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In the presence of spin and pseudospin (p-spin) symmetries, the approximate analytical bound states of the Dirac
equation for scalar—vector—tensor Hulthén potentials are obtained with any arbitrary spin—orbit coupling number K using
the Pekeris approximation. The Hulthén tensor interaction is studied instead of the commonly used Coulomb or linear
terms. The generalized parametric Nikiforov—Uvarov (NU) method is used to obtain energy eigenvalues and corresponding
wave functions in their closed forms. It is shown that tensor interaction removes degeneracy between spin and p-spin

doublets. Some numerical results are also given.
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1. Introduction

One of the most important concepts for understanding the
traditional magic numbers in stable nuclei is the spin symme-
try breaking.['#! On the other hand, the pseudospin (p-spin)
symmetry was observed originally almost 40 years ago as a
mechanism to explain different aspects of the nuclear struc-
ture, which is one of the most interesting phenomena in the
relativistic quantum mechanics. Within the framework of the
Dirac equation, the p-spin symmetry is used to feature de-
formed nuclei and superdeformation and also to establish an
effective shell-model.[*-®! However, spin symmetry is relevant
to mesons.[°! The spin symmetry occurs when the difference
between the scalar S(r) and vector V (r) potentials is constant,
i.e., A(r) = Cs and the p-spin symmetry occurs when the sum
of the scalar and vector potentials is constant, i.e., X(r) =
Cps.[lo’“] The p-spin symmetry refers to a quasi-degeneracy
of single nucleon doublets with non-relativistic quantum num-
ber (n,l, j=1+1/2)and (n—1,1+42, j=1+3/2), wheren, I,
and j are single nucleon radial, orbital, and total angular quan-
tum numbers, respectively.!'>!3] The total angular momentum
j=1I+§with [ =1[+1is a pseudo-angular momentum and §
is p-spin angular momentum. 48] For more reviews of the
p-spin symmetry, readers can refer to the very recent work !
and the references therein. In Ref. [19], authors explored the
origin of the p-spin symmetry and its breaking mechanism by
combining the supersymmetry quantum mechanics, perturba-
tion theory and similarity renormalization group method. Ten-
sor potentials were introduced into the Dirac equation with the
substitution p — p —im@p - U (r) and a spin—orbit coupling

20,21

was added to the Dirac Hamiltonian.?%2!1 For more reviews of

tensor interaction, readers can refer to Refs. [22]-{29] in which
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authors used different potentials and different kinds of tensor
potential like Coulomb and linear ones, but here we study a
tensor potential in the Hulthén form.

The Hulthén potential has the form

e—Sr

v(r) = 7v01—7e*5f’ €))
where & is the screening parameter which is used for deter-
mining the range of the Hulthén potential; the parameter vq
represents §Ze?, with Ze being the charge of the nucleon. 3!
The intensity of the Hulthén potential is denoted by vo under
the condition of 0 > 0. This potential has been used in sev-
eral branches of physics and its discrete and continuum states
have been studied by a variety of techniques such as the al-
gebraic perturbation calculations which are based on the dy-
namical group structure SO(2,1),3! the formalism of super-
symmetric quantum mechanics within the framework of the
variational method,*?! the supersymmetry and shape invari-
ance property,!*3] the asymptotic iteration method,3*33! the
Nikiforov—Uvarov (NU) method,*®! and the approach pro-
posed by Biedenharn for the Dirac—Coulomb problem. 37-38]

Ikhdair and Sever!!*! obtained the energy eigenvalues and
wave functions of the Dirac particle in the field of the scalar
and vector Hulthén potentials including a Coulomb-like ten-
sor interaction. The motivation of this work is to obtain the
energy eigenvalues and wave functions of the Dirac particle in
the fields of the scalar and vector Hulthén potentials including
a Hulthén tensor interaction in view of spin and p-spin sym-
metries.

The rest of this paper is organized as follows. In Sec-
tion 2, we briefly introduce the Dirac equation with scalar,
vector, and tensor potentials with arbitrary spin—orbit coupling
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number ¥ including tensor interaction under spin and p-spin
symmetric limits. The generalized parametric NU method is
presented in Section 3. The energy eigenvalue equations and
corresponding wave functions in terms of the Jacobi polyno-
mials are obtained in Section 4. We also give some remarks
and numerical results in this section. We end with a conclusion
in Section 5.

