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Based on the two-dimensional three-temperature (2D3T) radiation diffusion equations and its discrete system, using
the block diagonal structure of the three-temperature matrix, the reordering and symbolic decomposition parts of the RSMF
method are replaced with corresponding block operation in order to improve the solution efficiency. We call this block form
method block RSMF (in brief, BRSMF) method. The new BRSMF method not only makes the reordering and symbolic
decomposition become more effective, but also keeps the cost of numerical factorization from increasing and ensures the
precision of solution very well. The theoretical analysis of the computation complexity about the new BRSMF method
shows that the solution efficiency about the BRSMF method is higher than the original RSMF method. The numerical
experiments also show that the new BRSMF method is more effective than the original RSMF method.
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1. Introduction

Large sparse linear systems arise frequently from numer-
ical and engineering problems, in particular, the discretization
of partial differential equations (PDEs). Typically, there are
two types of linear system solvers: direct methods and itera-
tive methods. Direct methods are reliable and are efficient for
multiple right-hand sides, but are often expensive due to the
generation of fill-in or loss of sparsity. Iterative methods take
good advantage of sparsity and require less storage, but may
diverge or converge slowly if no effective preconditioners are
available.

Assume we have a system
Ax = b,

where A is an N x N symmetric positive-definite (SPD) ma-
trix. If A arises from the discretization of some PDEs, it may
be associated with a mesh. In the direct solution of the system,
A or the mesh points can be reordered so as to reduce fill-in.
For example, the nested dissection ordering!!! and its general-
izations can be used to get nearly optimal exact factorization
complexity, which is generally O(N3/ 2) in two dimensions or
O(N?) in three dimensions.!?) In nested dissection, a mesh is
recursively divided with separators (small sets of mesh points).

In recent years, nearly linear complexity, structured ap-
proximate factorization methods have been developed based
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on a low-rank property. It has been noticed that, during the di-
rect solution of some PDEs such as elliptic equations, certain
off-diagonal blocks of the intermediate dense matrices or fill-
in have small numerical ranks.>~7] This property can be used
to improve the computational efficiency, with dense intermedi-
ate matrices approximated by rank structured matrices such as
quasiseparable, semiseparable, or hierarchical matrices. >8]
This idea is widely used in the development of new fast algo-
rithms. Related techniques have also been shown to be very
useful in high performance scientific computing.!'>'4 Rank
structured methods can be fully integrated into sparse ma-
trix techniques to provide new fast solvers. Structured sparse
factorization algorithms!!3! are proposed based on the multi-
frontal method!'®!7! and the robust HSS Cholesky factoriza-
tion algorithm.[!8]

In inertial confinement fusion, i.e., in the high energy
density physics field, numerical simulation is the main re-
search method.!"”! The three-temperature linear solver of solv-
ing radiation fluid dynamics equations is the important com-
ponent of the numerical simulation. In many cases, the three-
temperature linear solver’s CPU time accounts for more than
90% of the total simulation time. In recent years, many authors
for two-dimensional three-temperature (2D3T) equations have
done a lot of work and developed a lot of algorithms, for
example.?°-271 With the large-scale numerical simulation de-

velopment of this kind of application, the linear solver still
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is the main bottleneck restricting the performance of the nu-
merical simulation. To solve these problems before, the it-
eration method?®! was most popular. Due to the high cost,
direct method was often used as a preconditioner, for ex-
ample, ILU(k) etc.
diagonal structure of the three-temperature matrix to improve
the RSMF method, that is BRSMF method, and we use it as a

three-temperature linear solver. Numerical experiments show

This paper attempts to use the block-

that the new BRSMF method is more effective than the origi-
nal RSMF method.

The rest of this paper is organized as follows. Sec-
tion 2 reviews the robust structured multifrontal factorization
method. Section 3 presents 2D3T radiation diffusion equa-
tions and its discrete system. The detailed BRSMF method is
discussed in Section 4. Section 5 demonstrates the efficiency
of the BRSMF method with numerical experiments in terms
of the model problem and practical application problems. Sec-

tion 6 gives some general remarks.

