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1. Introduction
In this paper, we will investigate the fractional coupled
KdV equations:
D%u+ p(t)uD%u + q(t)vD%v + r(t)D3%u = 0,
{D;XHD)%% —3uD% =0,
where (x,7) € Rx Ry, 0 < a < 1, D¥u and D%u are the mod-
ified Riemann-Liouville derivatives, while p(t), ¢(¢), and r(t)

e))

are bounded measurable or integrable functions on R;. The
stochastic version of Eq. (1) in the Wick sense can be written
in the following way

DU +P(t)oU oD%U + Q(t) oV o D2V

+ R(t)oD3*U =0, )

DV +D3%V —3U oD%V =0,
where “¢” is the Wick product on the Kondratiev distri-
bution space (S)_i, P(¢), Q(t), and R(t) are (S)_;-valued
functions. ]

The analytical and approximate solutions of deterministic
fractional partial differential equations attracted great attention
and became a considerably interesting subject in mathemati-
cal physics. There are many methods for calculating the ap-
proximate solutions for nonlinear fractional partial differential
equations such as the variational iterations method,?! Ado-
mian decomposition method,>* the homotopy perturbation
method, >%! and the expansion-function method. [7-11]

The exact solutions for nonlinear fractional partial differ-
ential equations are still of great interest. Li and He'?! intro-
duced complex transform for reducing fractional differential
equations into ordinary differential equations, so that all an-
alytical methods for advanced calculus can be easily applied
to fractional calculus. Since Wadati first introduced and stud-

ied stochastic KdV equation,m] many authors, e.g., Xie, [14-17]
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Chen and Xie,[18-20] Ghany, (21] Ghany and Saad,[??! and many

23241 have investigated more intensively the

other authors,!
stochastic partial differential equations (SPDE).

The present paper is motivated by the desire to propose
the modified fractional sub-equation method to construct ex-
act analytical solutions for the variable coefficients Wick-type
stochastic fractional coupled KdV equations with the modified
Riemann-Liouville derivative. As pointed out in Refs. [25]
and [26] the anomalous motion of two weakly nonlinear water
wave modes with nearly coincident linear long-wave speeds
can be described by Eq. (1). Moreover, if the problem is con-
sidered in a random environment, we can get fractional ran-
dom coupled KdV equations. In order to give the exact solu-
tions of random coupled KdV equations, we only consider this
problem in white noise environment, that is, we will study the
variable coefficients Wick-type stochastic fractional coupled
KdV equations (2).

Our first interest in this work is to implement new strate-
gies that give white noise functional solutions of the vari-
able coefficients Wick-type stochastic fractional coupled KdV
equations. The strategies that will be pursued in this work rest
mainly on Hermite transform, white noise theory, and modi-
fied fractional sub-equation method, all of which are employed
to find white noise functional solutions of Eq. (2). The pro-
posed schemes, as we believe, are entirely new and introduce
new solutions in addition to the well-known traditional solu-
tions. The ease of using these methods shows their power to
determine shock or solitary type of solutions.

The rest of this paper is organized as follows: In Sec-
tion 2, we recall the definition and some properties of the mod-
ified Riemann-Liouville derivative and introduce the modified
fractional sub-equation method. In Section 3, we apply Her-
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mite transform, white noise theory, and modified fractional
sub-equation method to explore exact travelling wave solu-
tions for Eq. (1). In Section 4, we use the inverse Hermite
transform and Theorem 4.1.1 (Ref. [1]) to obtain white noise
functional solutions for Eq. (2). The last section is devoted to
a summary and discussion.

1 "X

2. Preliminaries

There are different definitions for fractional derivatives;

for more details see Ref. [27]. In our paper we use the

modified Riemann-Liouville derivative which was defined by

Jumarie (28!

Fi—a) o (=) ")~ fO)]dy, @ <0,
DI =Y ey a ) ) “U0) —f0)ay 0<a<t. ®
[f(a*")(x)]m)’ n<a<n+1, neN,

which has merits over the original one, for example, the a-
order derivative of a constant is zero. The main properties of
the modified Riemann—-Liouville derivative were summarized
in Ref. [28] and three useful formulas of them are given as
follows:
1+

r(1(+[3€)a)x >0,

D (u(x)v(x)) = u(x)DFv(x) + v(x)Dfu(x), )

DE[F ()] = S D% = (59) D rta).