2. Dirac equation including tensor coupling

The Dirac equation for fermionic massive spin-1/2 par-
ticles moving in attractive scalar S(r), repulsive vector V(r),
and tensor U (r) potentials is (in units i =c = 1)

[a-p+B(M+S(r))—iBec-fU (r)]y(r)=[E-V(r)]y(r), (2)
where E is the relativistic energy of the system, p = —iV is
the three-dimensional momentum operator, and M is the mass

of the fermionic particle. Further, a and 3 are the 4 x 4 Dirac
matrices given by

- (2)5-(3%) o

where I is 2 x 2 unitary matrix and o are three-vector spin
matrices

m—(?é), ca—(?‘oi), 63—<(1)_01>~ @)

The total angular momentum operator J, and the spin—orbit
K = (6-L+1), where L is orbital angular momentum of
the spherical nucleons, commutes with the Dirac Hamilto-
nian. The eigenvalues of the spin—orbit coupling operator are

=(j+1/2)>0and k = —(j+1/2) < 0 for unaligned spin
j=1—1/2and the aligned spin j = [ + 1/2, respectively. (H?,
K, Jz, J;) can be taken as a complete set of the conservative
quantities. Thus, the spinor wave functions can be classified
according to their angular momentum j, spin—orbit quantum
number k, and the radial quantum number n written as fol-

lows:
Fuc(r) i
ll/nx( ) <an(r)) _ r jm(e (P) (5)
g”K(r) G”K(r) Yljm(ea (p)
where fy(7) is the upper (large) component and g, () is

the lower (small) component of the Dirac spinors. Ylj

v n(6:0)
and Yi.m(G,(p) are spin and p-spin spherical harmonics, re-

—(l+1)=
K=

spectively, and m is the projection of the angular momentum
on the z axis. Substituting Eq. (5) into Eq. (2) and using the
following relations

(- A)(o-B) =
(c-P)=o0o- r(r P+i

A-B+ic-(AxB), (6)
78, )

,
together with the following properties

(0 L)Y} (6.0) = (k= 1)Y},(6,9),

(0 L)Y}, (6.9) = —(k—1)Y},,(6,9),

(- P)Y}(6.0) = Y}, (6.9),

(7)Y}, (6,9) = =Y},(8,0), @®)
one obtains two coupled differential equations for upper and

lower radial wave functions F(r) and G, (r) as

Cg+EfUUD&AA:%M+Em*AU»Gm@a@@

(i_7+U<r>)GnK<> (M = Epc+Z(r))Fux(r), (9b)

A(r) =V(r)=S(r),
Z(r) =V(r)+S(r),
are the difference and the sum potentials, respectively. Elim-

inating F,«(r) and Gy« (r) from Egs. (9a) and (9b), we finally
obtain the following two Schrodinger-like differential equa-

(10a)
(10b)

tions for the upper and lower radial spinor components, re-

spectively:
2 r
[~ 5 2= S 0]t
(r)/dr
+m(a+* (7)) Fax(r)
= [(M+Euc—A(r))(M — EnK+2<r)>]F «(r), A
2 — r
[ - M 260 1 290 2] Gl
(r)/dr d «
m(E ?+U<r>)Gm<<’>
= [(M+Euc— A(N)(M = Eye + Z(r))] Gue(r),  (12)

where x(k —1) =I(I+1) and x(x + 1) = [( + 1). The quan-
tum number x is related to the quantum numbers for spin sym-
metry [ and p-spin symmetry [ as

1 1
*(jJrE) (s1/2, P32, ete.), j=1+7, aligned spin (k <0),

1 . 1 . .
+l=+(]+§) (P12, d3 2, etc.), j:l—i, unaligned spin (x > 0),

and the quasidegenerate doublet structure can be expressed in terms of a p-spin angular momentum § = 1/2

K=

N ]
+(+1)=+(j+3

. o1 .
_l:_<]+§) (51/27p3/27etc')a J

1
- X aligned p-spin (k < 0),

= 1
) (32, f52, etc.), j:l+§, unaligned p-spin (x > 0),
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where K = +1,£2,.... For example, (1s; /2, 0d3/3) and (1p3 5,
0fs /) can be considered as p-spin doublets.

