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1. Introduction
In this paper, we will investigate the fractional coupled

KdV equations:{
Dα

t u+ p(t)uDα
x u+q(t)vDα

x v+ r(t)D3α
x u = 0,

Dα
t v+D3α

x v−3uDα
x v = 0,

(1)

where (x, t) ∈R×R+, 0 < α ≤ 1, Dα
t u and Dα

x u are the mod-
ified Riemann–Liouville derivatives, while p(t), q(t), and r(t)
are bounded measurable or integrable functions on R+. The
stochastic version of Eq. (1) in the Wick sense can be written
in the following way

Dα
t U +P(t)◇U ◇Dα

x U +Q(t)◇V ◇Dα
x V

+ R(t)◇D3α
x U = 0,

Dα
t V +D3α

x V −3U ◇Dα
x V = 0,

(2)

where “ ◇ ” is the Wick product on the Kondratiev distri-
bution space (𝒮)−1, P(t), Q(t), and R(t) are (𝒮)−1-valued
functions.[1]

The analytical and approximate solutions of deterministic
fractional partial differential equations attracted great attention
and became a considerably interesting subject in mathemati-
cal physics. There are many methods for calculating the ap-
proximate solutions for nonlinear fractional partial differential
equations such as the variational iterations method,[2] Ado-
mian decomposition method,[3,4] the homotopy perturbation
method,[5,6] and the expansion-function method.[7–11]

The exact solutions for nonlinear fractional partial differ-
ential equations are still of great interest. Li and He[12] intro-
duced complex transform for reducing fractional differential
equations into ordinary differential equations, so that all an-
alytical methods for advanced calculus can be easily applied
to fractional calculus. Since Wadati first introduced and stud-
ied stochastic KdV equation,[13] many authors, e.g., Xie,[14–17]

Chen and Xie,[18–20] Ghany,[21] Ghany and Saad,[22] and many
other authors,[23,24] have investigated more intensively the
stochastic partial differential equations (SPDE).

The present paper is motivated by the desire to propose
the modified fractional sub-equation method to construct ex-
act analytical solutions for the variable coefficients Wick-type
stochastic fractional coupled KdV equations with the modified
Riemann–Liouville derivative. As pointed out in Refs. [25]
and [26] the anomalous motion of two weakly nonlinear water
wave modes with nearly coincident linear long-wave speeds
can be described by Eq. (1). Moreover, if the problem is con-
sidered in a random environment, we can get fractional ran-
dom coupled KdV equations. In order to give the exact solu-
tions of random coupled KdV equations, we only consider this
problem in white noise environment, that is, we will study the
variable coefficients Wick-type stochastic fractional coupled
KdV equations (2).

Our first interest in this work is to implement new strate-
gies that give white noise functional solutions of the vari-
able coefficients Wick-type stochastic fractional coupled KdV
equations. The strategies that will be pursued in this work rest
mainly on Hermite transform, white noise theory, and modi-
fied fractional sub-equation method, all of which are employed
to find white noise functional solutions of Eq. (2). The pro-
posed schemes, as we believe, are entirely new and introduce
new solutions in addition to the well-known traditional solu-
tions. The ease of using these methods shows their power to
determine shock or solitary type of solutions.

The rest of this paper is organized as follows: In Sec-
tion 2, we recall the definition and some properties of the mod-
ified Riemann–Liouville derivative and introduce the modified
fractional sub-equation method. In Section 3, we apply Her-
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mite transform, white noise theory, and modified fractional
sub-equation method to explore exact travelling wave solu-
tions for Eq. (1). In Section 4, we use the inverse Hermite
transform and Theorem 4.1.1 (Ref. [1]) to obtain white noise
functional solutions for Eq. (2). The last section is devoted to
a summary and discussion.

2. Preliminaries

There are different definitions for fractional derivatives;
for more details see Ref. [27]. In our paper we use the
modified Riemann–Liouville derivative which was defined by
Jumarie[28]

Dα
x f (x) =



1
Γ(1−α)

∫ x

0
(x− y)−α−1[ f (y)− f (0)]dy, α < 0,

1
Γ(1−α)

d
dx

∫ x

0
(x− y)−α [ f (y)− f (0)]dy, 0 < α < 1,[

f (α−n)(x)
](n)

, n ≤ α < n+1, n ∈ N,

(3)

which has merits over the original one, for example, the α-
order derivative of a constant is zero. The main properties of
the modified Riemann–Liouville derivative were summarized
in Ref. [28] and three useful formulas of them are given as
follows:

Dα
x xβ =

Γ(1+β )

Γ(1+β −α)
xβ−α , β > 0,

Dα
x (u(x)v(x)) = u(x)Dα

x v(x)+ v(x)Dα
x u(x),

Dα
x [ f (u(x)] =

d f
du

Dα
x u(x) =

( du
dx

)α

Dα
u f (u).