D%P =

Now, we will outline the main idea of the modified frac-
tional sub-equation method. Many authors considered nonlin-
ear fractional partial differential equation, say, in two variables

F(u,uy,u;,D¥u,D%u,...) =0, 0<a<l, 5)

where F is a nonlinear function with respect to the indicated
variables. To determine the solution u = u(x,t) explicitly, we

first introduce the following transformation

u=u(g), &=¢(x1), (©)

which converts Eq. (5) into a fractional ordinary differential
equation

G(u,u',u”,Dgu,D%au, ..)=0. @)

Next we introduce a new variable Y =Y (£) which is a solution

Y(G) = cothq(G) £escha(8), Y (6) =

V(€)= 5 tang(28),¥(§) = 5 cota(28),

with the generalized hyperbolic and trigonometric functions

_ sinhg(x) coshg (x)
tanhy (x) = cosha(x)’ cothg(x) = Sinhg (x)
cschg (x) = )’ sechg (x) = m7
sinhg (x) = Falr®) 2]5(%(7)606)7

tanhy (&) isechg(€), A=

of the fractional Riccati equation

DE‘Y:)H—,uY—i—vYZ, 0<a<l, )

where A, U, and v are arbitrary constants. Equation (8) is the
fractional Riccati differential equation, where ¢ is a parameter
describing the order of the fractional derivative. In the case of
a = 1, equation (8) is reduced to the classical Riccati differen-
tial equation. The importance of this equation usually arises in
the optimal control problems. The feedback gain of the linear
quadratic optimal control depends on a solution of a Riccati
differential equation which has to be found for the whole time
horizon of the control process.?>3**l Then we propose the fol-
lowing series expansion as a solution of Eq. (5)

uen) =u(E)= Y alen)¥ ©

k=—n
where a;(k = —n,—n+1,...,0,1,...,
determined later and » is a positive integer which can be de-

n) are functions to be

termined via the balancing of the highest derivative term with
the nonlinear term in Eq. (7). Inserting Eq. (9) into Eq. (7) and
using Eq. (8) will give an algebraic equation in powers of Y.
Since all coefficients of Y* must vanish, this will give a sys-
tem of algebraic equations with respect to a;. With the aid of
Mathematica, we can determine a. From the recent paper by
Zhang et al.,’°) we can deduce the following set of solutions
of Eq. (8)

l*p*l,v:O,

1
714 OV——E (10)
A=1u=0,v=4,

oty = Eet) +Ba(),
tana(x)zm, cotq (x) = m
sing(e) = 2205~ Balix)
cosg () = Eq(ix®) +2Ea(—ix"‘) |
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defined by the Mittag—Leffler function

)

_ Y

For more details about the generalized exponential, hyperbolic
and trigonometric functions, see Ref. [31].

3. Exact travelling wave solutions for Eq. (1)

In this section, we apply Hermite transform, white noise
theory, and modified fractional sub-equation method to ex-
plore exact travelling wave solutions for Eq. (1). Taking the
Hermite transform of Eq. (2), we get the deterministic equa-
tion

DU (x,t,z)+P(t,2)U (x,t,2)DEU (x,t,7)
+0(t,2)V (x,1,2)D%V (x,1,2)+R(t,2)D3%U (x,1,2) =0, (11)
DOV (x,t,2)+D3%V (x,t,2) —30 (x,t,2)D¥V (x,t,2) =0,

where z = (z1,22,...) € (CY), is a vector parameter. To look
for the travelling wave solution of Eq. (11), we make the trans-
formations U (x,7,2) = u(x,t,2) = u(&(x,t,2)), V(x,t,z) =
v(x,t,z) = v(E(x,t,2)), with

t
E(x,t,2) = kx+s/ I(t,z)dT+c,
0

where k, s, and ¢ are arbitrary constants which satisfy ks # 0
and [(7,z) is nonzero function of the indicated variables to be
determined later. Equation (11) can be changed to the form

(s1)*D%u+ k% puD%u + k*qvD%v + k>*rD3%u = 0,
¢ : : ; (12)
(s)*DEv +k**Di%v — 3k*uDgv = 0,
where p(1,2) = P(t,2), q(1,z) = O(t,2), and r(1,z) = R(1,2).