2. Robust structured multifrontal factorization
method

2.1. Robust HSS Cholesky factorization

Given a dense real SPD matrix F, use the method!!8! to
compute an approximate Cholesky factorization F = (~)LLT,
where L is a lower triangular HSS matrix. LLT generally ex-
ists for any given approximation accuracy. The fundamental
idea can be illustrated in terms of a block 2 x 2 SPD matrix.
Factorize the (1, 1) block of the following matrix:

T T n—15T
F— £ F2,1 _ leT Dy D, F2,1
Py B B D1 S ’

where Fi; = DD} is the Cholesky factorization of Fjp,
and S = Fop — (Fo,1D; ") (D 'FY)) is the Schur complement.
Compute an SVD Fy, DT = U,BTUT + 0,8T0T, where all
the singular values greater than a tolerance 7 are in By. (The
number of singular values in B is the off-diagonal numerical
rank r.) Then

Fa D, DT U]B~1U£r
U:BTUT 1 S ’

where S is an approximate Schur complement given by
S=F,—UBUY =S+ 0(7°),

that is, a positive semidefinite term is implicitly added to the
Schur complement. Then a Cholesky factorization § = D, D}
yields
77T _ D
F~LL, L= (UzBTUlT D, )
Therefore, we obtain an approximate Cholesky factor L which

is a block 2 x 2 HSS form. It is also shown that, with certain

modifications, L can work as an effective preconditioner!'8!
when the low-rank property is insignificant. If the HSS rank
of A for a small tolerance is large, L can be obtained by man-
ually choosing a small rank r (and a large tolerance). The idea
can be generalized to multiple blocks so that L is a general
lower-triangular HSS matrix.

2.2. Nested dissection ordering

Consider the mesh used in the discretization as an undi-
rected graph G = (V;E). Each vertex i € V corresponds to a
row and a column of A, and each edge (i; j) € E corresponds to
entries aij = aji # 0. Nested dissection recursively divides the
mesh into subregions with separators.!2°] At the first level, a
separator divides the entire grid into two subregions (plus the
separator itself). The two subregions are further divided recur-
sively. See Fig. 1.

| B e gy oy g g e

N g U [ [ S T [y S ——
t +

[3] [10]
=]

Fig. 1. (color online) Separators in nested dissection.

Lower level separators are ordered before upper level
ones. During the factorization of A, the elimination of a
mesh point mutually connects points which are previously
connected to it.[3%31 This creates fill-in. For simplicity of pre-
sentations, we look at an n x n regular mesh such as the one in
Fig.1. After reordering, the matrix A has a nonzero pattern as
shown in Fig. 2. Then clearly, the nodes in the top level separa-

tor are mutually connected and form a dimension O(n) dense
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Fig. 2. (color online) Nonzero pattern of A after the nested dissection
ordering.

2.3. Multifrontal method

The multifrontal method!!®!”] reorganizes the sparse
Cholesky factorization A = .Z.#T into local factorizations of
intermediate dense matrices, where .Z is lower triangular. The
factorization is conducted following a tree called an elimina-
tion tree, or more generally, an assembly tree. In general, an
elimination tree .7 has n nodes and a node p is the parent of i
if and only if

p=min{j >i| Z|jxi#0},

where .Z| j; represents the (j, i) entry of L. Use T'[i] to denote
the subtree of T with root i. Let A} = {j, ja,-..,Jja} be the
set of row indices of nonzeros in .Z.; (the i-th column of .Z)
with i excluded. The i-th frontal matrix is defined to be

% _ ( A|i><i (A|./V,~><i)T>
Algixi 0

= Y Ll (L)
JETTINI
One step of elimination applied to .%; provides the column
Z |(iU</1§)><i :
g ZLlixi 0N (ZLixi)" (L] i)
! Z| Hixi 1 0 U, ’

where %; is the contribution from Z[i] to p and is called the
i-th update matrix:

% = - Z $|J%><j($|J%><j)T-
JETNi]
Update matrices are used to form upper level frontal ma-
trices. This process is called an extend—add operation, which
matches indices and add entries, denoted by

A|i><i (A|Jin)T
a7, i . N
/,( 0 ® Ve, ® Uey @ & U,

where nodes cy,c¢2,...,cq are the children of 7 in the elimi-
nation tree. The elimination process then repeats along the

elimination tree.

