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Relation between initial conditions and entanglement sudden
death for two-qubit extended Werner-like states∗
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In this paper, the dynamical behavior of entanglement of an uncoupled two-qubit system, which interacts with inde-
pendent identical amplitude damping environments and is initially prepared in the extended Werner-like (EWL) states, is
investigated. The results show that whether entanglement sudden death (ESD) of an EWL state will occur or not depends
on initial purity and concurrence. The boundaries between ESD states and ESD-free states for two kinds of EWL states are
found to be different. Furthermore, some regions are shown where ESD states can be transformed into ESD-free states by
local unitary operations.
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1. Introduction
Entanglement has been generally recognized as a crucial

resource in quantum information and quantum computation.[1]

It plays an essential role in various kinds of quantum infor-
mation processing, including quantum state teleportation,[2]

quantum cryptography,[3] quantum error correction,[4] quan-
tum computational speed-up,[5] etc. Much attention has been
paid to the study of entanglement, and the relation between
entanglement and other measures of quantumness[6–9] is con-
cerned lately. For an actual physical system, the fact that
entanglement is fragile due to inevitable interaction between
the system and its surrounding environment becomes the main
limitation of achievement of quantum protocols. Recently, an
extraordinary phenomenon that entanglement disappears com-
pletely at a finite time,[10–12] known as ESD,[13] is widely
concerned. On the one hand, existence of ESD has been ex-
tensively demonstrated. ESD of a system, which consists of
interacting[14–16] or non-interacting[17–19] entangled partners
and is disturbed by common[20–22] or independent[23–26] am-
plitude damping noise,[10,27] phase damping noise,[28,29] or
others,[30] has been found. On the other hand, it is important to
avoid ESD in practice so that quantum information processing
and quantum computation tasks based on entanglement can
be successfully accomplished. Many methods have been pro-
posed to delay or defeat ESD.[31,32] From a new perspective,
Qian and Eberly[33] recently investigated the connections be-
tween ESD and initial conditions of a generic ESD-susceptible
Bell superposition state, and obtained the phase boundaries be-
tween ESD states and ESD-free states in terms of initial pa-
rameters.

The extended Werner-like (EWL) states[34] are im-

portant physical states, and they can reduce to Bell-like
states and Werner states,[35] which can be determined
nondestructively[36] and are important in quantum informa-
tion processing and quantum computation.[37] It is necessary
to discuss the question of whether ESD of a two-qubit EWL
state under amplitude noise will occur or not via initial pa-
rameters. In this paper, the relation between ESD and initial
conditions for two kinds of EWL states is investigated. The
phase boundaries between ESD states and ESD-free states are
considered in terms of initial purity and concurrence. Further-
more, as indicated by Anna Jamróz, disentanglement time of
some pure initial states and Werner states can be changed by
local unitary operations,[38] and we find the regions formed by
some EWL states where ESD state can be transformed into
ESD-free state by local unitary operations, which generalizes
Anna Jamróz’s results.

This paper is organized as follows. In Section 2, ini-
tial states and concurrence are introduced. The entanglement
evolution of a two-qubit system under amplitude noise is dis-
cussed in Section 3. The phase boundaries between ESD states
and ESD-free states are shown in Section 4. In Section 5, re-
gions where ESD can be avoided by local unitary operations
are given. Finally, a short conclusion is presented in Section 6.

2. Initial states and concurrence
A two-qubit system is initially prepared in two kinds of

EWL states,[34]

ρφ (0) = r|φ〉〈φ |+ 1− r
4

𝐼,

ρψ(0) = r|ψ〉〈ψ|+ 1− r
4

𝐼, (1)
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where r indicates the purity of initial states and 𝐼 is a 4× 4
identity matrix. The states

|φ〉=
√

1− x2|01〉+ x|10〉,
|ψ〉=

√
1− x2|00〉+ x|11〉 (2)

are the Bell-like states with 0 ≤ x ≤ 1, and x measures their
degree of entanglement. It is obvious that the states defined by
Eq. (1) reduce to Werner states for x = 1/

√
2 and to Bell-like

states for r = 1.
The concurrence[39] is used to quantify the amount of en-

tanglement of a two-qubit system. Its expression is

C = max{0,
√

λ1−
√

λ2−
√

λ3−
√

λ4}, (3)

where λi, i = 1,2,3,4 are the eigenvalues of the matrix 𝜌̃ =

𝜌(𝜎y⊗𝜎y)𝜌
∗(𝜎y⊗𝜎y) in decreasing order. Here 𝜌 is a two-

qubit state, 𝜌∗ is the complex conjugation of 𝜌, and 𝜎y is the
well-known Pauli matrix. It is found that the concurrence of
“X” states, i.e.