2.1. The p-spin symmetric limit

1139401 showed that there is a connection be-

Ginocchio!
tween p-spin symmetry and the time component of a vec-
tor potential that is nearly equal to the scalar potential,
ie., S(r) ~ —V(r). Also, Meng et al.*'*’1 showed that if
d[V(r)+S(r)]/dr=dX(r)/dr =0 or Z(r) = Cps = constant,
p-spin symmetry is exact in the Dirac equation. In this part,
we take attractive scalar S(r), repulsive vector V(r), and ten-

sor U(r) potentials as

e—or e—0r
V(’):V0m7 S(”):*SOW, (13)
o0
U(r)=~Uor——5- (14)

and the difference between scalar and vector potentials be-

comes

e—6r

Ar) = Ap———,
(l") Ol_efﬁr

5)

where Ag = V) + So. Under this symmetry, from Eq. (12), one

obtains

> k(k—1) e o

£ —2kU
{dr2 r? K Or(lfe*‘gr)

e—5r e—25r

U 6( )

+o 1—e—9or + (1— efﬁr)z
) 6725r ~ efﬁr ~

U o P P |Gux(r) =0, 16)

where = E,c — M — Cps, and B2 = (M + Eyc) (M — Epgc + Cps).

Also, k= —land k =7+ 1 for k < 0 and ¥ > 0, respectively.

2.2. Spin symmetric limit

In the spin symmetry we require dA(r)/dr=0o0r A(r) =
Cs = constant!*4 and X(r) is expressed as

efér

() == (17)

e

where Xy = —(Sp — V). Then equation (11) becomes

d2 1 —or
[7 B k(k+1) A e
dr? r2 r(1—e=97)
e—é‘r e—25r

—Upd

0 (1 oo (1— e*5’)2)

efzﬁr 675r )

S RO e |Gux(r) =0, 18)

_Ug(l

where Y= M + E,x — Cs and B2 = (M — E ) (M + Epc — Cs).
Also, kK =1 and k = —/ — 1 for k < 0 and Kk > 0, respectively.

Because of the spin—orbit coupling term, equations (15)
and (16) cannot be solved analytically, so we shall use the

shifted approximation!?! in order to deal with the spin—orbit

coupling term as

1 5 67251"
r—2~6 (=2’ (19a)
or equivalently
1 e—8r
- —. 19b
r 1—edr (190)

The exponential numerator in Eq. (19) is expanded for small
values of r and higher order terms are ignored up to the first-
order term.3®! In Fig. 1, we plot the centrifugal term and its
approximation with two different values of 8, to show the ac-

curacy of the approximation.

25

,,,,72
20 - - 6=0.01
— §=0.1
15}
10f
5
05 1.0 15 2.0 25

T

Fig. 1. (color online) Centrifugal term r~2 (red solid curve) and its
approximation in Eq. (19a) with § = 0.01 fm~! (blue dashed curve)
and § = 0.1 fm~! (black dashed curve). The unit 1 fm = 10715 m.

3. Parametric NU method

This powerful mathematical tool is usually used to solve
the second-order differential equations. Now we consider the

following differential equation*”)

(s) 4 20)
Vils)+ 5 )+

where o (s) and 6 (s) are polynomials, at most of the second

::2((?) Yy (S) =0,

(20)

degree, and 7(s) is a first-degree polynomial. To make the
application of the NU method simpler and direct without the
need to check the validity of solution, we present a shortcut
for the method. Hence, firstly we write the general form of the

Schrodinger-like equation (20) in a more general form as4748]

WO+ (S Yyl + (B g

(1—css 52(1—c35)?
o, 62))
satisfying the wave functions
Vi (s) = @(5)yn(s)- (22)
Secondly, we compare Eq. (21) with its counterpart (20) to
obtain the following parameter values,

