Chin. Phys. B Vol. 22, No. 8 (2013) 080202

The dynamics of a symmetric coupling of three modified
quadratic maps”
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We investigate the dynamical behavior of a symmetric linear coupling of three quadratic maps with exponential terms,
and identify various interesting features as a function of two control parameters. In particular, we investigate the emergence
of quasiperiodic states arising from Naimark—Sacker bifurcations of stable period-1, period-2, and period-3 orbits. We
also investigate the multistability in the same coupling. Lyapunov exponents, parameter planes, phase space portraits,
and bifurcation diagrams are used to investigate transitions from periodic to quasiperiodic states, from quasiperiodic to
mode-locked states and to chaotic states, and from chaotic to hyperchaotic states.
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1. Introduction

Discrete-time models, as discrete maps consisting of dif-
ference equations, are commonly associated with real nonlin-
ear dynamical systems. For example, the Hénon map!!! is use-
ful to model CO, lasers in the limit of strong dissipation,?!
and also to numerically demonstrate the validity of secure dig-
ital chaotic communication based on contraction maps, ! just
to mention a few uses of this paradigmatic model. In another
example, a two-parameter family of one-dimensional maps
was proposed by Colli and co-workers[*! to model the bubble
formation in an experiment that considers the air injection in a
liquid. Other examples involve the modeling of the population
growth of insects in a limited environment, ! a discrete model
of a two-gene system,[®! whose associated two-dimensional
map was derived from chemical reactions corresponding to
gene expression and regulation, coupled maps to model traf-
fic flow,!”] and a chaos-based cryptosystem for fractal image
coding.!® Generally speaking, maps have received much at-
tention in recent times, because of their application in a great
number of practical systems, in many fields.["!

In this paper we introduce a discrete-time system, namely
a linear symmetric coupling of three quadratic maps, each hav-
ing an exponential term, given by

2
Xpp1 = b (6750)9, —Xﬁ) +ayn,
5042
Ynt1 = b (e G _yg) +azn,
2
it = b (e —22) +ax,, )

where x;,, v, z, represent dynamical variables, b is the control
parameter of the individual quadratic map with exponential
term, a is the coupling parameter, and n =0, 1,2, ... is the dis-
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crete time. As we will see in the sequence, this model presents
very complex dynamics in the b X a parameter plane, includ-
ing regions characterized by periodic, quasiperiodic, mode-
locked, chaotic, and hyperchaotic states.

We would like to point out that the dynamics of a
quadratic map with an exponential term were recently inves-
tigated by Bao and co-workers.!'%! By using bifurcation dia-
grams and phase-space trajectories, the authors showed that
the model has a dynamical behavior similar to that presented
by the original quadratic map, including a route to chaos via
period-doubling bifurcations. A particular coupling of two
quadratic maps with exponential terms was also investigated,
with a different route to chaos being detected, namely a route
via quasiperiodicity in consequence of Naimark—Sacker bifur-
cations (NSb).['1"I2] More recently, the dynamics of a two-
dimensional map, equivalent to the coupling of two quadratic
maps with exponential terms, were investigated by Li and co-

workers.[13]

2. Results and discussion

Figure 1 shows a global view of the b X a parameter plane
of system (1). It is an isoperiodic diagram obtained by dis-
cretizing the parameter interval in a grid of 500 x 500 points
equally spaced. For each point (a, b), an orbit of initial con-
dition (x9,0,20) = (0.1,0.3,0.5) converges to a hyperchaotic,
or to a chaotic, or to a quasiperiodic, or to a periodic attrac-
tor, or to an attractor at infinity (an unbounded attractor), after
a transient of 5 x 10* iterates. If the trajectory initialized in
(x0,Y0,20) converges to infinity, that is diverges, we try until
500 new initializations, always increasing by 1/500 each one
of the variables. In Fig. 1 parameters for which the trajec-
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tories escape to infinity (converge to the unbounded attractor)
are related with the blank region, and parameters for which the
trajectories converge to attractors with periodicities between 5
and 50 are painted in black. Some periodic regions are iden-
tified by integer numbers, which denote the period of the re-
spective region. Chaotic, hyperchaotic, and quasiperiodic re-
gions are identified by the letters C, H, and Q, respectively.
As can be seen in Fig. 1, periodic or non-periodic regions are
symmetrically organized in the parameter plane. This happens
because when we change b by —b, the map (1) remains in-
variant through an exchange of x by —x, y by —y, and z by
—z

Fig. 1. (color online) The b x a parameter plane of the coupling (1).
In this and further similar plots, domains of different attractors are
identified by different shadings. Numbers indicate periods and let-
ters indicate chaos (C), hyperchaos (H), and quasiperiodicity (Q).