𝜌X =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0

ρ41 0 0 ρ44

 , (4)

can be simply given by their density matrix elements,[40]

CX = 2max{0, |ρ14|−
√

ρ22ρ33, |ρ23|−
√

ρ11ρ44}. (5)

Obviously, the two kinds of EWL states given by Eq. (1) are
“X” states. Then, the initial concurrence of the system can be
easily obtained from Eq. (5),

Cφ (0) =Cψ(0) = 2max
{

0,
(

1
4
+ x
√

1− x2

)
r− 1

4

}
. (6)

From Eq. (6), one can find that entanglement exists for ini-
tial states only if r > 1/3. Therefore only initial states with
1/3 < r ≤ 1 are considered in the following discussion.

3. The dynamics of entanglement
For a system consisting of two uncoupled qubits and in-

teracting with two independent identical amplitude damping
environments, given an initial state ρ(0), its evolution can be
written as

𝜌(t) = ∑
α,β

𝐸α,β ρ(0)𝐸†
α,β , (7)

where 𝐸α,β = 𝐸α ⊗ 𝐸β and α,β = 1,2[41] satisfy
∑α,β 𝐸

†
α,β𝐸α,β = 𝐼 for all t. The Kraus operators 𝐸1 and

𝐸2 are given by

𝐸1 =

(
1 0
0
√

1− γ

)
, 𝐸2 =

(
0
√

γ

0 0

)
, (8)

with γ = 1− e−Γ t .

Let p(t) = 1 − γ , substituting p for p(t), in the ba-
sis {|00〉, |01〉, |10〉, |11〉}, two kinds of EWL states given by
Eq. (1) evolve to

𝜌φ (t) =


A 0 0 0
0 B E 0
0 E C 0
0 0 0 D

 (9)

and

𝜌ψ(t) =


F 0 0 E
0 G 0 0
0 0 G 0
E 0 0 H

 , (10)

with

A =
1
4
(−rp2 + p2−4p+4),

B =
1
4

p(−4rx2 + rp− p+2r+2),

C =
1
4

p(4rx2 + rp− p−2r+2),

D =
1
4
(1− r)p2,

E = rpx
√

1− x2,

F = rx2 p2−2rx2 p− 1
4

rp2 + rp+
1
4

p2− p+1,

G = −rx2 p2 + rx2 p+
1
4

rp2− 1
2

rp− 1
4

p2 +
1
2

p,

H = rx2 p2− 1
4

rp2 +
1
4

p2. (11)

From Eq. (5), the expression of concurrence for these states at
t can be obtained

Cφ (t) = 2max
{

0,rpx
√

1− x2

− 1
4

p
√

(−rp2 + p2−4p+4)(1− r)
}
, (12)

Cψ(t) = 2max
{

0,rpx
√

1− x2

− 1
4

p|2− p−2r+ pr+4(1− p)rx2|
}
. (13)

Figure 1 shows the entanglement evolution for two kinds
of EWL-states with fixed r. Both ESD states and ESD-free
states are found. Obviously, the boundaries which separate
ESD states from ESD-free states in Figs. 1(a) and 1(b) are dif-
ferent for fixed r. Do ESD states and ESD-free states always
exist for initial entangled EWL states with arbitrary purity?
What difference is there for boundaries of two kinds of EWL
states in terms of initial purity and concurrence? We will give
answers in the next section.
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Fig. 1. The dynamics of entanglement for two kinds of EWL states.
Cφ (t) (a) and Cψ (t) (b) as a function of the quantities p(t) and x with
r = 0.75. The black base-plane shows the region where ESD has already
occurred.

4. Relation between initial conditions and ESD
In this section, ESD of two kinds of EWL-states is in-

vestigated in terms of initial purity and concurrence, and the
boundaries which separate ESD states from ESD-free states
are discussed.

