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Linear scan computed tomography (LCT) is of great benefit to online industrial scanning and security inspection due
to its characteristics of straight-line source trajectory and high scanning speed. However, in practical applications of LCT,
there are challenges to image reconstruction due to limited-angle and insufficient data. In this paper, a new reconstruction
algorithm based on total-variation (TV) minimization is developed to reconstruct images from limited-angle and insufficient
data in LCT. The main idea of our approach is to reformulate a TV problem as a linear equality constrained problem where
the objective function is separable, and then minimize its augmented Lagrangian function by using alternating direction
method (ADM) to solve subproblems. The proposed method is robust and efficient in the task of reconstruction by showing
the convergence of ADM. The numerical simulations and real data reconstructions show that the proposed reconstruction
method brings reasonable performance and outperforms some previous ones when applied to an LCT imaging problem.
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1. Introduction
Computed tomography (CT) has become a widely-used

imaging technology in various applications of industrial non-
destructive testing (NDT) and medical fields for its advantages
of fast speed, high precision, high spatial resolution, etc. Tra-
ditionally, imaging trajectories for CT are either circular or
helical. As the technology evolves, more and more trajecto-
ries have been investigated for specific applications.[1–3] Lin-
ear scan computed tomography (LCT) is useful in fields like
industrial scanning and security inspection due to its geomet-
ric and physical features.[4,5] The LCT scanning configuration
could be executed physically in many ways. Here, we only
focus on the way in which the X-ray source and the detector
would remain stationary, and the object to be scanned is moved
on a straight line. Compared with circular or helical scanning
mode, LCT mode needs no rotation, its mechanical design and
control are relatively easy to implement. Hence, the scanning
speed could be rapid and it is terrific for the applications of
online industrial testing and security inspection. Meanwhile,
it is also applied to the NDT for the objects that are long and
straight. Consequently, the LCT has become one of the re-
search hotspots in the fields of CT and the research of the LCT
image reconstruction has aroused the substantial interest.

The analytical method has been adopted widely in prac-
tical reconstruction due to its less computational complex-
ity and acceptable result in the CT image reconstruction
field. For the straight-line trajectory, the convolution back-
projection algorithm,[6] the direct filtered backprojection type

algorithm,[7] the backprojection filtration (BPF) algorithm,[8]

and many other analytical approaches[9] were studied. How-
ever, these algorithms obtain the exact reconstruction only on
condition that the source trajectory line segment goes to infi-
nite length where the Tuy’s sufficiency condition[10] is satis-
fied. In practical applications, the LCT’s effective coverage
of projection angle ϕ is less than π , so it is a limited-angle
problem. To solve this problem, Gao et al.[7] introduced an
iterative reconstruction reprojection (IRR) method to reduce
the artifacts, and then, they presented an iterative Gerchberg–
Papoulis-type extrapolation (GPEL) method for the compen-
sation for missing data in LCT image reconstruction in Fourier
domain.[11]

The compressive sensing (CS) theory by Candes et
al.[12,13] provided a method of exactly recovering an image
from the sparse samples of its discrete Fourier transform
(DFT). The exact recovery depends on the fact that there ex-
ists some representations of the image for which the corre-
sponding coefficients are sparse. Sparsity of images is gen-
erally not widely applicable in industrial or security scanning
applications, but it is often the case that the images have sparse
gradient-magnitude images (GMI).[14] For such images, mini-
mizing the image total variation (TV), which is the l1-norm of
the GMI and subject to the data constraint, can yield the accu-
rate images from sparse DFT samples. Recently, the method
based on the corresponding constrained TV or l1-norm mini-
mization was widely studied in the reconstruction from few-
view and limited-angle data.[14–22]
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Gao et al.[15] combined TV regularization with the GPEL
iteration and obtained a GPEL-TV method to restrain the noise
and oscillation. Chen et al.[16] used a prior image recon-
structed from the union of interleaved dynamical data sets
to constrain the CS image reconstruction[16] Sidky et al.,[17]

and Sidky and Pan[14] proposed the adaptive steepest descent-
projection onto convex sets (ASD-POCS) algorithm in CT im-
age reconstruction. The ASD-POCS algorithm was a combi-
nation of gradient descent on the TV-objective function and
POCS to enforce the data and positivity constraints. And
in the past few years it has been shown that the algorithms
based on ASD-POCS framework were able to handle incom-
plete datasets quite well and realize excellent performance
in sparse-view CT applications.[18–21] But it is pointed out
that the ASD-POCS algorithm has a problem of how to find
a system to balance TV-gradient descent with POCS, and
the balance was achieved by making the TV-gradient-descent
step-size proportional to the change in the image due to the
POCS.[14]

In this paper, we intend to make some further contribu-
tions to the subject in reconstructing an image from limited-
angle based on TV minimization method, and improve the per-
formance by the use of alternating direction method (ADM)
which minimizes the augmented Lagrangian functions through
an alternating minimization scheme. We demonstrate the cor-
rectness and virtues of the proposed method by numerical
examples through using projection data in a limited angular
range. In the numerical examples, we find that the recon-
struction quality and efficiency of the proposed method are
improved compared with the ASD-POCS method.

The rest of this paper is organized as follows. In Sec-
tion 2, we formulate a TV minimization algorithm based on
ADM for LCT image reconstruction. Experimental results as
well as the comparisons with those obtained by the widely
used ASD-POCS algorithm are presented in Section 3. Fi-
nally, conclusions and discussion are given in Section 4.