Panels in Fig. 2 show the magnification of three discon-
nected regions with quasiperiodic behavior, in gray in Fig. 1,
two of them being inhabited by resonance regions in black,
which are periodic regions similar to Arnold tongues observed
in the circle map.!'#! Figure 2(a) (magnification of the boxed
region I in Fig. 1) illustrates in gray a parameter region for
which a quasiperiodic motion is born on the boundary with
the period-1 region in blue. For parameter values taken along
this boundary line between gray and blue regions, Naimark—
Sacker bifurcations!' 12! (NSb) occur. This means that in-
side the gray region in Fig. 2(a) we have quasiperiodic motion
with one invariant closed curve, originated from a fixed point.
Embedded in this quasiperiodic region, we can see an infi-
nite number of periodic structures in black, similar to Arnold
tongues and with the most varied periods.

Figure 2(b) (magnification of the boxed region II in
Fig. 1) illustrates in gray a parameter region for which a
quasiperiodic motion is born on the boundary with the period-
2 region in green. Now, for parameter values taken along the
boundary line between gray and green regions NSb occur, so
that within the gray region we have quasiperiodic motion with
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Fig. 2. (color online) (a) Magnification of the box I in Fig. 1. (b)
Magnification of the box II in Fig. 1. (c) Magnification of the box
III in Fig. 1. For parameters in the neighborhood of p; and p; in
panel (b), multistability takes place (see the text).

two invariant closed curves, now originated from a period-2
orbit. Unlike before, this time periodic structures embedded
in the quasiperiodic region do not appear. Figure 2(c) (mag-
nification of the boxed region III in Fig. 1) illustrates in gray
a parameter region for which a quasiperiodic motion is born
on the boundary with the period-3 region in brown. This time,
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for parameter values taken along the boundary line between
gray and brown regions, NSb occur from a period-3 orbit and,
therefore, within the gray region we have quasiperiodic motion
with three invariant closed curves. Again periodic structures
appear embedded in the quasiperiodic region. As is known, 2]
these periodic structures embedded in the quasiperiodic region
have self-similar properties with pattern repetition in different
length scales. This fact can be checked in two panels of Fig. 2,
namely those shown in Figs. 2(a) and 2(c).

In the sequel we will concentrate in Fig. 2(a), to inves-
tigate details on the dynamics of the system (1). However, it
is important to note that investigation with similar results may
also be made by considering Fig. 2(b) or 2(c). Such findings,
related to Figs. 2(b) and 2(c), are not included here to avoid
repetition. Figure 3 shows in panel (a) the bifurcation diagram
(x variable), and in panel (b) the largest (continuous line) and
the second largest (dashed line) Lyapunov exponent (1) plots,
both fora =0.45 and 0.1 < b < 0.4, i.e., both for points along
the red line in Fig. 2(a). For the construction of the bifurca-
tion diagram, 10 values of the parameter b were considered,
and we plotted 50 points for each one of them, after a transient
of 5 x 10* iterates, always from the initial condition (xo, yo,
z0). The same initial condition, transient, and discretization in
the b axis were considered for the construction of the largest
and the second largest Lyapunov exponent plots, each A value
being obtained by averaging over 10° iterations.
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Fig. 3. (a) Bifurcation diagram showing the variable x. (b) The
largest (continuous line) and the second largest (dashed line) Lya-
punov exponent plots. Both graphs as a function of the parameter
b, for a = 0.45.