T(s) =c1—cas, 0O(s) =s(l —c3s),
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(s) = —pas” + p1s— po. (23)
Now, following the NU method,*”] we obtain the energy
equation!*®!
con—(2n+1)es + (2n+1)(\/cg — c34/cs) +n(n—1)c3
+c7+42c3c8 —24/cgeg =0, (24)

and the corresponding wave functions
ps) = s0(1—e38)1, (s) = s92(1 - e35)°P,
c12>0, c13 >0,
yu(s) = Pﬁf'o’c”)(l —2c38), ci0>—1, ¢;1 > —1,
Ve (5) = Npes12 (1 — ¢35) B3PI (1 —2¢55),  (25)

(1,v)

where P, "/ (x), 4 > —1, v > —1, and x € [—1, 1] are Jacobi

polynomials with the following constants:

1 1
Cq4 = 5(1 —Cl)a C5 = §(C2_2C3)7

P
c6 =5+ p2, 71 ="2cac5— pi,

P
cg = ¢z +po, c9 = c3(c7+c3c8) +cs,

C]():Cl+2C472\/67871 > —1,

2
cii=1—c1—2¢c4+—+/co>—1, c3 750,
3

1
cl2=c4—+/cg >0, cj3= —C4+a(@—cs) >0,
3 #0, (26)
where ¢jp >0, ¢13>0,and s € [O, 1/C3], Cc3 75 0.
In the special case where c3 = 0, the wave function (22)

becomes

lim P10 (1 — 2e3s) = L0 (cyy5),
c3—0

lim (1 —c35)13 = 13,
c3—0

Y(s) = Ns12eB3LE10(cqys). 27

4. Relativistic bound states for the Hulthén-like
and tensor potentials

4.1. The p-spin symmetric solution

Substituting Eq. (19) into Eq. (16) gives

2 ) 6725r 6725r
—or —28r
e e
Uod )
+Uo 17675"—’—(1767‘%)2
5 e—26r B e—Sr ~2
S e g Flwtn=0 e
and further making the change of variables s = e %, one ob-
tains
d’Guxc(s)  1—s dGp(s)
ds? s(1—s) ds
1 P20 R A2 2
+m[—As +Bs(1—5)—B*(1 —5)*| Guic(5) =0, (29)

where

A =x(x—1)8 + Uy (Up +2x8 — §), (30a)

B= —’)7A0—|—U05. (30b)

Comparing Eq. (28) and Eq. (21), we can easily obtain the
coefficients ¢; (i = 1,2,3) and analytical expressions p; (j =
0,1,2) as follows:

B B+2p>
cr =1, p():%, =1, p1= 52B’
A+B+p?
c3 =1, PZZTB- (30c)
The values of coefficients ¢; (i =4,5,...,13) are found from
Eq. (26) as follows:
o e b1 A+BLp
C4 =V, C5= 2a C6—4 52 )
B+2p2 B2
1= 62ﬁ ) 08:%7
1 1\2 Uy rUy
—pr— Sy (PO L | —1),
CO=pPr=pitpoty (K 2)+5<6+K
32 ~ 32 ~ 1
6‘10:*2\/%, c11 =21, 612:*\/%, c'13:n1<+5,(31)
where
N 1N2 Uy /Uy
(k=) + 2 (242 —1). 32
LS \/<:< 2)+5(5—|—K‘ (32)

By using Eq. (24), we can obtain the energy eigenvalues of the

Hulthén potential with p-spin symmetric limit as

(robe - e B)

MSO;FBZ +<K—%)z+%(%+2x) f%. (33)

Some numerical results of the above equation are given in Ta-

ble 1. In Table 1, we obtain numerical results in the p-spin
symmetry in the presence and absence of tensor Hulthén form
potential. We take a set of parameter values, M = 5.0 fm™!
(1 fm=10"5m), Cp)s =0, Vo = 2.5 fm~!, §p = 2.9 fm !,
and § = 0.1 fm~!.
in the following doublets (1s1/270d3/2), (1p32, Ofs ), (1ds s,

It is observed that the degeneracy exists

0g7/2), (1f7/2, Ohg)2), and so on, and in the absence of the
tensor potential (Uy = 0) and they are considered as p-spin
doublets.