(4)

Now, we will outline the main idea of the modified frac-
tional sub-equation method. Many authors considered nonlin-
ear fractional partial differential equation, say, in two variables

F(u,ux,ut ,Dα
x u,Dα

t u, ...) = 0, 0 < α ≤ 1, (5)

where F is a nonlinear function with respect to the indicated
variables. To determine the solution u = u(x, t) explicitly, we
first introduce the following transformation

u = u(ξ ), ξ = ξ (x, t), (6)

which converts Eq. (5) into a fractional ordinary differential
equation

G(u,u′,u′′,Dα

ξ
u,D2α

ξ
u, . . .) = 0. (7)

Next we introduce a new variable Y =Y (ξ ) which is a solution

of the fractional Riccati equation

Dα

ξ
Y = λ +µY +νY 2, 0 < α ≤ 1, (8)

where λ , µ , and ν are arbitrary constants. Equation (8) is the
fractional Riccati differential equation, where α is a parameter
describing the order of the fractional derivative. In the case of
α = 1, equation (8) is reduced to the classical Riccati differen-
tial equation. The importance of this equation usually arises in
the optimal control problems. The feedback gain of the linear
quadratic optimal control depends on a solution of a Riccati
differential equation which has to be found for the whole time
horizon of the control process.[29,30] Then we propose the fol-
lowing series expansion as a solution of Eq. (5)

u(x, t) = u(ξ ) =
n

∑
k=−n

ak(x, t)Y k(ξ ), (9)

where ak(k = −n,−n+ 1, . . . ,0,1, . . . ,n) are functions to be
determined later and n is a positive integer which can be de-
termined via the balancing of the highest derivative term with
the nonlinear term in Eq. (7). Inserting Eq. (9) into Eq. (7) and
using Eq. (8) will give an algebraic equation in powers of Y .
Since all coefficients of Y k must vanish, this will give a sys-
tem of algebraic equations with respect to ak. With the aid of
Mathematica, we can determine ak. From the recent paper by
Zhang et al.,[30] we can deduce the following set of solutions
of Eq. (8)


Y (ξ ) = Eα(ξ )−1, λ = µ = 1,ν = 0,

Y (ξ ) = cothα(ξ )± cschα(ξ ),Y (ξ ) = tanhα(ξ )± isechα(ξ ), λ =
1
2
,µ = 0,ν =−1

2
,

Y (ξ ) =
1
2

tanα(2ξ ),Y (ξ ) =
1
2

cotα(2ξ ), λ = 1,µ = 0,ν = 4,

(10)

with the generalized hyperbolic and trigonometric functions

tanhα(x) =
sinhα(x)
coshα(x)

, cothα(x) =
coshα(x)
sinhα(x)

,

cschα(x) =
1

sinhα(x)
, sechα(x) =

1
coshα(x)

,

sinhα(x) =
Eα(xα)−Eα(−xα)

2
,

coshα(x) =
Eα(xα)+Eα(−xα)

2
,

tanα(x) =
sinα(x)
cosα(x)

, cotα(x) =
cosα(x)
sinα(x)

,

sinα(x) =
Eα(ixα)−Eα(−ixα)

2i
,

cosα(x) =
Eα(ixα)+Eα(−ixα)

2
,
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defined by the Mittag–Leffler function

Eα(y) =
∞

∑
j=0

y j

Γ(1+ jα)
.

For more details about the generalized exponential, hyperbolic
and trigonometric functions, see Ref. [31].

3. Exact travelling wave solutions for Eq. (1)
In this section, we apply Hermite transform, white noise

theory, and modified fractional sub-equation method to ex-
plore exact travelling wave solutions for Eq. (1). Taking the
Hermite transform of Eq. (2), we get the deterministic equa-
tion

