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Tunneling dynamics of superfluid Fermi gas in a triple-well potential∗
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The tunneling dynamics of superfluid Fermi gas in a triple-well potential in the unitarity regime is investigated in the
present paper. The fixed points of the (0,0) mode and the (π,π) mode are given. We find that the interaction parameter
U and the coupling strength k could have an extreme effect on the quantum tunneling dynamics. We also find that, in the
zero mode, only Josophson oscillation appears. However, for the π mode, the trapping phenomena take place. An irregular
oscillation of the particle number in each well could appear by adjusting the scanning period T . It is noted that if the
scanning period is less than a critical point T ∗, the particle number will come back to the fixed point with small oscillation,
while if T > T ∗ the particle number cannot come back to the fixed point, but with irregular oscillations. The dependence
of the critical point T ∗ on the system parameter of coupling strength k is numerically given.
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1. Introduction
In recent years, much attention has been paid to the dy-

namics of the ultracold atomic Fermi gas.[1–5] The main mo-
tivations for studying fermionic systems are in their many
respects complementary to the bosonic case. Many rele-
vant experiments have been carried out, focusing on the dy-
namic behavior of a Bardeen–Cooper–Schrieffer (BCS) to a
Bose–Einstein condensation (BEC) crossover with magnetic-
field-induced Feshbach resonance. In this technique, the s-
wave scattering length asc can be controlled with large varia-
tion from negative to positive, or crossover from a BCS su-
perfluid to a BEC of molecular pairs.[6,7] There have also
been major theoretical achievements for this superfluid sys-
tem, such as Josephson oscillation,[6–11] self-trapping,[12–17]

Rosen–Zener transition,[18,19] Landau–Zener transition,[1,20]

as well as interfere,[21–31] and so on.
In this paper, we study the tunneling dynamics of Fermi

gas in a triple-well system. As quantum tunneling can occur
between several wells simultaneously, the tunneling dynam-
ics in the triple wells would show more interesting behavior;
moreover, the study of the triple-well system would provide a
bridge between the simple double-well and the multi-well sys-
tem, helping us more in-depth study of the nature of the Fermi
gas.

We established a triple-well model based on the macro-
scopic superfluid hydrodynamic equation. Compared with
two-well system, more peculiar tunneling phenomena appear
due to the interaction of the atoms and the coupling strengths
among the three potential wells.

The present paper is organized as follows. In Section 2,

we show the basic equation. In Section 3, we study tunneling
phenomena from different phases. In Section 4, we give the
summary and discussion.

2. Basic equation
At extreme low temperatures, the dynamical collective

properties of a one-dimensional (1D) trapped superfluid Fermi
gas are expected to be properly described by the following
equation[8,32–36]

[
− 1

2
∂ 2

∂x2 +V (x)+µ− i
∂

∂ t

]
Ψ(x, t) = 0, (1)

where V (x) is the external potential acting on the fermions, µ

is the chemical potential, and Ψ(x, t) is the order parameter of
fermions.

The chemical potential for this system has been studied
by many researchers[10,11,37,38] which can be approximated by
µ = C0nγ0 where C0 = 4π h̄2asc/m, for the deep BEC regime
γ0 = 1, and the unitarity regime γ0 = 2/3, n is the particle den-
sity and m is the mass of the dimer.

For the triple-well system under mean-field approxima-
tion, the order parameter of the system Ψ(x, t) can be ex-
pressed as the superposition of individual wave functions in
each well,[6,39,40] i.e., Ψ(x, t) = ψ1(t)φ1(x) + ψ2(t)φ2(x) +
ψ3(t)φ3(x), where φ1(x), φ2(x), and φ3(x) are the spatial
mode functions, ψ1(t), ψ2(t), and ψ3(t) are the probabil-
ity amplitude in three wells respectively. In general, the
functions ψ1,2,3(t) are complex and satisfy the condition:
|ψ1,2,3(t)|2 = N1,2,3(t), the total particle number is given by
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|ψ1(t)|2 + |ψ2(t)|2 + |ψ3(t)|3 = N1(t) + N2(t) + N3(t) = N.
Then the following equations should be obtained