2.4. Structured supernodal multifrontal factorization

Here, use nested dissection to reorder A and to produce a
binary tree .7 as the assembly tree in a supernodal version of
the multifrontal method, where each separator is treated as a
node in the tree. Figure 3(a) below shows the assembly tree

for the mesh in Fig. 1.

/

Fig. 3. (color online) (a) Supernodal elimination tree .7 and (b) robust
structured multifrontal-factorization.

Assume the root of .7 is at level 0, and the leaves are at
the largest level. For a separator i, let A4, = {ji, j2,...,ja} be
the set of neighbor separators of i at the same or upper levels
of iin T. Also let ¢; denote the index set of the neighbor j in
A, andlet? ' denote the subset of ¢; that is connected to i due to
lower level eliminations. The frontal matrix .%; is formed by
the block form extend—add operation

’% = g‘i0®%l ®%L‘2;
T
20 Alsyx; (A|(U;¥:1fj)Xti)
P =
Al i

where ¢; and ¢, are the children of i. For notational conve-

)

nience, rewrite .%; as
L T
Fi= ( Fii Fiyi )
i Fion;

In the structured multifrontal method, set a switching
level [ so that if a separator i is at level [ of T and [ > [, use ex-
act Cholesky factorizations, and otherwise, use HSS Cholesky
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factorizations. See Fig. 3(b). Similar to Ref. [7], this can help
minimize the cost, which is smaller than using structured fac-
torizations at all levels as in Ref. [32] by a factor up to O(log,,).
This is justified by Theorem 1 below. Here, we only need
to describe the structured factorization part, that is the robust
structured multifrontal factorization method (in brief, RSMF).
The RSMF method can be presented in algorithm form as:

Algorithm 1 (Robust structured multifrontal factoriza-
tionH>1)

1) Mesh ordering: Use nested dissection to order the mesh
points. Build a post-ordering elimination tree with m nodes.

2) Symbolic factorization: Decide the switching level .
Based on the connections of separators and off-diagonal nu-
merical ranks (or storage restriction), predict the structure of
the factor. Allocate storage for update matrix stacks and the
structured factor.

3) Numerical factorization: For separators i = 1,...,m

a) If i is a leaf node, set i to be the i-th initial frontal
matrix.

b) If i is at level [; > I

bl) Apply the traditional Cholesky factorization
to partially factorize .%;; until separator i is eliminated.

b2) Compute %;, the Schur complement.

else

b3) Apply the HSS structured Cholesky factoriza-
tion to partially factorize .%;; until separator i is eliminated.

b4) Compute %; with a low-rank update.

c) If i is a left node, push %; onto the update matrix
stack.

d) If i is a right node, pop an update matrix %; from
the update matrix stack (j is the sibling of i). Use the tradi-
tional extend—add procedure to obtain the frontal matrix of the
parent node of i.

The following theorem gives the complexity of the Algo-
rithm 1.

Theorem 1! Assume Algorithm 1 is used to factor-
ize a discretized matrix A on an n X n regular mesh, and the
elimination tree is a complete binary tree. Also assume the
numerical ranks of all HSS off-diagonal blocks of the frontal
matrices in the factorization are bounded by r. Then the com-
plexity of Algorithm 1 is O(rnlog, n), if the elimination tree
has I = 2|log, n| levels with the switch level I chosen, such
that the cost for the bottom level standard factorizations is
the same as the cost for upper level structured factorizations.
In such a situation, the storage for the structured factor is

O(n?log,(rlog,n)).