Dα
t Ũ(x, t,z)+P̃(t,z)Ũ(x, t,z)Dα

x Ũ(x, t,z)
+Q̃(t,z)Ṽ (x, t,z)Dα

x Ṽ (x, t,z)+R̃(t,z)D3α
x Ũ(x, t,z)=0,

Dα
t Ṽ (x, t,z)+D3α

x Ṽ (x, t,z)−3Ũ(x, t,z)Dα
x Ṽ (x, t,z)=0,

(11)

where z = (z1,z2, . . .) ∈ (CN)c is a vector parameter. To look
for the travelling wave solution of Eq. (11), we make the trans-
formations Ũ(x, t,z) = u(x, t,z) = u(ξ (x, t,z)), Ṽ (x, t,z) =

v(x, t,z) = v(ξ (x, t,z)), with

ξ (x, t,z) = kx+ s
∫ t

0
l(τ,z)dτ + c,

where k, s, and c are arbitrary constants which satisfy ks ̸= 0
and l(τ,z) is nonzero function of the indicated variables to be
determined later. Equation (11) can be changed to the form{

(sl)α Dα

ξ
u+ kα puDα

ξ
u+ kα qvDα

ξ
v+ k3α rD3α

ξ
u = 0,

(sl)α Dα

ξ
v+ k3α D3α

ξ
v−3kα uDα

ξ
v = 0,

(12)

where p(t,z) = P̃(t,z), q(t,z) = Q̃(t,z), and r(t,z) = R̃(t,z).
Balancing D3α

ξ
u, uDα

ξ
u, and D3α

ξ
v, vDα

ξ
v, and uDα

ξ
v in turn,

gives n = m = 2, hence we set the solution of Eq. (11) by

u(x, t) = u(ξ )
= a0(t,z)+a1(t,z)Y (ξ )+a2(t,z)Y 2(ξ )

+a−1(t,z)Y−1(ξ )+a−2(t,z)Y−2(ξ ),

v(x, t) = v(ξ )
= b0(t,z)+b1(t,z)Y (ξ )+b2(t,z)Y 2(ξ )

+b−1(t,z)Y−1(ξ )+b−2(t,z)Y−2(ξ ),

(13)

where Y (ξ ) satisfies the fractional Riccati equation (8). By
substituting Eq. (13) along with Eq. (8) into Eq. (12), collect-
ing the coefficients of Y k and setting them to be zero, we will
obtain a system of algebraic equations in the unknowns ak,bk

(k =−2,−1,0,1,2), and l of the form

(sl)α Gi + kα pζi + kα qζ *
i + k3α rKi = 0, i = 0,1,2,3,

(sl)α Hi + kα pηi + kα qη*
i + k3α rLi = 0, i = 1,2,3,

pζi +qζ *
i + k2α rKi = 0, i = 4,5,

pηi +qη*
i + k2α rLi = 0, i = 4,5,

(sl)α G*
i + k3α K*

i −3kα ρi = 0, i = 0,1,2,3,
(sl)α H*

i + k3α L*
i −3kα ωi = 0, i = 1,2,3,

k2α K*
i −3ρi = 0, i = 4,5,

k2α L*
i −3ωi = 0, i = 4,5,

(14)

where,

G0 = λa1 −νa−1, G1 = 2λa2 +µa1, G2 = 2µa2 +νa1,

G3 = 3νa2, G*
0 = λb1 −νb−1, G*

1 = 2λb2 +µb1,

G*
2 = 2λb2 +νb1, G*

3 = 2νb2, H1 =−(2νa−2 +µa−1),

H2 =−(2µa−2 +λa−1), H3 =−2λa−2,

H*
1 =−(2νb−2 +µb−1), H*

2 =−(2µb−2 +λb−1),

H*
3 =−2λb−2, K0 = λ (2λG2 +µG1)+ν(2νH2 +µH1),

K1 = 2λ (3λG3 +2G2 +G1)+µ(2λG2 +µG1),

K2 = 3λ (3µG3 +2νG2)+2µ(3λG3 +2µG2 +νG1)

+ν(2λG2 +µG1),

K3 = 2ν(3λG3 +2µG2 +νG1)+3µ(3µG3 +2νG2)

+12λνG3,

K4 = 3ν(3µG3 +2νG2)+12µνG3, K5 = 12ν
2G3,

K*
0 = λ (2λG*

2 +µG*
2)+ν(2νH*

2 +µH*
1 ),

K*
1 = 2λ (3λG*

3 +2µG*
2 +νG*

1)+µ(2λG*
2 +µG*

1),

K*
2 = 3λ (3µG*

3 +2νG*
2)+2µ(3λG*

3 +2µG*
2 +νG*

1)