Balancing D%O‘u, uDg‘u, and Dé"‘v, ng‘v, and ung in turn,

gives n = m = 2, hence we set the solution of Eq. (11) by
u(x,1) = u(g)
=ap(t,z) +ai(t,2)Y(E) +ax(t,z)Y*(E)
+a_1(t,2)Y (&) +aa(t,2)Y 2(§),
v(x,1) =v(S)
=bo(t,2) + b1 (1,2)Y (§) + ba(1,2)Y*(£)
+b_1(t,2)Y N E) +b_s(t,2)Y 2(E),
where Y (§) satisfies the fractional Riccati equation (8). By
substituting Eq. (13) along with Eq. (8) into Eq. (12), collect-
ing the coefficients of Y* and setting them to be zero, we will

13)

obtain a system of algebraic equations in the unknowns ay, by
(k=-2,—-1,0,1,2), and [ of the form

(sD®Gi +k*p&; +k*qC; +K3%rK; =0, i=0,1,2,3,
(s)®H; +k%pn; + k%qn; +k%rL; =0, i=1,2,3,
pGi+qG +k4rK; =0, i=4,5,
pNi+qn; +k**rL; =0, i=4,5, a4
(s)*GF + %K} —3k%p; =0, i=0,1,2,3,
(s)*H +k>*Lf —3k%w; = 0, i=1,2,3,
K**Kr —3p; =0, i=4,5,