3. 2D3T radiation diffusion equations and its
discrete system

The 2D3T radiation diffusion equations are defined as!>!

oT. 1

Cre ™ — 5V (KVE) = (T = Te) + (T~ To),
oT, 1

r=. — V" rV r) — r —1r)

C, 3 pV (K:VT) = 0o (T, — T7) M
oT, 1

i=— =V (KVT) = 0(T. — T;

Cis, 5 (KiVT) = 0 (Te — T})

with (x,y) € Q,, and 0 <t < Tipax. Equation (1) are the elec-
tron, photon, and ion temperature equations, respectively. The
computational domain consists of several subdomains, and
each containing some one material. In equations (1),

Ela) Ty (a=e, 1, i) are the temperatures needed to be
calculated;

Elb) C,o (a=e, r, i) are isochore specific heat coeffi-
cients;

Elc) p is the density of the material;

Eld) Ky = Ko (p,Ts) (¢ =e, 1, i) are the heat conduction
coefficients; and

Ele) w.; and @, are the energy exchange coefficients be-
tween electron and photon, and electron and ion, respectively.

Specifically, Cyq, Ko, and @y are defined, respectively,

as follows:
5/2
Ce, OL=0e, AT, a=e,
C T}, a=r, Ko={ AT a=
voe — Crr7 _r7 o — rtr 7a7r7
Ci, a =1, Al']—;s/z, o= i,

AerPTeil/ , A =T,
Weg, = -2/3 .
AeipT,; ", a =i,

where ¢ are constants, Ay, Aeq, B and p are continuous in
the interior of the material.
The boundary and initial conditions are:
(i) boundary conditions:
i-1 rigid walls: K4 VT, -n =0, o = e,r,i, where n is
the outer normal vector along boundary;
i-2 free surfaces: KoVTy-m =0, aa =e,i; T, =
Ti(t,x,y)| (x,y) €02y
(i1) concatenation conditions across material interfaces:
Ty, Ko VT, - m are continuous over interfaces, o = e,r,1i, 1 is
the outer normal vector;
(iii) initial conditions:

Ta(oax’y):T(S(x7y)a a:e7i>r-

The system energy of unit mass is defined by E = E. + E, + E;,
where E. = c. T, E; = ¢;T;, E. = %chr“.

Consider the rectangular computing domain ., =
[0,A] x [0, B] where the up boundary is the free surface and the
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rest are the rigid walls. The 2D3T radiation diffusion equa-
tions (1) are discretized by the fully finite volume method.
Specifically, the domain €2,y is zoned into L X M meshes by
some lines paralleling to the axes, where the step size in x di-
rection is #; = A/L and in y direction is sy = B/M. The tem-
peratures, energy and density are defined at the center points
of the meshes. The 2D3T radiation diffusion equations are
a highly nonlinear system of equations. Combining nonlin-
ear iterative methods, for example, Newton or Picard itera-
tive method,?"! a linear algebra system of equations should be
solved in each nonlinear iterative step, where the coefficients
matrix has the following structure:

Al 5
X1 A2 S5

Ay-1 Sm-1
Xy-1 Aum

Xy—2
NxN

where N = 3LM and the matrices Sy, Xpm,(m = 1,2,...,M)
have the following structure:

Sm,]
Sm = / . )

Sm,L

X = ' . ;

XmA,L

and the matrices A,,,(m = 1,2,...,M) have the following

structure:

Am,l Ym,l
Zm,l Am,2 Ym,2

Ym,L—l
Am,L

Zm,L—Z Am,L—l

Zm,L—l

In the above matrices, each S, 1, X, 1, Yin 1, Zim,1 are all 3 x 3 di-

agonal matrices, and A, ; are 3 x 3 matrices with the following
structure:

*

Ay =

)

* *
S *x ¥
* O ¥

4. BRSMF method

In this section, we mainly use the block-diagonal struc-
ture of the three-temperature matrix to improve the RSMF
method. The fundamental idea of the BRSMF method can
be illustrated in terms of a simple example of 2D3T equations
based on 3 x 3 rectangular meshes. Using the implicit finite
volume method, we can get the nonzero structure of the three-
temperature matrix in Fig. 4.