+ν(2G*
2 +µG*

1),

K*
3 = 2ν(3λG*

3 +2µG*
2 +νG*

1)+3µ(3µG*
3 +2νG*

2)+12G*
3,

K*
4 = 3ν(3µG*

3 +2νG*
2)+12µνG*

3, K*
5 = 12ν

2G*
3,

L1 = 2ν(3νH3 +2µH2 +λH1)+µ(2H2 +µH1),

L2 = 3ν(3µH3 +2λH2)+2µ(3νH3 +2µH2 +λH1)

+λ (2νH2 +µH1),

L3 = 2λ (3νH3 +2µH2 +λH1)+3µ(3µH3 +2λH2)

+12λνH3,

L4 = 3λ (3H3 +2λH2)+12µλH3, L5 = 12λ
2H3,

L*
1 = 2ν(3νH*

3 +2µH*
2 +λH*

1 )+µ(2H*
2 +µH*

1 ),

L*
2 = 3ν(3µH*

3 +2λH*
2 )+2µ(3νH*

3 +2µH*
2 +λH*

1 )

+λ (2νH*
2 +µH*

1 ),

L*
3 = 2λ (3νH*

3 +2µH*
2 +λH*

1 )+3µ(3µH*
3 +2λH*

2 )

+12λνH*
3 ,

L*
4 = 3λ (3H*

3 +2λH*
2 )+12µλH*

3 , L*
5 = 12λ

2H*
3 ,

ζ0 = a0G0 +a1H1 +a2H2 +a−1G1 +a−2G2,

ζ1 = a0G1 +a1G0 +a2H1 +a−1G2 +a−2G3,

ζ2 = a0G2 +a1G1 +a2G0 +a−1G3,

ζ3 = a0G3 +a1G2 +a2G1, ζ4 = a1G3 +a2G2, ζ5 = a2G3,

ζ
*
0 = b0G*

0 +b1H*
1 +b2H*

2 +b−1G*
1 +b−2G*

2,

ζ
*
1 = b0G*

1 +b1G*
0 +b2H*

1 +b−1G*
2 +b−2G*

3,

ζ
*
2 = b0G*

2 +b1G*
1 +b2G*

0 +b−1G*
3,

ζ
*
3 = b0G*

3 +b1G*
2 +b2G*

1,

ζ
*
4 = b1G*

3 +b2G*
2, ζ

*
5 = b2G*

3,

η1 = a0H1 +a1H2 +a2H3 +a−1G0 +a−2G1,

η2 = a0H2 +a1H3 +a−2G0 +a−1H1,
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η3 = a0H3 +a−1H2 +a−2H1,

η4 = a−1H3 +a−2H2, η5 = a−2H3,

η
*
1 = b0H*

1 +b1H*
2 +b2H*

3 +b−1G*
0 +b−2G*

1,

η
*
2 = b0H*

2 +b1H*
3 +b−2G*

0 +b−1H*
1 ,

η
*
3 = b0H*

3 +b−1H*
2 +b−2H*

1 ,

η
*
4 = b−1H*

3 +b−2H*
2 , η

*
5 = b−2H*

3 ,

ρ0 = a0G*
0 +a1H*

1 +a2H*
2 +a−1G*

1 +a−2G*
2,

ρ1 = a0G*
1 +a1G*

0 +a2H*
1 +a−1G*

2 +a−2G*
3,

ρ2 = a0G*
2 +a1G*

1 +a2G*
0 +a−1G*

3,

ρ3 = a0G*
3 +a1G*

2 +a2G*
1, ρ4 = a1G*

1 +a2G*
2,

ρ5 = a2G*
3,

ω1 = a0H*
1 +a1H*

2 +a2H*
3 +a−1G*

0 +a−2G*
1,

ω2 = a0H*
2 +a1H*

3 +a−1H*
1 +a−2G*

0,

ω3 = a0H*
3 +a−1H*

2 +a−2H*
1 ,

ω4 = a−1H*
3 +a−2H*

2 , and ω5 = a−2H*
3 .

Case 1 If we set λ = µ = 1 and ν = 0 in Eq. (8), and use
Mathematica to solve the resulting system, we will obtain the
following set of solutions

a0=a1=a2=b1=b2=0, a−1=
7
2

k2α − θ1θ2

2k2α
√

q(p+3r)
,

a−2=4k2α , b−1=
2
q
(−3

√
qθ1 +θ2), b−2=

−4
√

q
θ1,

b0=
11

√
qθ1(5+11p+(2r−p−7)r)+5θ2 (5+p+(p−7)r)

16((5+p)p+(15+p−6r)r)
,

l=
k3

s

(−p2

q

)1/α

,

where, θ1 = ik2α
√

p+3r, θ2 = i
√

q(p+3r), q > 0, p+3r >
0.