K**Lf —30; =0, i=4,5,

where,

Go=Aay—va_y, Gy =2Aay + uay, G, =2Ua; + vay,

Gs =3vay, Gy=Ab,—Vvb_1, G} =2Aby+ by,

G; =2Aby+vby, G3=2vby, H =—(2va_s+ta_y),

H,=—(Qua_,+Aa_y), Hy=—-21a_,,

Hi = —(2vb_y+ub_1), H; =—(2ubr+2Ab_y),

Hi = —2Ab_3, Ko =A(2AGy+uG\)+ V(2VHy + uH,),

K1 =2A(3AG3+2G>+G1) + u(2AG2 + uGy),

K>, =3A(3uG342vG,) +2u(3AG3 4+ 2uGy + vGy)
+Vv(2AG2 + uGy),

K3 =2v(3AG34+2uGy+ vGy) +3u(3uGs +2vG))
+12AVG;,

Ky =3v(3uG3+2vGy) 4+ 12uvGs, Ks = 12v2G3,

Ky = A(2AG3+ uG3) +Vv(2vH5 + uHY),

K{ =2A(3AG;+2uG5+vGT) + u(2AG5 + uGy),

K3 =3A(3uG3+2vG3) +2u(3AG5 +2uG5 + vGY)
+Vv(2G5 + uGy),

K; = 2V(3AG;+2uGs + VG}) +3u(3uG; +2vG3) + 12G;,

K; =3v(3uG; +2vG) + 12uvG;, Ki=12v*G;,

Ly =2v(3VH3 +2uH, + AH;) + u(2H, + uH,),

L, =3v(3uH; +2AHy) +2u(3VvHs +2uH, + AHy)
+A(2vH, + uH,),

Ly =2A(3vH3 +2uH, +AH,)+3u(3uHs +2AH,)
+12AVH;3,

Ly =3A(3Hs +2AH,) + 12uAH;, Ls=12A%H;,

Ly =2v(3VH; +2uH; + AH{) + u(2H5 + pHy),

L5 =3v(3uH; +2AHy ) +2u(3vH; +2uH5 + AHY)
+A(2VH; + uHY),

Ly =2A(3vH; +2uH; + AH{ ) +3u(3uH; +2AH5)
+12AvH3,

L; =3A(3H; +2AH;) + 12uAH;, L= 12A°Hj,

$o =aoGo+a1H) +axH, +a_1G) +a_1Gy,

$i = aoGi +a1Go+axH +a_1Gy +a_2G3,

& =aoGr+a1G1+axGo+a—1G3,

83 =aoG3 +a1Gr+ G, §4=a1G3+axGy, {5 =axGs,

& = boGy+b1Hy +byH; +b-1G) +b 2G5,

& = boGi +b1Gy+boHy +b-1G; +b2Gj,

& =boG3 +b1G| +b2,Gy+b_ 1G5,

&t = boGl +b1G5 + G,

Cs =b1G3+byGy, G5 =byG3,

M = aoHy +a Hy +axHz +a_1Gy+a_»Gy,

Ny =aoHy +a1Hz +a_,Go+a—_1Hj,

080501-3



Chin. Phys. B Vol

22, No. 8 (2013) 080501

M3 =aoH3 +a_1Hy+a_2H],
Ma=a_1Hz+a_2Hy, Ns=a_2Hsz,

Ny =boH{ +b1H; +byH; +b_1Gy+b_»G],
N5 =boHy +b1H; +b_2Gj+b_1H;,

n3 = boH3 +b_1H; +b_oHj,

N =b_1H3 +b_oH;, N5 =b_Hj,

po = aoGy+aiHy +axH; +a G} +a 2G5,
p1 = aoG| +a1Gy+aHi +a_ 1G5 +a »G3,
P2 =apG; +a1G] + axGy+a_1G3,

p3 = aoG3 +a1G> +axGy, ps=aiG|+axG5,
ps = a2G3,

o) = aoH{ + a1H; + axH; +a_1Gy+a_»G],
W = agHy +a1H; +a_1Hi +a_»Gy,

03 = agH; +a_H; +a_H;,

Wy = a_ng‘ —I—Cl_sz*, and 5= a_2H3*.

Casel If weset A = u =1and v=0inEq. (8), and use
Mathematica to solve the resulting system, we will obtain the
following set of solutions

7 6,6,
—a1=ar=b =bry=0. a_ =k "¢
ap=a1=ay=b1=02=0, a— 3 2k20‘\/31(p+3r)’
2 —4
a_r=41*% b_1==(-3/q601+6), br=—8;,
q( Va ) 7
b 11,/g6: (5+11p+(2r—p—=T)r)+56, (5+p+(p—T7)r)
O:

16((5+p)p+(15+p—6r)r) ’
B3 —pi\ 1/
=5
where, 8; = ik**\/p+3r, 6, = i\/q(p+3r), ¢ >0, p+3r>
0.
Substituting these values into Eq. (13) and using Eq. (10),
we obtain travelling wave solutions of generalized exponential

type

u (x t Z): 7k4a\/Q(I’Z)[p(tvz)"i'?’r(tvz)}_91(t>z)92( ) 4k2a (15)
P T 2k gt 2) p(e,2) 4 3r(1, ) [Eal€ (nr,2)] — 1] [Ealéi (et )] -1
v (ot 2) = 11y/q(,2)61(¢,2)[5+11p(t,2) +(2r(t,2) = p(t,2) =T)r(t,2)] 56(1,2)[5+p(t,2)+(p(t,2) = 7)r(t,2)]
e 16[(5+p(,2))p(t,2)+(15+p(r,2)—6r(t,2))r(t,2)] 16[(5+p(1,2))p(t,2)+(15+p(t,2) —6r(t,2))r(t,2)]
+ (ﬁ(—%/q(t,z)el (r,z)+62(t,z))(Ea[gl(x,z,z)]—l)—:('m)el (z,z)) X (Eq[&i(x,1,2)]—1) " 27 (16)
with | 3% (1,2)
) = ke (Vg [((PENVE p(t,2) +k%q(1,2)
Silnt,2) = ket (=1) % /0 ( q(r,z)> deter. X (tanha[gz(x,m)}iisecha[gz(x,t,z)])*z,(ls)
Case2 IfwesetA=1/2,u=0andv=—1/2inEq.®), ) (x ;) = 3K%%r(t,2) 3K3% (1, 2)
and use Mathematica to solve the resulting system, we will ob- q(t,2) p(1,2) +k%q(1,2)
tain the following set of solutions X (COthoc [62(x,1,2)] £ cschy [6r (xvtvz)]) 727 (19)
o o . 3k2%r(t,7) 3k3%r(t,z)
ag=ay=a_1=by=by=b_1=0, v3(x,t,2) =
1_ k220‘r[(131_3k1“)17j—10k“1q} 3Ky D= T T p) k() |
a0 = 2plp+ k%] » bo=—— x (tanhg (& (x,1,2)] £ i sechq[&(x,1,2)]) 7, (20)
d e b= =3k _ 37k3((k“—1)rp)1/06 with
2 -2 p+kaq7 2 p_|_kaq ’ éz(x,t,Z) _ kx+%k3(ka*1)l/a
troor(r,z)p(t,2) 1/a
where g # 0. X/o (p(T,z)—l—k“q(Lz)) dT+c.