iψ̇1 = E1ψ1 +U1Nγ0
1 ψ1− k12ψ2− k13ψ3, (2)

iψ̇2 = E2ψ2 +U2Nγ0
2 ψ2− k12ψ1− k23ψ3, (3)

iψ̇3 = E3ψ3 +U3Nγ0
3 ψ3− k13ψ1− k23ψ2, (4)

where

Ei =
1
2

∫ (
∂φi

∂x

)2

dx+
∫

V (x)φi(x)φ j(x)dx

is the zero-point energies in each well, and

ki, j =
1
2

∫ (
∂φi

∂x
∂φ j

∂x

)
dx+

∫
V (x)φi(x)φ j(x)dx,

(i= 1,2,3, j = 1,2,3) is the coupling strength between the i-th
well and the j-th well, Ui = C0

∫
φ

2γ0+2
i (x)dx, (i = 1,2,3) is

the nonlinear parameter depending on the atomic interaction
in wells 1,2,3 respectively.

By writing the wave ψ1,2,3(t) in terms of its amplitude√
N1,2,3 and phase θ1,2,3, ψ1,2,3(t) =

√
N1,2,3 e iθ1,2,3 , we define

ϕ1 = θ2−θ1, ϕ2 = θ3−θ2 and letting ki j = k,Ui =U,Ei = E,
we then obtain

Ṅ1 = −2k
√

N1N2 sinϕ1−2k
√

N1N3 sin(ϕ1 +ϕ2), (5)

ϕ̇1 = U(Nγ0
1 −Nγ0

2 )− k
(√

N2

N1
−
√

N1

N2

)
cosϕ1

+k

√
N3

N2
cosϕ2− k

√
N3

N1
cos(ϕ1 +ϕ2), (6)

Ṅ2 = 2k
√

N1N2 sinϕ1−2k
√

N2N3 sinϕ2, (7)

ϕ̇2 = U(Nγ0
2 −Nγ0

3 )− k
(√

N3

N2
−
√

N2

N3

)
cosϕ2

+k
√

N1

N3
cos(ϕ1 +ϕ2)− k

√
N1

N2
cosϕ1, (8)

N3 = N−N1−N2. (9)

3. Fixed points analysis
We now focus our attention on the unitarity regime, in

which the s-wave scattering length is large enough. Accord-
ing to the adiabatic theorem, the characters of the tunneling
probabilities should be entirely determined by the eigenstates
properties which correspond to the stability of the fixed points
in the classical Hamiltonian. So we study the fixed points of
Eqs. (5)–(9).

The fixed points can be obtained from Eqs. (5)–(9) by
letting Ṅ1 = 0, ϕ̇1 = 0, Ṅ2 = 0, ϕ̇2 = 0. The fixed points
are: (ϕ f

1,ϕ
f
2) = (0,0),(π,π),(0,π),(π,0). For the case of

(ϕ f
1,ϕ

f
2) = (0,0), the population imbalance has a trivial so-

lution of (Nf
1,N

f
2) = (1/3,1/3), but for the other cases, Nf

1,N
f
2

have a nontrivial solution. There are three cases of the non-
trivial solution corresponding to the fixed points (ϕ f

1,ϕ
f
2) =

(π,π),(0,π),(π,0). These three cases are similar, therefore,
we choose a typical case of (π,π) mode as an example of non-
trivial solution. So in the following we only study the case of
both (0,0) mode and (π,π) mode.

3.1. Zero (0,0) mode

As is well known, the double wells or triple wells of-
fer a powerful tool to study the quantum tunneling phenom-
ena since almost every parameter, i.e., the inter-well tunneling
strength, on-site interaction strength, and also the energy bias
between the two wells, can be tuned experimentally. Due to
this reason, we study how the on-site interaction strength af-
fects the tunneling phenomena among the three wells. We now
assume that the on-site interaction parameter changes with
time linearly as follows: U = αt, where α is the sweeping
rate. We exploit 4-5th Runge–Kutta algorithm and numeri-
cally solve Eqs. (5)–(9). The results are shown in Fig. 1, where
the initial conditions are N1 = 0.38, N2 = 0.32.