Substituting these values into Eq. (13) and using Eq. (10),
we obtain travelling wave solutions of generalized exponential
type

u1(x, t,z)=
7k4α

√
q(t,z)[p(t,z)+3r(t,z)]−θ1(t,z)θ2(t,z)

2k2α
√

q(t,z)[p(t,z)+3r(t,z)][Eα [ξ1(x, t,z)]−1]
+

4k2α

[Eα [ξ1(x, t,z)]−1]2
, (15)

v1(x, t,z)=
11
√

q(t,z)θ1(t,z)[5+11p(t,z)+(2r(t,z)−p(t,z)−7)r(t,z)]
16[(5+p(t,z))p(t,z)+(15+p(t,z)−6r(t,z))r(t,z)]

+
5θ2(t,z)[5+p(t,z)+(p(t,z)−7)r(t,z)]

16[(5+p(t,z))p(t,z)+(15+p(t,z)−6r(t,z))r(t,z)]

+
( 2

q(t,z)

(
−3
√

q(t,z)θ1(t,z)+θ2(t,z)
)(

Eα [ξ1(x, t,z)]−1
)
− 4√

q(t,z)
θ1(t,z)

)
×
(
Eα [ξ1(x, t,z)]−1

)−2
, (16)

with

ξ1(x, t,z) = kx+(−1)1/α k3
∫ t

0

( p2(τ,z)
q(τ,z)

)1/α

dτ + c1.

Case 2 If we set λ = 1/2,µ = 0 and ν =−1/2 in Eq. (8),
and use Mathematica to solve the resulting system, we will ob-
tain the following set of solutions

a1 = a2 = a−1 = b1 = b2 = b−1 = 0,

a0 =
k2α r[(13−3kα)p+10kα q]

2p[p+ kα q]
, b0 =

3k2α r
q

,

a−2 =−b−2 =
−3k3α r
p+ kα q

, l =
3k3

2s

( (kα −1)rp
p+ kα q

)1/α

,

where q ̸= 0.

Substituting these values into Eq. (13) and using Eq. (10),
we obtain the travelling wave solutions of generalized hyper-
bolic type

u2(x, t,z) =
k2α r(t,z)[(13−3kα)p(t,z)+10kα q(t,z)]

2p(t,z)[p(t,z)+ kα q(t,z)]

− 3k3α r(t,z)
p(t,z)+ kα q(t,z)

×
(
cothα [ξ2(x, t,z)]± cschα [ξ2(x, t,z)]

)−2
, (17)

u3(x, t,z) =
k2α r(t,z)[(13−3kα)p(t,z)+10kα q(t,z)]

2p(t,z)[p(t,z)+ kα q(t,z)]

− 3k3α r(t,z)
p(t,z)+ kα q(t,z)

×
(
tanhα [ξ2(x, t,z)]± i sechα [ξ2(x, t,z)]

)−2
, (18)

v2(x, t,z) =
3k2α r(t,z)

q(t,z)
+

3k3α r(t,z)
p(t,z)+ kα q(t,z)

×
(
cothα [ξ2(x, t,z)]± cschα [ξ2(x, t,z)]

)−2
, (19)

v3(x, t,z) =
3k2α r(t,z)

q(t,z)
+

3k3α r(t,z)
p(t,z)+ kα q(t,z)

×
(
tanhα [ξ2(x, t,z)]± i sechα [ξ2(x, t,z)]

)−2
, (20)

with

ξ2(x, t,z) = kx+
3
2

k3(kα −1)1/α

×
∫ t

0

( r(τ,z)p(τ,z)
p(τ,z)+ kα q(τ,z)

)1/α

dτ + c2.

Case 3 If we set λ = 1, µ = 0, and ν = 4 in Eq. (8), and
use Mathematica to solve the resulting system, we will obtain
the following set of solutions

a1 = a−1 = a−2 = b0 = b1 = b−1 = b−2 = 0, a2 = 64k2α ,

b2 = ik2α

√
6(683p+2048r)

q
,

a0 = k2α

[32
3

+
kα

3+ kα p

(
16r− 4093

384
p
)]

,

l =
k3

s(kα +3)1/α

(
48r− 4093

128
p
)1/α

,
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where q ̸= 0, and 683p+2048r/q > 0.
Substituting these values into Eq. (3) and using Eq. (8),

we obtain travelling wave solutions of generalized trigonomet-
ric type

u4(x, t,z)=k2α

[32
3
+

kα

3+kα p(t,z)