By the RSMF method, we know that matrix reordering
and symbolic factorization must be executed before numerical
factorization. Reordering is to reduce the number of fill-in pro-
duced in the process of numerical factorization. Using sym-
bolic factorization is to realize numerical factorization quickly.
Based on the adjacency graph of matrix, the RSMF method re-
alizes matrix reordering by using nested dissection. Figure 4
demonstrates the adjacency graph of the matrix corresponding
Fig. 5.

EEm
u u
EEm
[ ]

1
27x27

Fig. 4. (color online) Nonzero structure of three-temperature matrix.

Fig. 5.
Fig. 4.

(color online) Adjacency graph of matrix corresponding to

Although the number of practical vertexes is 9 in the
discretization mesh, the number of vertexes in the adjacency
graph, Fig. 5, is 27. The reason for this is the coupling rela-
tionship of electron, photon, and ion temperatures, that is, each
vertex corresponding to three unknowns. When we use the
RSMF method to solve the linear system of equations, reorder-
ing is executed justly based on this adjacency graph. From
Fig. 5, we know that the adjacency subgraphs? corresponding
electron, photon, and ion temperatures are the same, if we re-
move the coupling relationship among electron, photon, and
ion temperatures. Figure 6 demonstrates the adjacency sub-
graph corresponding to each temperature.

Fig. 6. (color online) Adjacency subgraph corresponding to each tem-
perature.
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From the above analyses, we know that electron, pho-
ton, and ion temperatures have the same nonzero structure
in the original global matrix without the coupling relation-
ships among them, that is, their adjacency relationships are
the same. Therefore, if the corresponding three vertexes with
electron, photon, and ion temperatures are looked at as one
supernode, one adjacency graph with 9 supernodes will corre-
spond to the original adjacency graph in Fig. 5, which is called
the auxiliary adjacency graph. The corresponding matrix with
the auxiliary adjacency graph is called the auxiliary matrix.
Figures 7 and 8 demonstrate the auxiliary adjacency graph and
auxiliary matrix respectively. The diagonal elements and the
off-diagonal elements of the auxiliary matrix are all 3 x 3 ma-
trices, which have the following nonzero structure respectively

* % % * 0 0
x x 0 |, 0 = 0
0 = 0 0 =

So far, the nested dissection reordering could be executed
based on the auxiliary matrix and its adjacency graph. There-
fore, the scale of the problem is one-third of the original, that
is, the number of the original adjacency graph in Fig. 5 is three
times as much as the auxiliary adjacency graph. Symbolic fac-
torization is executed along with the elimination tree generated
using the auxiliary adjacency graph. In the numerical factor-
ization stage, the original numerical elements corresponding
with the coupling relationship and the adjacency relationship
of themselves should be involved in the numerical computa-
tion. Thus, the size of each separator produced in the BRSMF
method should be expanded three times. The BRSMF method
has the following form:

Fig. 7. Auxiliary adjacency graph.

u u u
u | u u
u u u
u u u u
| u [ ] u |
u L u L
| u u
u n u [
u | [}
9xX9

Fig. 8. (color online) Auxiliary matrix.

Algorithm 2 (Block robust structured multifrontal fac-
torization, BRSMF)

1) Mesh ordering: Use nested dissection to order the ad-
jacency graph of the auxiliary matrix. Build a post-ordering
elimination tree with m nodes.

2) Symbolic factorization: Using the elimination tree of
the auxiliary adjacency graph, decide the switching level /.
Based on the connections of separators and off-diagonal nu-
merical ranks (or storage restriction), predict the structure of
the factor. Allocate storage for update matrix stacks and the
structured factor.