By increasing b from 0.1 along the red line a = 0.45 in
Fig. 2(a), the system stays in a period-1 state until b ~ 0.11,
being characterized by a largest Lyapunov exponent less than
zero. At b =~ 0.11, the largest Lyapunov exponent reaches
the zero value, and a quasiperiodic region is attained, remain-
ing until b ~ 0.39. This quasiperiodic motion is, therefore,
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Fig. 4. Projections in the xy plane of four trajectories in the three-
dimensional phase-space of system (1) showing: (a) quasiperiodic-
ity for a = 0.45, b = 0.2, (b) a period-9 orbit for a =0.45, 5= 0.3,
(c) a period-18 orbit for a = 0.45, b = 0.36, and (d) chaos for
a=0.45, b =0.4. Same initial conditions and transient of the other
figures were utilized in each panel, being plotted 5 x 103 points.
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originated from a period-1 orbit, and is a consequence of an
NSb that occurs at b ~ 0.11. As a result of this NSb, one in-
variant closed curve is created in the xyz phase-space, whose
typical example can be seen in Fig. 4(a), that shows an xy
projection of the three-dimensional quasiperiodic attractor for
a =045, b =0.2. There are mode-locked states (Arnold
tongues) embedded in the quasiperiodic region, for which the
largest Lyapunov exponent is less than zero. By increasing b
from 0.11 along the red line a = 0.45 in Fig. 2(a), we cross
the quasiperiodic region and penetrate a period-9 tongue at
b =~ 0.25. Period-doubling bifurcations happen at b ~ 0.34
and b ~ 0.37, resulting in period-18 and period-36 orbits, re-
spectively. Examples of these periodic orbits can be seen
in Figs. 4(b) and 4(c), respectively period-9 for b = 0.3 and
period-18 for b = 0.36. By increasing b more, finally a chaotic
state for which the largest Lyapunov exponent is greater than
zero is created at b = 0.39. A typical chaotic attractor appears
in Fig. 4(d), for a = 0.45, b = 0.4. We would like to point out
that system (1) may also present hyperchaotic states, whose
regions in panels of Figs. 1 and 2 appear in violet.

Up to now, in this paper, the dynamics of the coupling (1)
were visualized by using parameter planes, bifurcation dia-
grams, Lyapunov exponents plots, and selected cross sections
of the three-dimensional phase-space. Now we are interested
in the investigation of multistability, whose significance is re-
lated to the possibility of existence of more than one dynamic
state, for a same parameter set. Superimposed colors in the
neighborhood of points p; = (a1,b1) = (0.301627,0.522755)
and py = (az,b2) = (0.160674,0.59012) in the parameter
plane of Fig. 2(b) are a strong indication of multistability.
Panels in Fig. 5 illustrate z = 0.2 cross sections of basins of
attraction for the coupling (1), with the parameters being re-
lated to point p; in the panel (a), and to point p; in the panel
(b). We consider 250 x 107 initial conditions for the construc-
tion of each panel. As is known, basins of attraction make it
possible to separate attractors in the phase-space by coloring
different dynamical behaviors differently. Black and white in
panel (a) in Fig. 5 represent, respectively, the basins of attrac-
tion corresponding to the set of initial conditions that leads
system (1) to a period-2 attractor and to a period-12 attractor.
Meanwhile, black and white in panel (b) in Fig. 5 represent,
respectively, the basins of attraction corresponding to the set
of initial conditions that leads system (1) to a period-4 attrac-
tor and to a hyperchaotic attractor. The basin of the period-2
attractor is much greater than the basin of the period-12 attrac-
tor, the first being composed of about 76% of the points that
compose the whole basin. Something similar happens when
we confront the basins of the period-4 and the hyperchaotic
attractor. In this case, the basin of the period-4 attractor is
composed of about 88% of the points that compose the whole
basin. Roughly, both panels in Fig. 5 can be interpreted as

showing a large black area, riddled with white dots.

1

Fig. 5. Basins of attraction sections for the coupling (1). Black
(white) is the basin of the period-2 (period-12) attractor in
panel (a), while black (white) is the basin of the period-4 (hy-
perchaotic) attractor in panel (b).

3. Summary

In this paper we have considered a three-dimensional dy-
namical system with a quadratic nonlinearity, which consists
in a symmetric linear coupling of three quadratic maps with
exponential terms. We have shown that this system may ex-
hibit several routes to chaos via quasiperiodicity, on account
of Naimark—Sacker bifurcations from period-1, period-2, and
period-3 orbits. We have identified the coexistence of two at-
tractors for the same set of parameters, phenomenon known
as multistability. Numerical results, including Lyapunov ex-
ponents, parameter plane and phase-space plots, bifurcation
diagrams, and basins of attraction were used to describe the
nonlinear dynamics of the coupling. Although we have con-
sidered a simple system of only three coupled maps, we be-
lieve that similar results can be obtained for more general sys-
tems, namely, for an array of coupled quadratic maps with ex-
ponential terms. We argue that hyperchaos may be more easily
reached, because with the increasing of the system dimension,
increases the possibility of the system having more than one
positive Lyapunov exponent.
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