4.1. System in initial states ρφ (0)ρφ (0)ρφ (0)

We characterize the phenomenon of ESD for entire initial
entangled states ρφ (0) in terms of r and Cφ (0). C0 will be used
to replace Cφ (0) in this subsection. From Eq. (6) one can find

x2 =
1
2
−
√

3r2 +4C0r+2r− (2C0 +1)2

4r
,

0≤ x≤ 1√
2
, (14)

x2 =
1
2
+

√
3r2 +4C0r+2r− (2C0 +1)2

4r
,

1√
2
< x≤ 1. (15)

That is to say, corresponding to given C0 and r, there are two
different EWL states ρφ (0). On the other hand, substituting
Eqs. (14) and (15) into Eq. (12), one can easily obtain

Cφ (t) = 2max
{

0,
p
4
(2C0− r+1)

− 1
4

p
√
(−rp2 + p2−4p+4)(1− r)

}
, (16)

which means that the dynamical behaviors of entanglement of
two different initial states with fixed C0 and r are the same.

The condition when Cφ (t) becomes zero requests

p =
2−
√

4C2
0 +4C0(1− r)+(1+ r)2

1− r
, (17)

and ESD occurs only if 0 < p < 1. Thus, one immediately
obtains the region where ESD will occur

1
3
< r <−1+2C0 +2

√
1−2C0. (18)

In addition, from Eq. (6), it is easy to obtain C0 ≤ 3r/2−1/2
due to 0≤ x≤ 1, thus

r ≥ 2
3

C0 +
1
3
. (19)

Figure 2 is obtained by using Eqs. (18) and (19), and it
is the phase diagram of entire initial entangled EWL states
ρφ (0) in terms of initial concurrence C0 and purity r. In
the figure, the dashed line r = −1 + 2C0 + 2

√
1−2C0 sep-

arates ESD states from ESD-free states; the thick solid line
r = 2C0/3+ 1/3 represents states with maximal concurrence
when purity r is fixed, in fact, Werner states with x = 1/

√
2;

the dot–dashed line represents Bell-like states |φ〉 with r = 1.
It is obvious that from the figure, there is no ESD for Bell-like
states, and for Werner states, ESD occurs only if 1/3 < r <
(−1+

√
5)/2. Moreover, ESD always exists for part of EWL

states with initial purity less than (−1+
√

5)/2. It is necessary
to mention that a point in the region above the thick solid line
represents two different states ρφ (0) via previous discussions.

0 1

1

1/3

C

r

ESD free

ESD

Fig. 2. Entanglement phase diagrams of entire initial entangled states
ρφ (0) in terms of initial concurrence C0 and purity r. The ESD states
and ESD-free states are separated by the dashed line r = −1+ 2C0 +
2
√

1−2C0. The dot–dashed line represents Bell-like states, and the
thick solid line Werner states.

4.2. System in initial states ρψ(0)ρψ(0)ρψ(0)

The relation between ESD and initial conditions for entire
initial entangled states ρψ(0) in terms of r and Cψ(0) is dis-
cussed in this subsection. C0 replaces Cψ(0) here. Substituting
Eqs. (14) and (15) into Eq. (13) yields
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Cψ(t) = 2max
{

0,
p[2C0− (1− p)(1+ r−

√
4r2− (1+2C0− r)2)]

4

}
, 0≤ x≤ 1√

2
, (20)

Cψ(t) = 2max
{

0,
p[2C0− (1− p)(1+ r+

√
4r2− (1+2C0− r)2)]

4

}
,

1√
2
< x≤ 1. (21)

Two different EWL states ρψ(0) also exist for given C0

and r due to Cφ (0) = Cψ(0). However, equations (20) and
(21) show that the entanglement evolution of different initial
states ρψ(0) with fixed C0 and r is different.

The initial entangled states request r to satisfy the con-
dition shown in Eq. (19) also. However, the time when Cψ(t)
becomes zero is quite different from the one when Cφ (t) equals
zero. From Eqs. (20) and (21), when Cψ(t) is zero, p can be
given by

p = 1− 2C0

1+ r−
√

4r2− (1+2C0− r)2
,

0≤ x≤ 1√
2
, (22)

p = 1− 2C0

1+ r+
√

4r2− (1+2C0− r)2
,

1√
2
< x≤ 1. (23)

One can find that the values of p are always between zero
and one for initial states in the region 1/

√
2 < x ≤ 1, which

means there must be ESD, while the existence of ESD for
states bounded in another region 0≤ x≤ 1/