3) Numerical factorization: For separatorsi=1,...,mex-
pand the dimensions of matrices .%; and %; three times, that
is, the corresponding numerical elements in the original matrix
involved in the computation.

a) If i is a leaf node, set .%; to be the i-th initial frontal
matrix.

b) If i is at level [; > [

bl) Apply the traditional Cholesky factorization
to partially factorize .%;; until separator i is eliminated.
b2) Compute %;, the Schur complement.
else
b3) Apply the HSS structured Cholesky factoriza-
tion to partially factorize .%;; until separator i is eliminated.
b4) Compute %; with a low-rank update.

c) If i is a left node, push %; onto the update matrix
stack.

d) If i is a right node, pop an update matrix %; from
the update matrix stack (j is the sibling of /). Use the tradi-
tional extend—add procedure to obtain the frontal matrix of the
parent node of i.

About the complexity of Algorithm 2, we have the fol-
lowing conclusions.

In Algorithm 2, the corresponding three vertexes with
electron, photon, and ion temperatures are looked at as one su-
pernode. Therefore, the scale of the problem is one-third of the
original. The adjacency graph and matrix based on supernodes
are called the auxiliary adjacency graph and auxiliary matrix
respectively.

As the nested dissection reordering in Algorithm 2 is ex-
ecuted based on the auxiliary matrix and its adjacency graph,
the computation complexity is one-third of the nested dissec-
tion reordering in Algorithm 1.

In Algorithm 2, the symbolic factorization is executed
along with the elimination tree generated using the auxiliary
adjacency graph. At the same time, the symbolic factorization
is executed without the coupling relationships among electron,
photon, and ion temperatures. The computation complexity of
the symbolic factorization in Algorithm 2 is less than one-third
of the corresponding part in Algorithm 1.

In Algorithm 2, the numerical factorization is executed
based on the original numerical elements corresponding to the
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coupling relationship and the adjacency relationship of them-
selves, that is, electron, photon, and ion temperatures. The
computation complexity of the numerical factorization in Al-
gorithm 2 and Algorithm 1 has the same order of magnitude,
that is, O(rn*log,n). But, from the following numerical ex-
periments, we can see that the computation time of the numer-
ical factorization in Algorithm 2 is always less than the time

in Algorithm 1 with the increase of problem size.

5. Numerical experiments
5.1. Example 1

We first use the standard 5-point discretized stencil to
demonstrate the BRSMF method’s efficiency, where A is a
block 5-diagonal sparse SPD matrix:

6 -1 -1
D=1 -1 5 0
-1 0 5

Here, we let the matrix size N range from 120? to 9602, to-
tal level from 9 to 12, switching level from 6 to 8, the toler-
ance T be 1.0 x 1079, the initial guess xp = (0,0,...,0)T and
the exact solution be x* = (1,1,...,1)T. The minimal number
of vertexes involved in a separator for the RSMF method and
BRSMF method are 30 and 10 respectively.

Tables 1 and 2 demonstrate the experimental results of
the RSMF and BRSMF methods for different problem sizes
respectively, where Ty, is the total execution time, Tnp is the
nested dissection reordering time, Tyym and Ty, are symbolic
and numerical factorization time respectively, and Ty, is the
forward and backward substitution time. Results show that the
improvements of nested dissection reordering and symbolic
factorization are very notable. At the same time, the time of