(
16r(t,z)−4093

384
p(t,z)

)]
+16k2α cot2α [2ξ3(x, t,z)], (21)

u5(x, t,z)=k2α

[32
3
+

kα

3+kα p(t,z)

(
16r(t,z)−4093

384
p(t,z)

)]
+16k2α tan2

α [2ξ3(x, t,z)], (22)

v4(x, t,z)=
ik2α

4

√
6[683p(t,z)+2048r(t,z)]

q(t,z)

× cot2α [2ξ3(x, t,z)], (23)

v5(x, t,z)=
ik2α

4

√
6[683p(t,z)+2048r(t,z)]

q(t,z)

× tan2
α [2ξ3(x, t,z)], (24)

with

ξ3(x, t,z) = kx+
k3

(kα +3)1/α

×
∫ t

0

(
48r(τ,z)− 4093

128
p(τ,z)

)1/α

dτ + c3.

4. White noise functional solutions for Eq. (2)
In this section, we use the inverse Hermite transform and

Theorem 4.1.1 in Ref. [1] to obtain white noise functional so-
lutions for Eq. (2). The properties of generalized exponen-
tial, hyperbolic, and trigonometric functions yield that there
exists a bounded open set G ⊂ R×R+, m < ∞, n > 0 such
that the solution {u(x, t,z),v(x, t,z)} of Eq. (11) and all its
fractional derivatives which are involved in Eq. (11) are uni-
formly bounded for (x, t,z) ∈ G×Km(n), continuous with re-
spect to (x, t)∈G for all z ∈Km(n) and analytic with respect to
z ∈ Km(n), for all (x, t) ∈ G. From Theorem 4.1.1 in Ref. [1],
there exist U(x, t,z), V (x, t,z) ∈ (𝒮)−1 such that u(x, t,z) =
Ũ(x, t)(z) and v(x, t,z) = Ṽ (x, t)(z) for all (x, t,z) ∈ G×Km(n)
and {U(x, t),V (x, t)} solves Eq. (2) in (𝒮)−1. Hence, by ap-
plying the inverse Hermite transform to Eqs. (15)–(24), we
will obtain the white noise functional solutions of Eq. (2) as
given below.

4.1. White noise functional solutions of generalized expo-
nential type

For Q(t) > 0, P(t)+ 3R(t) > 0, the solutions of Eq. (2)
are given by

U1(x, t)

=
7k4α

√
Q(t)◇ [P(t)+3R(t)]−Θ1(t)◇Θ2(t)

2k2α
√

Q(t)◇ [P(t)+3R(t)]◇ [E◇
α [Ξ1(x, t)]−1]

+
4k2α

[E◇
α [Ξ1(x, t)]−1]◇2 , (25)

V1(x, t,z)

=
11
√

Q(t)◇Θ1(t)◇ [5+11P(t)+(2R(t)−P(t)−7)◇R(t)]
16[(5+P(t,z))◇P(t)+(15+P(t)−6R(t))◇R(t)]

+
5Θ2(t)◇ [5+P(t)+(P(t)−7)◇R(t)]

16[(5+P(t,z))◇P(t)+(15+P(t)−6R(t))◇R(t)]

+
( 2

Q(t)

(
−3
√

Q(t)◇Θ1(t)+Θ2(t)
)
◇
(
E◇

α [Ξ1(x, t)]−1
)

− 4√
Q(t)

◇Θ1(t)
)
◇
(
E◇

α [Ξ1(x, t)]−1
)◇(−2)

, (26)

with,

Θ1(t) = ik2α
√

P(t)+3R(t),

Θ2(t) = i
√

Q(t)◇ (P(t)+3R(t)),

and

Ξ1(x, t) = kx+(−1)1/α k3
∫ t

0

( p◇2(τ)

Q(τ)

)◇1/α

dτ + c1.

4.2. White noise functional solutions of generalized hyper-
bolic type

For P(t)◇Q(t) ̸= 0, the solutions of Eq. (2) are given by

U2(x, t) =
k2α R(t)◇ [(13−3kα)P(t)+10kα Q(t)]

2P(t)◇ [P(t)+ kα Q(t)]

− 3k3α R(t)
P(t)+ kα Q(t)

◇
(
coth◇α [Ξ2(x, t)]

±csch◇α [Ξ2(x, t)]
)◇(−2)

, (27)

U3(x, t) =
k2α R(t)◇ [(13−3kα)P(t)+10kα Q(t)]

2P(t)◇ [P(t)+ kα Q(t)]

− 3k3α R(t)
P(t)+ kα Q(t)