Substituting these values into Eq. (13) and using Eq. (10),
we obtain the travelling wave solutions of generalized hyper-

bolic type
(et.2) = K2%r(t,2)[(13 — 3k%) p(t,z) + 10k%q(t,2)]
b 2p(1,2)[p(t,2) + k(1,2
3k3%(t,7)
- plt,2) +k%(1,2)
x (cothg[&(x,1,2)] +cschg [E(x,1,2)]) 2, (17)
us(t.2) = K2%r(t,2)[(13 — 3k%) p(t,z) + 10k%q(t,2)]

2p(t,2)[p(t,2) +k%q(t,2)]

Case3 Ifweset A =1, u =0, and v =4 in Eq. (8), and
use Mathematica to solve the resulting system, we will obtain
the following set of solutions

al=a_1=a_o=by=b =b_1 =b_r=0, ar = 64k*?,

by — g, 66830 +2048r)
q
32 4093
20 =
ao =k [3 +3+ko‘p( 384”)}’
i3 4093 \1/a
= = (48— ===
s(ka+3)1/a< "7 128 p) ’
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where g # 0, and 683p +2048r/q > 0.
Substituting these values into Eq. (3) and using Eq. (8),
we obtain travelling wave solutions of generalized trigonomet-

ric type
32 k% 4093
20
1 -
us(x,1,2) =k [ IR )( or(t,2)——o7 p(m)ﬂ
+ 16k>* cot?, [2&3 (x,1,2)], (21)
32 k% 4093
20
1 -
us(x,t,z)=k {3 73+k°‘p(t,z)( 6r(t,z) 384 P(bZ)ﬂ
+ 16k>* tan2, [2&3 (x,1,2)], (22)
ik [6[683p(t,2) +2048r(1,2)]
V4(x7l,Z)— 4 \/ q(t,Z)
X cot? “[2&3(x,1,2)], (23)
vs(rt2) = ik?* |6[683p(t,z) +2048r(t,7)]
hYT q(t,z)
X tang[283(x,1,2)], (24)
with
k3
63()6,1‘,2) = kx+W

! 4093 l/a
X/o (48r(r,z)—mp(r,z)> dt+cs.

4. White noise functional solutions for Eq. (2)

In this section, we use the inverse Hermite transform and
Theorem 4.1.1 in Ref. [1] to obtain white noise functional so-
lutions for Eq. (2). The properties of generalized exponen-
tial, hyperbolic, and trigonometric functions yield that there
exists a bounded open set G C R x Ry, m < oo, n > 0 such
that the solution {u(x,#,z),v(x,t,z)} of Eq. (11) and all its
fractional derivatives which are involved in Eq. (11) are uni-
formly bounded for (x,7,z) € G x K,;(n), continuous with re-
spect to (x,¢) € G for all z € K,,(n) and analytic with respect to
7 € Kjy(n), for all (x,7) € G. From Theorem 4.1.1 in Ref. [1],
there exist U(x,?,z), V(x,1,z) € (S)_1 such that u(x,7,z) =
U(x,t)(z) and v(x,,z) = V(x,1)(z) for all (x,t,z) € G X Ku(n)
and {U(x,t),V(x,t)} solves Eq. (2) in (S)_;. Hence, by ap-
plying the inverse Hermite transform to Egs. (15)—(24), we
will obtain the white noise functional solutions of Eq. (2) as
given below.

4.1. White noise functional solutions of generalized expo-
nential type

For O(t) > 0, P(t) +3R(r) > 0, the solutions of Eq. (2)
are given by

Ul(x,t)
_TK/Q(1) o [P(1) +3R(1)] — O (1) 0 O (1)
" 22 /Q(1) o [P(1) + 3R(1)] o [Eg [Z1 (v.1)] 1]

4>
+ s ;
[EGE1 (e )] = 1]

(25)

Vi(x,t,2)
~ 114/0(1) 004 (1) o[5S+ 11P(t) + (2R(t) — P(t) — 7) oR(1)]
a 16[(5+P(M))<>P() (15+P(t) —6R(t)) oR(1)]
50(t) 0[5+ P(t) + (P(1) — ) R(t)]
16[(S+P(t,z)) o P(t) + (15+ P(t) —6R(t)) o R(t)]

+(£( 3/ 0(1) 001 (t) +6s(1)) o (Eg[E1(x,1)] — 1)
- @o@m)owz[zmx,zn—1)°<2>, 26)
with,
0y (r) = ik**\/P(1) + 3R(1),
(1) = iv/Q(1) o (P(1) +3R(1)),
and

't 02 ol/a
El(x,t):kx+(—l)l/°‘k3/0 ('”Q((T’))) Y deter.