In Fig. 2, we investigate the effect of the tensor potential
on the p-spin doublet splitting by considering the following
pairs of orbitals: (1ds/»,0g7/2), (2f72,1hg/>). From Fig. 2,
we observe that in the case of Uy = 0 (no tensor interaction),
members of p-spin doublets have the same energy. However,
in the presence of the tensor potential Uy # 0, these degenera-

cies are removed.
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Fig. 2. (color online) Contributions of the tensor potential parame-
ter to the energy level in the case of p-spin symmetry.

To find the corresponding wave functions, referring to Ta-
ble 1 and relations in Eq. (23), we find the functions
pls) =s VP (1),
0(s) =5~ VPI (1 )12,

= p{2VPM) (o). (34)

Yu(s)

By using G,k (s) = ¢(s)y,(s), we obtain the lower component

of the Dirac spinor from relation (25) as
Gu(s) = Nyes™ VP8 (1 —5)Tt1/2
w P 2VEHEM) (o)

(35)
or equivalently
Gui(r) = Nnke_\/ﬁ’(l — e—5r)ﬁ;<+1/2
XP’(ZZ\/WJT?K)(I —2e*5’), 36)

where N, is the normalization constant. The upper compo-

nent of the Dirac spinor from Eq. (9b) can be calculated from

1 d «
Fnrc(’”):m(*_*‘FU(V))GnK(’")a (37

dr r
where E # M + Cps.

Table 1. Bound state energy eigenvalues in units of fm~! of the p-spin symmetry Hulthén potential for several values of n and x with

Uy =0.1.
I mxk<0 (L)) Euk<0oUs#0 EngeoUp=0 n—1,k>0 (I4+2,j+1) Ey 1450 Uo#0 Ep1x50,Up=0
I L1 Is;, 4999528842 4.998866406 0,2 0ds) 4.998896324 4.998866406
2 1L,-2  Ipyy 4999147492 4.998655904 0.3 0fs 4.998720844 4.998655904
3 1,-3  1ds;,  4.998896324 4998512210 0,4 0g7/2 4.998591717 4998512210
4 1,4 Ify, 4998720844  4.998407889 0,5 Ohg)» 4.998492820 4.998407889
1 2,-1 28, 4998552452 4.997499195 1,2 1d3)» 4.997268501 4.997499195
2 2,-2 2py 4997816234 4.996981851 1,3 1fs) 4.996848860 4.996981851
32,-3  2ds;, 4997268501 4.996589219 1,4 172 4.996517976 4996589219
4 2,-4 26y, 4996848860  4.996281439 1,5 1hy ) 4.996250655 4.996281439
4.2. Spin symmetric solution B =7yXy—Uyd. (40b)

In this subsection we will obtain the energy eigenvalues
and the corresponding wave functions for the spin symmetric
limit of the Hulthén potential, i.e. solutions of Eq. (18). Sub-
stituting Eq. (19) into Eq. (18) gives

2 ) e—28r
[Wﬂc(ﬁl)a

(1—e9r)2
—an(

—20r
—2kUp0 ————
0 (1 _ efﬁr)Z

efﬁr

6725;‘
+ )
1—e—96r (1 _ 673r)2
) e725r efér )
_U()m-i-}’EOm -B }ch(r) =0,

and further making the change of variables s = e

(38)

"Sr, one ob-

tains
d%G(s)
ds?
1 ~
m[—ASZJrBS(l—S)—ﬁz(l—S)Z}FnK(S)=0, 39)

where

1—s dGy(s)
s(1—s) ds

_|_

A=Kk(k+1)8%+Uy(Up+2K8 +§), (40a)

On the other hand, to avoid repetition in our solution, the en-
ergy states of Eq. (38) in the spin symmetric case are as fol-

lows:
(e (ees) s G (R raeen) )

Also, we obtain the upper component of the Dirac spinor as

(41)

Fu(r) = Nuge VE7(1— e 0ryet1/2
_ 2/82
PV (1 _ge=bry 4
where N, is normalization constant and
1\N2 Uy Uy
= K+ = — | —=+2« l).
memy(eg) = (G

The lower component of the Dirac spinor from Eq. (9a) can be

(43)

calculated from
1 d
(£+= (44)

G = 35— (Gt~ U(r))FnK(r),

dr r
where E # —M +Cs.
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In Table 2, we use the same parameters as those in the  the ones observed in the p-spin symmetric limit.

above subsection. We can observe that each pair of orbitals —4.9979

— 1p.