◇
(
tanh◇α [Ξ2(x, t)]

± isech◇α [Ξ2(x, t)]
)◇(−2)

, (28)

V2(x, t) =
3k2α R(t)

Q(t)
+

3k3α R(t)
P(t)+ kα Q(t)

◇
(
coth◇α [Ξ2(x, t)]

±csch◇α [Ξ2(x, t)]
)◇(−2)

, (29)

V3(x, t) =
3k2α R(t)

Q(t)
+

3k3α R(t)
P(t)+ kα Q(t)

◇
(
tanh◇α [Ξ2(x, t)]

± isech◇α [Ξ2(x, t)]
)◇(−2)

, (30)

with

Ξ2(x, t) = kx+
3
2

k3(kα −1)1/α

×
∫ t

0

( R(τ)◇P(τ)
P(τ)+ kα Q(τ)

)◇1/α

dτ + c2.

4.3. White noise functional solutions of generalized
trigonometric type

For P(t) ̸= 0, [683P(t) + 2048R(t)] ◇Q(t)◇(−1) > 0, the
solutions of Eq. (2) are given by

U4(x, t)=k2α

[32
3

+
kα

3+ kα P(t)
◇
(

16R(t)− 4093
384

P(t)
)]

+16k2α cot◇2
α [2Ξ3(x, t)], (31)
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U5(x, t)=k2α

[32
3

+
kα

3+ kα P(t)
◇
(

16R(t)− 4093
384

P(t)
)]

+16k2α tan◇2
α [2Ξ3(x, t)], (32)

V4(x, t)=
ik2α

4

√
6[683P(t)+2048R(t)]

Q(t)
◇ cot◇2

α [2Ξ3(x, t)],(33)

V5(x, t)=
ik2α

4

√
6[683P(t)+2048R(t)]

Q(t)
◇ tan◇2

α [2Ξ3(x, t)],(34)

with

Ξ3(x, t) = kx+
k3

(kα +3)1/α

×
∫ t

0

(
48R(τ)− 4093

128
P(τ)

)◇1/α

dτ + c3.

We observe that for different forms of P(t), Q(t), and

R(t), we can get different solutions of Eq. (2) from formulas
(25)–(34).

Example 1 Let W (t) = Ḃ(t) be the Gaussian white
noise, where B(t) is the Brownian motion. We have the Her-
mite transform W (t,z) = ∑

∞
i=1 zi

∫ t
0 ηi(s)ds. Since E◇

α [B(t)] =
Eα [B(t) − t2/2], we have tan◇α [B(t)] = tanα [B(t) − t2/2],
cot◇α [B(t)] = cotα [B(t)− t2/2], tanh◇α [B(t)] = tanhα [B(t)−
t2/2], coth◇α [B(t)] = cothα [B(t) − t2/2], sech◇α [B(t)] =

sechα [B(t) − t2/2], and csch◇α [B(t)] = cschα [B(t) − t2/2].
Suppose P(t) = R(t) = π1Q(t) and Q(t) = [ f (t)+π2W (t)]α ,
where π1,π2 are arbitrary constants and f (t) is integrable or
bounded measurable function on R+. Then the white noise
functional solutions of Eq. (2) are as follows:

U6(x, t) =
7k2α +1

2(Eα [Ψ1(x, t)]−1)
+

4k2α

(Eα [Ψ1(x, t)]−1)2 , (35)

V6(x, t)=− (11k2α+5)(5+π2
1 [ f (t)+π2W (t)]2α)+5π1(5k2α−6)[ f (t)+π2W (t)]α

8i
√

π1

(
20−4π1[ f (t)+π2W (t)]α

) +
4i
√

π1(1−3k2α)

Eα [Ψ1(x, t)]−1
− 8ik2α

√
π1

(Eα [Ψ1(x, t)]−1)2 , (36)

with

Ψ1(x, t) = kx+(−1)1/α k3
π

2/α

1

×
(∫ t

0
f (τ)dτ +π2B(t)− π2t2

2

)
+ c1,

U7(x, t) =
k2α π1(13−3kα)+10k3α

2π1 +2kα
− 3π1k3α

π1 + kα

×
(
cothα [Ψ2(x, t)]± cschα [Ψ2(x, t)]

)−2
, (37)

U8(x, t) =
k2α π1(13−3kα)+10k3α

2π1 +2kα
− 3π1k3α

π1 + kα

×
(
tanhα [Ψ2(x, t)]± isechα [Ψ2(x, t)]

)−2
, (38)