It is noted from Fig. 1 that the evolution of the pop-
ulations in the three wells oscillates around the fixed point
(Nf

1,2,3 = 1/3). It indicates that the oscillation amplitude in-
creases, while the frequency of the oscillation approximately
remains unchanged as the difference between initial value and
the fixed point (Ni−Nf

i ), (i= 1,2,3) increases. In other words,
the mean population difference between wells is zero.
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Fig. 1. (color online) The time evolution of the population and the cor-
responding fixed points.

The oscillation frequency can be approximately obtained
by the following procedure. We introduce the infinitesimal
variables of δ1,δ2,α1,α2 by N1 = Nf

1 + δ1, ϕ1 = ϕ f
1 + α1,

N2 = Nf
2 + δ2, and ϕ2 = ϕ f

2 +α2, where Nf
1,ϕ

f
1,N

f
2,ϕ

f
2 are the

fixed points. By substituting them into Eqs. (5)–(9), we obtain
the following equations

δ̇1 =−
4
3

kα1−
2
3

kα2, (10)

α̇1 =

(
2
3

31/3U +
9
2

k
)

δ1 +

(
− 2

3
31/3U− 9

2
k
)

δ2, (11)

δ̇2 =
2
3

kα1−
2
3

kα2, (12)

α̇2 =

(
2
3

31/3U +
9
2

k
)

δ1 +

(
4
3

31/3U +9k
)

δ2. (13)
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Based on the above equations and set α1 = α2 = eλ t , we ob-
tain

λ
2 =−

(
4
3

31/3Uk+9k2
)
. (14)

We then obtain the THE oscillation frequency as follows:

ω =

√
4
3

31/3Uk+9k2. (15)

It is easy to note that the oscillation frequency increases
as U increases. We note from Fig. 2 that the analytical results
are in good agreement with the numerical ones.
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Fig. 2. (color online) The oscillation frequency change with the varia-
tion of U for the analytical (line) and the numerical solution (dot).

3.2. πππ mode

In this section, we study the tunneling phenomena of
(π,π) mode. The dependence of the fixed point on the in-
teraction parameter U is shown in Fig. 3. The red line refers
to the second well and the blue lines refer to the first and the
third wells.
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Fig. 3. (color online) The evolution of fixed point on U .

It is noted from Fig. 3 that the number of the fixed point
depends on the interaction parameter U . If U is less than a
critical value U∗, i.e., U < U∗, there is only one fixed point,
however, if U >U∗, a new fixed point appears. It is also noted
that the values of the fixed points depend on the interaction pa-
rameter U . The particle number in each well is not equal to the

mean value of 1/3. The tunneling phenomena in three wells
take place. It is completely different from the (0,0) mode in
which case the mean number in each well equals to 1/3.

We assume that U changes adiabatically with time in the
form of U = αt, where α is a small parameter. For the adia-
batic limit, the value of α should satisfy α� 1, there are many
research studies in BECs.[20,35,40] In the present Fermi gas, we
have taken many values of α in the range of α < 1, and we
found that U also changes adiabatically when α = 0.1, so in
the present paper, we take α = 0.1 as an example. The evo-
lution of the particle numbers (N1,N2,N3) in three wells are
shown in Fig. 4 and Fig. 5.

Figure 4 shows the results of the case in which the initial
values of N1, N2, and N3 are close to their corresponding fixed
points, while figure 5 is the case in which the initial values
of N1, N2, and N3 are not close to their corresponding fixed
points. It is noted that the less the difference between initial
values of N1, N2, N3 and the corresponding fixed points Nf

1,
Nf

2, Nf
3, the less the differences of Ni(t)−Nf

i (t), i = 1,2,3. at
the time t.
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Fig. 4. (color online) The time evolution of probability of particles
(solid line), and the corresponding fixed points Nf

1,2,3 (dashed line).
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Fig. 5. (color online) The time evolution of probability of particles
(solid line), and the corresponding fixed points Nf

1,2,3 (dashed line).