(npl/z, le3/2), (Vld3/2, I’lds/z), and (nf5/2, I’lf7/2) has the same 15‘;?;
energy in the absence of the tensor potential (Uy = 0). Thus, _4.9981} — 1?/2
— 1f5p

they can be viewed as the spin doublets, i.e., the state 1pj
with n =1 and k = 1 forms a spin doublet with the 1p3, state § —4.9983}
with n =1 and Kk = —2. On the other hand, in the presence of

the tensor potential (Uy # 0), one can notice that the degener- —4.9985}
acy between every pair of spin doublets is removed. I

In Fig. 3, we investigate the effect of the tensor potential —4.99875 0.02 0.04 0.06 0.08

on the spin doublet splitting by considering the following pairs Uo

of orbitals: (1 , 1 , (1f55, 1f and one can observe
( P3/2 p1/2) ( /2 5/2) Fig. 3. (color online) Contributions of the tensor potential parameter to

that the results obtained in the spin symmetric limit resemble the energy level in the case of spin symmetry.

Table 2. Bound state energy eigenvalues in units of fm~! of the spin symmetry Hulthén potential for several values of n and k with
Up=0.1.

~

n,K<O (l,j:l+1/2) E,LK<(),U()7£0 En.K(O’ U():() n,K>0 (l,j:lfl/Z) E,,.K>(), U07é0 E,LK>(),U0:O

1 0, -2 0p3/2 —4.999038017 —4.999752463 0,1 0p|/2 —4.999559444  —4.999752463
2 0,-3 0d5/2 —4.999445752  —4.999751647 0,2 Od3/2 —4.999611783 —4.999751647
3 0, —4 0f7/2 —4.999559444  —4.999751236 0,3 0f5/2 —4.999641705 —4.999751236
4 0, -5 Og9/2 —4.999611783  —4.999750989 0,4 Og7/2 —4.999661028 —4.999750989
1 1, -2 1p3/2 —4.998475156  —4.998659482 1,1 lp]/z —4.998134589 —4.998659482
2 1,-3 1d5/2 —4.998252842  —4.998456496 1,2 1d3/2 —4.998061278 —4.998456496
3 1, -4 1f7/2 —4.998134589 —4.998327074 1,3 1f5/2 —4.998011397 —4.998327074
4 1, -5 lg9/2 —4.998061278 —4.998237543 1,4 lg7/2 —4.997975269 —4.998237543
5. Conclusion [6] Bohr A, Hamamoto I and Mottelson B R 1982 Phys. Scr: 26 267
[7] Dudek J, Nazarewicz W, Szymanski Z and Leander G A 1987 Phys.
By using the Pekeris approximation, we have obtained Rev. Lett. 59 1405
bound state solutions of the Hulthén scalar—vector—tensor po- [8] Troltenier D, Bahri C and Draayer J P 1995 Nucl. Phys. A 586 53

) ] ) ] ) . ) [9] Page P R, Goldman T and Ginocchio J N 2001 Phys. Rev. Lett. 86 204
tentials under p-spin and spin symmetries with arbitrary spin— [10] Ginocchio J N, Leviatan A, Meng J and Zhou S G 2004 Phys. Rev. C
orbit coupling number k. This work has improved on the work 69034303

] . . . [11] Ginocchio J N 1997 Phys. Rev. Lett. 78 436
of Ref. [10] in which the authors used a different kind of tensor [12] Hecht K T and Adler A 1969 Nucl. Phys. A 137 129

potential as Coulomb-like potential. However, here we study [13] Arima A, Harvey M and Shimizu K 1969 Phys. Lett. B 30 517
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