T I 0 numerical factorization has been improved effectively. We can
_J see that the improvement becomes more and more remarkable
A= / ’ with the increase of problem size. The percentage of improve-
0 I _T ment of the BRSMF method relative to the RSMF method
/ 0 for the total execution time is demonstrated in Fig. 9, that is,
- 1 — Tr/Tr, where Tpr and Ty are the total execution time for
T— =1 the BRSMF method and the RSMF method respectively. Fig-
- b . . .
RO ure 9 show that the whole solving efficiency increases about
0 -1 D one time for larger problem size.
Table 1. Experimental results of RSMF execution time.
Mesh size RSMF
N Tiolal Inp Txym Thum Tsub
120 x 120 0.234 0.105 0.400% 107! 0.781x107! 0.117x107!
240 x 240 0.119x10! 0.309 0.277 0.543 0.625%x107!
480 x 480 0.752x10! 0.143x10! 0.236x 10! 0.346x 10! 0.266
960 x 960 0.493x10? 0.809x10! 0.213x10? 0.189x 107 0.992
Table 2. Experimental results of BRSMF execution time.
Mesh size BRSMF
N Tiotal Tnp T;ym Thum Tsub
120 x 120 0.152 0.430x107! 0.078x 107! 0.898x 107! 0.117x107!
240 x 240 0.742 0.133 0.051 0.496 0.625x107!
480 x 480 0.381x10! 0.426 0.269 0.285x 10! 0.262
960 x 960 0.227x10? 0.268x10! 0.244x10! 0.166x 102 0.984
607 Table 3. Comparison of the Flops time and solution accuracy.
a0l Mesh size RSMF BRSMF
N Flops Rel. Flops Rel.
20 120x 120 0.131x10° 0.358x107° 0.132x10° 0.264x10~6
| 240 %240 0.135x10'0 0.190x107% 0.135x10'" 0.346x107°
0 480 x 480 0.929%10'0 0.128x107> 0.904x10'0 0.115x107
120 240 480 960 960 x 960 0.A476E+11 0.751x10°5  0.465E+11  0.667x10~5
Fig. 9. (color online) The percentage of improvement of BRSMF
method (%). For different problem sizes, flops of numerical factoriza-
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tion and solution accuracy of both methods are compared in
Table 3. The results show that the BRSMF method not only
keeps the cost of numerical factorization from increasing, but
ensures the precision of solution very well.

5.2. Example 2

For comparing the efficiency of both RSMF and BRSMF
methods, we extract four SPD three-temperature linear sys-
tems of equations from LARED-H program involved in

JASMIN.33 Four linear systems are numbered Matl, Mat2,
Mat3, and Mat4 respectively, whose dimensions are all 27849.
Table 4 demonstrates the experimental results of both meth-
ods, where the total level [ is 10, the switching level [ is 7, the
tolerance 7 is 1.0 x 1073, the initial guess xo = (0,0,...,0)T
and the exact solution is x* = (1, 1,...,1)T. The minimal num-
ber of vertexes involved in a separator for the RSMF method

and the BRSMF method are 30 and 10 respectively.

Table 4. Performance comparison of both methods.

RSMF BRSMF
Matix Tiotal Rel. Flops Total Rel. Flops
Matl 0.625 0.186x10~ 1 0.407x10° 0.258 0.187x10°1 0.344x10°
Mat2 0.617 0.117x10~ 1 0.382x10° 0.266 0.256x10~ 1 0.355%10°
Mat3 0.594 0.173x 10~ 11 0.382x10° 0.273 0.701x10710 0.354x10°
Mat4 0.594 0.389% 10711 0.382x10° 0.266 0.541x10710 0.354x10°
From the results in Table 4, the percentage of improve-  References

ment of the total execution time achieves about 50%, and the
numerical factorization time is also improved effectively. Fig-
ure 10 illustrates the percentage of the total time improvement.
Moreover, the results further verify that the BRSMF method
not only keeps the cost of numerical factorization from in-

creasing, but ensures the precision of solution very well.

Isl

Mat3 Mat4

Mat1l

Fig. 10. (color online) The percentage of improvement of the BRSMF
method (%).

6. Conclusion

In this paper, we proposed the BRSMF method by mak-
ing use of the block diagonal structure of the three-temperature
matrix. As the nested dissection reordering and symbolic de-
composition in the BRSMF method are executed based on the
auxiliary adjacency graph and auxiliary matrix, respectively,
the total solving efficiency is improved significantly. From the
numerical experiments, we can see that the computation time
of the reordering in the BRSMF method is about one-third of
the time in the RSMF method, the computation time of the
symbolic factorization in the BRSMF method is less than one-
third of the time in the RSMF method and the computation
time of the numerical factorization in the BRSMF method is
always less than the time in the RSMF method with the in-
crease of problem size. These results show that numerical ex-
periments agree with our theoretical analysis and the improve-
ment becomes more and more remarkable with the increase of

problem size.
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