In order to further understand these phenomena, we de-
fine a function as follows:

∆ = Σ |Nt
i −Nf

i |, (16)
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where Nf
i refers to the value of a fixed point for the i-th well

at time t, Nt
i refers to the value of a real particle number at

time t in the i-th well. The dependence of ∆ on the initial
value of ∆ |t=0 = N0

i −Nf
i (0) is shown in Fig. 6. It is observed

that as the initial value of ∆ |t=0 increases, the mean difference
between particle number and its corresponding fixed point at
time t in each well increases.
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0.030
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0
0.03 0.09 0.15

N1↩N1
0 f

∆

∆1

∆2

∆3

Fig. 6. (color online) The function ∆ versus N0
1 −Nf

1, where k = 0.3.
The black, red, and blue lines correspond to the first, second, and third
wells, respectively.

In this section we also study the effect of variation of the
interaction parameter U on the tunneling probability between
wells, however, we assume that U changes with time t in dif-
ferent forms as follows:

U = a0 +a1 sin(πt/T ), (17)

where, we set a0 = 9.0, a1 =−8.5. This ensures that the final
value of the interaction parameter U returns to the initial value
after the evolution of the period of time.

We take the fixed point as an initial value of the parti-
cle number in each well. Then we observe the dependence of
the particle number in each well on time as U changes with
time t in the form of Eq. (17). It is shown in Fig. 7 that, in
the adiabatic limit, i.e., T = 200� 1, the particle number is
close to the fixed point in each well until it reaches a criti-
cal point (t = t∗) in which there is a discontinuity of the crit-
ical point. However, when t > t∗ the particle number in each
well (N1,N2,N3) oscillates regularly with large amplitude un-
til it reaches another critical point t = t∗∗ at which the system
comes back to its fixed point, but N1,N2,N3 oscillate around
their corresponding fixed points with much smaller amplitude.

Similar results are shown in Fig. 8 where T = 1500. How-
ever, an obvious difference is observed between Fig. 7 and
Fig. 8. In Fig. 8 the oscillations when t � t∗ are irregu-
lar (t = t∗ corresponds to U = U∗), especially when t � t∗∗

(t = t∗∗ also corresponds to U = U∗) the oscillations may be
more irregular. From our numerical results, we find that there
is a critical point T ∗. If T < T ∗ the oscillation is regular,

namely, if t > t∗∗ the particle numbers in three wells oscil-
late around the fixed points with small amplitude. If T > T ∗

the oscillation is irregular, or the particle numbers in the three
wells do not oscillate around the fixed points but with irregular
pattern if t > t∗∗.
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Fig. 7. (color online) The time evolution of probability of particles
(solid line), and the corresponding fixed points Nf

1,2,3 (dashed line).
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Fig. 8. (color online) The evolution of probability of particles with time
(solid line), and the corresponding fixed points Nf

1,2,3 (dashed line).

The dependence of the critical point T ∗ on k is shown in
Fig. 9. We can see that the critical value T ∗ decreases as k
increases.
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 *

k
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irregular oscillation

Fig. 9. The dependence of the critical value T ∗ on parameter k.

We have studied the tunneling dynamics of the superfluid
Fermi gas in a triple-well system in the unitarity regime. Sim-
ilar results can be obtained in the deep BEC regime.
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In the deep BEC regime, the evolutions of fixed points
with interaction parameter U are similar to the unitarity
regime, the only difference is the critical interaction for the
change of fixed points. In this case, the tunneling phenomenon
is also similar to the unitarity regime, so we do not repeat the
processes further.

4. Conclusion
In the present paper, we have investigated the tunneling

dynamics of the Fermi gas in a triple-well in the BEC regime
and unitarity regime. We find the interaction parameter U and
the parameter of coupling strength k could affect the quantum
tunneling. By analyzing the fixed points of the quantum sys-
tem, the two corresponding phases, that is, the zero mode and
π mode, are explored in depth. We found, in the zero mode,
the probability of particles in each well oscillates around the
fixed point, the dependence of these phenomena on the fixed
points in three wells is also evident. For the π mode, we found
that different initial values result in different tunneling behav-
iors, and irregular oscillations can be controlled by adjusting
T . We also give the relationship between critical T ∗ and k
for the tunneling and irregular oscillations. The present results
would help us to give deep insight into the dynamics of the
superfluid Fermi gas in triple wells. We hope our study will
stimulate experiments in this direction.
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