V7(x, t) = 3k2α
π1 +

3k3α π1

π1 + kα

(
cothα [Ψ2(x, t)]

± cschα [Ψ2(x, t)]
)−2

, (39)

V8(x, t) = 3k2α
π1 +

3k3α π1

π1 + kα

(
tanhα [Ψ2(x, t)]

± isechα [Ψ2(x, t)]
)−2

, (40)

with

Ψ2(x, t) = kx+
3
2

(
π2

1 (k
α −1)

π1 + kα

)
×
(∫ t

0
f (τ)dτ +π2B(t)− π2t2

2

)
+ c2,

U9(x, t) = k2α

(32
3

+
2051kα π1[ f (t)+π2W (t)]α

1152+384kα π1[ f (t)+π2W (t)]α

)
+16k2α cot2α [2Ψ3(x, t)], (41)

U10(x, t) = k2α

(32
3

+
2051kα π1[ f (t)+π2W (t)]α

1152+384kα π1[ f (t)+π2W (t)]α

)
+16k2α tan2

α [2Ψ3(x, t)], (42)

V9(x, t) =
ik2α

4

√
16386π1 cot2α [2Ψ3(x, t)], (43)

V10(x, t) =
ik2α

4

√
16386π1 tan2

α [2Ψ3(x, t)], (44)

with

Ψ3(x, t) = kx+ k3
π1

( 2105
kα +3

)1/α

×
(∫ t

0
f (τ)dτ +π2B(t)− π2t2

2

)
+ c3.

5. Summary and discussion

The anomalous motion of two weakly nonlinear water
wave modes with nearly coincident linear long-wave speeds
can be described by Eq. (1). If the problem is considered in
a random environment, we can get fractional random coupled
KdV equations. In order to give the exact solutions of random
coupled KdV equations, we only consider this problem in a
white noise environment, i.e., we investigate the Wick-type
stochastic fractional coupled KdV equation (2).

In Ref. [32] the author introduced a new method to look
for travelling wave solutions of NFDEs. This method is
called fractional sub-equation method, and it is based on the
homogeneous balance principle[30] and Jumarie’s Riemann–
Liouville derivatives.[28] Also, we remark that He et al.[33]

discussed the geometrical explanation of the fractional deriva-
tive and in Ref. [34] Ghany applied some results of com-
plex transformation to obtain exact solutions for stochas-
tic fractional Zakharov–Kuznetsov equations. Also, Ghany
and Hyder[35] studied the Cauchy problem for stochastic
Zakharov–Kuznetsov equation forced by a random term of ad-
ditive white noise type. Moreover, Fan et al.[36–39] proposed
and developed a sub-equation method which greatly exceeds
the applicability of the existing tanh, extended tanh methods,
and Jacobi elliptic function expansion method to construct
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a uniform series of exact solutions for the NPDEs includ-
ing polynomial, exponential, rational, trigonometric periodic
wave, hyperbolic, solitary wave, Jacobi and Weierstrass dou-
bly periodic wave types. More details about the sub-equation
method and exp-function method can be found in Refs. [30]
and [40]–[43].

The motivation of this paper is to use the modified frac-
tional sub-equation method to seek new exact solutions for the
variable coefficients fractional coupled KdV equations with
the modified Riemann–Liouville derivatives. These solutions
include the traveling wave-type solutions of generalized expo-
nential, hyperbolic, and trigonometric types. Then, with the
help of Hermite transform and white noise theory, we employ
these solutions to find new white noise functional solutions
for the stochastic fractional coupled KdV equations in a white
noise environment, especially in its Wick version.

The planner which we have proposed in this paper can be
used for solving several nonlinear fractional evolution equa-
tions, both deterministic and Wick-type stochastic. Note that
we have only discussed the solutions of stochastic fractional
coupled KdV equations driven by Gaussian white noise. There
is a unitary mapping between the Gaussian white noise space
and the Poisson white noise space. This connection was given
by Benth and Gjerde.[44] Hence, with the help of this connec-
tion, we can derive some Poisson white noise functional solu-
tions, if the coefficients P(t), Q(t), and R(t) are Poisson white
noise functions in Eq. (2). As α → 1 we have a new set of
exact travelling wave solutions and white noise functional so-
lutions for variable coefficients and Wick-type stochastic cou-
pled KdV equations with integer derivatives. Since the frac-
tional Riccati equation has other solutions if we select other
values of λ , µ , and ν , there are many other exact solutions of
the variable coefficients and Wick-type stochastic fractional
coupled KdV equations.
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