisfied.
Let
A=oa(f)+io(f),

and differentiate all the terms of f;(A) in Eq. (5) with respect
to f, then we will have

doa(f) _ —a
df |y 30%(f)—2(a—d)a(f) —2(f —ac—ad) |,

d
" (d+c)(d—2a) 70, (10)
where a >0, ¢ <0,d >0, c+d <0, and d < a. Therefore
condition (2) is also satisfied. Thus, system (2) undergoes a
Hopf bifurcation at equilibrium point Sp = (0,0,0,0).
Witha=15,b=43,c=—6,d =5, and e = 5, solving
Eq. (9) gives fo = 30. Thus, the eigenvalues are

=43, L =-10, A3 =i3V5, and A4 = —i3V/5.

Furthermore, in a certain range of f > 30, system (2) is a
periodic attractor; in a certain range of f < 30, system (2) is
an asymptotically stable attractor, i.e. a sink.

Now select f =25 and f = 35, system (2) is an asymp-
totically stable attractor and a periodic attractor as shown in
Figs. 9(a) and 9(b), respectively.
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Fig. 9. (color online) phase portraits of system (2) with the parameters: a = 15, b =43, c = —6,d =5, and e = 5. (a) A sink with

f =125. (b) A periodic orbit with f = 35.
5. Circuit implementation of system (2)

Building circuits serves as the simplest way of physically
realizing the hyper-chaotic system and also as an essential
means of investigating dynamic characteristic of the hyper-
chaotic system. Meanwhile, it also provides the technical sup-
port for the hyper-chaotic system applied to some engineering
field such as communication security.

First, the system is assumed to have a linear scaling when
the actual hardware circuit is built which makes all the vari-
ables be within the range of actual hardware circuit voltage
allowed. In general, the allowed voltage is in a range between
—15V and 415 V. In this paper, all the four state variables of
hyper-chaotic system (2) are scaled. The multiples of scale are
as follows: x =20, X =20Y, z=20Z, w = 50W, respectively.

Substituting these into equations of hyper-chaotic system (2),

R3

we can obtain

0.1X =0.1a(Y —X) +2eY Z,

0.1Y =0.1¢X +0.1dY —2XZ — 0.25W,
0.1Z = —0.1bZ +2XY,

0.1W = 0.04fY.

1D

After scaling, system (11) is similar to the original hyper-
chaotic system (2).

According to system (11), a chaotic circuit with four cou-
pling channels is designed in this paper, which is shown in
Fig. 10. From top to bottom, each part represents variable x,
¥, z, and w sequentially. Analogue amplifier LF347N is used
in the circuit to realize the function of addition, subtraction,
and integral operations. The multiplier with its model number
ADG633JN is used in outputting nonlinear terms. The modu-
lus of the multiplier is 0.1, which should be considered when
calculating circuit parameters.

Rs

1
I

+

Rao
R I
Y | S FB/

Fig. 10. Diagrams of circuitry implementation of system (2).
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Circuit parameters in Fig. 10 are as follows: Ry = R4 =
Rs =R¢ =Rs =Ri1 =Ri4=Ris =Ris =Ri9 =Ry =R =
Ry3 =100 kQ, R, = 150 kQ, R3 = 10 kQ, R7 =30 kQ, Ry =
240 kQ, Rjp = 60 kQ, R12 = Rj3 = 160 kQ, Rjs = 430 kQ,
R17 = R21 =50 kQ, C1 = C2 = C3 = C4 =10 IlF, and R21 is
adjustable resistor. By regulating R»;, the value of parameter
f is changed correspondingly.

The arithmetic product of coefficient RC in integral cir-
cuit is 100 kQ x 10 nF = 1073, and the corresponding fre-
quency is improved 100 times. After the transformation, the

amplification of the system and the coefficient of the integral

circuit are both suited to observe the phase tracks of chaotic
and hyper-chaotic attractor of the system on an analog oscil-
loscope instantly. The circuitry implementation diagram and
circuitry results are shown in Figs. 10 and 11, respectively.

One can see that the observations of physical implementation

match the numerical simulations of the phase portrait, i.e., fig-
ures 11(al) and 11(a2) correspond to Figs. 3(a) and 3(b), re-
spectively, Figs. 11(b1) and 11(b2) to Figs. 5(a) and 5(b), re-
spectively, and Figs. 11(c1) and 11(c2) to Figs. 6(a) and 6(b),

respectively.

Fig. 11. (color online) Phase portraits of chaotic system (2) observed on an analog oscilloscope YB4325 witha =15, b =43, c = —6,

d =16, e=15. (a) A periodic attractor when f = 16. (b) A four-wing-chaotic attractor when f = 150. (c) A four-wing-hyper-chaotic

attractor when f = 60.
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6. Conclusions

In this paper, a new hyper-chaotic system is obtained by
adding a linear controller produced by the additional fourth
equation to the second equation of a three-dimensional au-
tonomous Qi four-wing chaotic system. This hyper-chaotic
system with only one equilibrium point can demonstrate both
hyper-chaotic and four wing hyper-chaotic behaviors in a large
range of parameter space. These attractors of the system are
demonstrated through the numerical simulations. The system
exhibits the abundant dynamic properties of periodic orbit,
quasi-periodic orbit, chaos and hyper-chaos, which is verified
by calculating Lyapunov exponents and bifurcation diagrams.
Spectral analysis shows that the proposed system has a broad
frequency bandwidth. The system analog circuit can present
periodic, chaotic and hyper-chaotic states by adjusting a re-
sistance, consequently changing the value of the added nega-
tive feedback controller. The observation on an analog oscillo-
scope verifies the existence of various attractors at a physical
level as shown in Fig. 11 and is the foundation of the applica-
tion in some engineering fields such as communication secu-

rity.
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