4.2. White noise functional solutions of generalized hyper-
bolic type

For P(t) o Q(t) # 0, the solutions of Eq. (2) are given by
K2%R(t) o [(13 — 3k%)P(t) + 10k*Q(¢)]
2P(t) o [P(t) +k*Q(1)]
300
R (f)k+ ;(2 7 (coth E2(e.r)
+oschl[E5(x,1)]) Y, 7
K2R (1) o [(13 — 3k*)P(1) + 10k*Q(1)]
2P(t) o [P(t) +k*Q(1)]
3a
_ P(t3)k+l£i(tQ)(t) o (tanhfx [Z2(x,1)]
+isech?, [ (x,1)]) ", (28)
3k2R(t) N 3K3%R(1)
()  P(1)+k*Q(r)
+oschl (& (x,1)]) ", 29)
3K2*R(t) 3K3%R(t)

&) = 750 TR T a0

+isechl,[Z,(x,1)])° 7, (30)

Uz(x,l‘) =

U3(x,t) =

VZ(xat) =

o (cothg, [Z5 (x,1)]

o (tanh§ [Z5 (x,1)]

with
E(x,t) = kx+%k3(k°‘ —1)l/e

t ol/a
X / (P(Ifc()?j;g()f)) 1 dt+co.

4.3. White noise functional solutions of generalized
trigonometric type

For P(t) # 0, [683P(r) 4 2048R(r)] o Q()°~
solutions of Eq. (2) are given by

32 k¢

Us(1) =K% | +WO(16R®_%P(ZN

+ 16k** cot?? [223(x,1)], 31)

>0 the
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2 [32 k* 4093
Us(x.t) =k [3 +3+kap(t)°< R(t) = 354 0
+ 16K** tan®2 23 (x,1)], (32)
f.20
\/4(x,t)=1k4 \/ (683 >Q?)048R( )]Ocot?f[Z 3(x,1)],(33)
c.20
V(o= \/ SR RO ctani? 223 1) 34
with
- B K
_43(.x,l) = kx—i—W
‘ 4093 ol/a
x/o (48R(r)—781>(r)) dt+cs.

R(t), we can get different solutions of Eq. (2) from formulas
(25)-(34).

Example 1 Let W(t) = B(t) be the Gaussian white
noise, where B(t) is the Brownian motion. We have the Her-
mite transform W (¢,z) = Y2, z; fo Mi(s)ds. Since Eg[B(t)] =
Eq[B(t) — t*/2], we have tan$,[B(t)] = tang[B(t) — t2/2],
cot$, [B(t)] = cote[B(t) — t2/2], tanh[B(t)] = tanhy[B(t) —
t2/2], coth®[B(t)] = cothg[B(t) — t2/2], sech%[B(t)] =
sechy [B(t) — t2/2], and csch[B(t)] = cschg[B(t) — t2/2).
Suppose P(t) = R(t) = m;Q(t) and Q(t) = [f(t) + mW (¢)]%,
where 7,7, are arbitrary constants and f(¢) is integrable or
bounded measurable function on R,. Then the white noise
functional solutions of Eq. (2) are as follows:

Tk>* 41 41>

We observe that for different forms of P(¢), Q(¢), and Us(x.1) = 2(Eq[H (x,0)] - 1) + (Ea[# (x,0)] - 1)2 (35)
‘ ) )
Vo) (1P 4+5) (5+72[f (1) +mW (1)]**) +5m (5k2°‘—6)[f(t)+7r2W(t)}“+4i\/771(1—3k2°‘) 8ik>*\/m 36)
6\, 1) =— - 5
81\/7T1(20—47r1 [f(t)+7'c2W(t)]0‘) Eq#i(x0)]=1  (Ea[Hi(x,1)]—1)2
with | ik
Vio(x,1) = 16386 tan> [2%(x l)] (44)
Y (x,1) = kx+ (—1)1/“k37t12/a with ’
2105 \ Ve
t 2 _ 3
< ([ r@de+mpo - B5) 4o, #nr) = ket m (72
t 2
R (13- 36 + 108 3m < ([ r@dr+mBO-25) +es.
Ur(x,1) = - 0 2
2m + 2k T + k%
)
x (cotha [P (x,1)] £escha[F(x.0)]) 7, 37 5, Summary and discussion
K (13 —3k%) + 10K°%  3mk>* . .
Us(x,t) = 27 + 2k Ttk The anomalous motion of two weakly nonlinear water

x (tanhg W (x,1)] + isechy [ (x,1)]) %, (38)