√
2 needs

1
3
< r <−2C0 +

√
1+8C2

0 . (24)

Equations (19) and (24) lead to the phase diagram in
Fig. 3 in terms of initial concurrence C0 and purity r for initial
states ρψ(0) in the region 0 ≤ x ≤ 1/

√
2. The dashed line

r = −2C0 +
√

1+8C2
0 separates ESD states from ESD-free

states. The thick solid line again represents Werner states with
x = 1/

√
2. The dot–dashed line represents Bell-like states |ψ〉

0 1

1

1/3

C

r

ESD free

ESD

Fig. 3. Entanglement phase diagrams of part of initial entangled states
ρψ (0) (0 ≤ x ≤ 1/

√
2) in terms of initial concurrence C0 and purity r.

The ESD states and ESD-free states are separated by the dashed line

r =−2C0 +
√

1+8C2
0 . The dot–dashed line represents Bell-like states,

and the thick solid line Werner states.

with r = 1. It is clear that ESD does not exist for Bell-like
states with 0 ≤ x ≤ 1/

√
2. However, ESD always occur for

Werner states with 1/3 < r < 1.

5. Transformation induced by local unitary op-
erations
For some pure initial states and Werner states, Anna

Jamróz showed a possibility of changing disentanglement time
by local unitary operations.[38] In this section, we demonstrate
that regions formed by some EWL states exist where the orig-
inal ESD states can be transformed into ESD-free states by
local unitary operations.

1

2

3

4

0 1

1

1/3

C

r

Fig. 4. Overlapped entanglement phase diagrams of entire initial en-
tangled states ρφ (0) and part of initial entangled states ρψ (0) (0 ≤
x ≤ 1/

√
2) in terms of initial concurrence C0 and purity r. The dotted

line is described by r = −1+2
√

1−2C0 +2C0 and the dashed line by

r =−2C0 +
√

1+8C2
0 . The dot–dashed line represents Bell-like states,

and the thick solid line Werner states.

Figure 4 has overlapped Figs. 2 and 3. According to dis-
cussions in the previous section, one can easily find that there
are parts of Bell-like states |ψ〉 (i.e. 1/

√
2< x≤ 1) and Werner

states ρψ with x = 1/
√

2 (i.e. (−1+
√

5)/2 ≤ r ≤ 1), which
are ESD states and can be transformed into ESD-free states
by a local unitary operation (𝑈 = 𝜎x

1⊗𝐼2). This is consistent
with Jamróz’s results. Furthermore, the conclusion can also
be applied to states situated in the areas marked as 2 and 3
in Fig. 4. For example, we choose an initial state ρ1 = ρφ (0)
with r = 4/5, x =

√
15/4, which is in area 2. From Eq. (17), it

is easy to obtain p≈ 0.253 when Cρ1(t) is zero, which means
ESD occurs. After the local unitary operation 𝑈 on ρ1, it turns
to ρ2 = ρψ(0) with r = 4/5, x = 1/4, and

Cρ2(t) =
1
5

e−2Γ t +

√
15−3
10

e−Γ t
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is always positive. In addition, since local unitary operations
do not change purity and concurrence of a system, ρ1 and ρ2

are described by the same point in Fig. 4, i.e., ρ2 is in area 2,
thus, the local unitary operation has transformed an ESD state
into an ESD-free state.

6. Conclusion
In conclusion, we have studied the dependence of ESD on

initial purity and concurrence for two kinds of EWL states sub-
ject to an amplitude damping environment. Both ESD states
and ESD-free states have been found for these two kinds of
states. The boundaries which separate ESD states from ESD-
free states have been explicitly described by equations with
initial purity and concurrence. This result can provide guide-
lines for choosing a proper initial state for certain quantum
information processing and quantum computation based on a
quantum entangled system under noise. It is demonstrated that
boundaries for two kinds of EWL states are different. The rea-
son is as follows. Two states ρφ (0) and ρψ(0) with fixed r
and C0 possess different non-zero density matrix elements, and
evolution of different density matrix elements under amplitude
damping is also different. Thus, entanglement evolution of
these two states is different. In fact, the two kinds of states are
locally unitary-equivalent, therefore, the differences in bound-
aries allow one to transform an ESD state into an ESD-free
one by a local unitary operation. This result may be useful
to avoid ESD in quantum information processes and quantum
computation.
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