3o

Valt) = 2% + Z‘ H’; (cothg [¥ (x, 1)]
+cscha [P (x,1)]) 2, (39)
Vg (x,t) = 3k*%m + 3k3aZa (tanhg[¥5 (x,1)]
+isechy[F(x,1)]) 7, (40)
with
B (x, 1) = kx+;(%)

" 2
([ r@ar+mso-55) +e
32 2051Km[f(1) + mW () )
3 1152+ 384k [f(1) + mW (1)]*
+ 16k>* cot? 2% (x,1)], (41)

v (32 2051k%m [f (1) + mW (1)]*
Uro(x,t) =k (3 1152+384k°‘7r1[f(t)+7T2W(f)]a)

Us(x,1) = kzo‘(

+ 16k>* tan2, 2% (x,1)], (42)
'k206
Vo(x,1) = - v/ 163867 cotg [294 (x, 1), 43)

wave modes with nearly coincident linear long-wave speeds
can be described by Eq. (1). If the problem is considered in
a random environment, we can get fractional random coupled
KdV equations. In order to give the exact solutions of random
coupled KdV equations, we only consider this problem in a
white noise environment, i.e., we investigate the Wick-type
stochastic fractional coupled KdV equation (2).

In Ref. [32] the author introduced a new method to look
This method is
called fractional sub-equation method, and it is based on the

for travelling wave solutions of NFDE:s.

homogeneous balance principle!*°! and Jumarie’s Riemann—
Liouville derivatives.!?8] Also, we remark that He er al.3%!
discussed the geometrical explanation of the fractional deriva-
tive and in Ref. [34] Ghany applied some results of com-
plex transformation to obtain exact solutions for stochas-
Also, Ghany

and Hyder!®! studied the Cauchy problem for stochastic

tic fractional Zakharov—Kuznetsov equations.

Zakharov—Kuznetsov equation forced by a random term of ad-
ditive white noise type. Moreover, Fan ef al.!*3% proposed
and developed a sub-equation method which greatly exceeds
the applicability of the existing tanh, extended tanh methods,
and Jacobi elliptic function expansion method to construct
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a uniform series of exact solutions for the NPDEs includ-
ing polynomial, exponential, rational, trigonometric periodic
wave, hyperbolic, solitary wave, Jacobi and Weierstrass dou-
bly periodic wave types. More details about the sub-equation
method and exp-function method can be found in Refs. [30]
and [40]{43].

The motivation of this paper is to use the modified frac-
tional sub-equation method to seek new exact solutions for the
variable coefficients fractional coupled KdV equations with
the modified Riemann-Liouville derivatives. These solutions
include the traveling wave-type solutions of generalized expo-
nential, hyperbolic, and trigonometric types. Then, with the
help of Hermite transform and white noise theory, we employ
these solutions to find new white noise functional solutions
for the stochastic fractional coupled KdV equations in a white
noise environment, especially in its Wick version.

The planner which we have proposed in this paper can be
used for solving several nonlinear fractional evolution equa-
tions, both deterministic and Wick-type stochastic. Note that
we have only discussed the solutions of stochastic fractional
coupled KdV equations driven by Gaussian white noise. There
is a unitary mapping between the Gaussian white noise space
and the Poisson white noise space. This connection was given
by Benth and Gjerde.!**! Hence, with the help of this connec-
tion, we can derive some Poisson white noise functional solu-
tions, if the coefficients P(z), Q(t), and R(z) are Poisson white
noise functions in Eq. (2). As o¢ — 1 we have a new set of
exact travelling wave solutions and white noise functional so-
lutions for variable coefficients and Wick-type stochastic cou-
pled KdV equations with integer derivatives. Since the frac-
tional Riccati equation has other solutions if we select other
values of A, u, and v, there are many other exact solutions of
the variable coefficients and Wick-type stochastic fractional
coupled KdV equations.
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