2. Method
2.1. LCT systematic description

The configuration of LCT in this paper is the same as the
one in Ref. [7]. It is schematically illustrated in Fig. 1(a). Both
the X-ray source and the detector would remain stationary and
the object scanned is moved on a straight line. This is equiva-
lent to fixing the object and having the source and the detector
translated by the object.

Figure 1(b) shows the geometry of the LCT scanning. Let
O denote the origin in the object coordinates (x,y). An equiv-
alent detector horizontally passing the origin O is used. The
source is indexed by l which is its offset from O′, each detector
element is indexed by t which is its offset from O′′. The dis-
tance from the source to the equivalent detector is D. Hence,

the projection p(l, t) is the line integral along the ray AB pass-
ing though the source trajectory at l and the detector element
at t.
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Fig. 1. Systematic description of LCT, showing (a) the scan geometry
and (b) projection data geometry.

As shown in Fig. 1(b), one projection datum p(l, t) will
correspond to one angle, the datum from each detector element
corresponds to a certain view angle of parallel beams. Thus,
p(l, t) from an object function f (x,y) can be written as

p(l, t) =
∫∫

f (x,y)δ (xcosθ + ysinθ − s)dxdy

=
∫∫

f (x,y)

√
D2 + t2

D
δ (x− y

t
D
− l− t)dxdy, (1)

with θ = π − tan−1(t/D) and s = −D(l + t)/
√

D2 + t2 be-
ing the corresponding view angle and detector position in the
parallel-beam scan geometry, respectively.

2.2. TV minimization reconstruction based on ADM for
LCT

The imaging model, equation (1), can be approximated
by the following discrete linear system:

p =W𝑓 . (2)

The vector p represents the data obtained from measured
projection rays; the vector 𝑓 has the length which is equal to
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the number of expansion elements used for representing the
object function f (x,y); and the system matrix W is a discrete
model for the integration in Eq. (1).

In LCT systems, the projection data are not sufficient for
exact reconstruction. Mathematically, the problem considered
here involves insufficient data, and the reconstruction is ill-
posed. To solve the linear system represented in Eq. (2), we
specify a TV algorithm that implements the following opti-
mization program. Constrained TV minimization yields the
discrete image 𝑓 that minimizes its TV as follows:

𝑓∗ = argmin‖𝑓‖TV ,

subject to (s.t.) p =W𝑓 , 𝑓 ≥ 0. (3)

Let ui equal the discrete gradient of 𝑓 at pixel i, then we will
obtain the TV model as follows:

min∑
i
‖ui‖, s.t.p =W𝑓 and Di𝑓 = ui. (4)

For the constrained optimization, an influential class of
method seeks for the minimizer or maximizer by the origi-
nal constrained problem approached by a sequence of uncon-
strained subproblems. A well-known one is the augmented
Lagrangian method, which could be regarded as a combina-
tion of the Lagrangian and quadratic penalty functions.

The corresponding augmented Lagrangian function of
formula (4) is

LA (𝑓 ,ui) = ∑
i

(
‖ui‖−ν

T
i (Di𝑓 −ui)+

βi

2
· ‖Di𝑓 −ui‖2

2

)
−λ

T (W𝑓 − p)+
µ

2
· ‖W𝑓 − p‖2

2 . (5)

Let (𝑓∗,u∗i ) represent the true minimizer of Eq. (5), the
update formulas of multipliers follow

ν̃i = νi−βi (Di𝑓
∗−u∗i ) λ̃ = λ −µ (W𝑓∗− p) . (6)

The task of solving problem (4) is equal to minimizing
LA (𝑓 ,ui) efficiently at each iteration. The alternating direc-
tion method[23–25] is used here to solve the minimization of
Eq. (5) efficiently.

Suppose that
(
𝑓 k,uk

i
)

denotes the approximate minimizer
of Eq. (5) at the k-th iteration which refers to the inner itera-
tion while solving the subproblem. Assuming that uk+1

i can be
attained by

min
ui

LA

(
𝑓 k,ui

)
= ∑

i

(
‖ui‖−ν

T
i

(
Di𝑓

k−ui

)
+

βi

2
·
∥∥∥Di𝑓

k−ui

∥∥∥2

2

)
−λ

T
(

W𝑓 k− p
)
+

µ

2
·
∥∥∥W𝑓 k− p

∥∥∥2

2
, (7)

which is equivalent to solving the so-called “u-subproblem”

min
ui

∑
i

(
‖ui‖−ν

T
i

(
Di𝑓

k−ui

)
+

βi

2
·
∥∥∥Di𝑓

k−ui

∥∥∥2

2

)
. (8)

With the aid of uk+1
i , 𝑓 k+1 can be achieved by solving

min
𝑓

LA

(
𝑓 ,uk+1

i

)
= ∑

i

(∥∥∥uk+1
i

∥∥∥−ν
T
i

(
Di𝑓 −uk+1

i

)
+

βi

2
·
∥∥∥Di𝑓 −uk+1

i

∥∥∥2

2

)
−λ

T (W𝑓 − p)+
µ

2
· ‖W𝑓 − p‖2

2 , (9)

which is equivalent to solving the so-called “ f -subproblem”

min
𝑓

Dk (𝑓)

, ∑
i

(
−ν

T
i

(
Di𝑓 −uk+1

i

)
+

βi

2
·
∥∥∥Di𝑓 −uk+1

i

∥∥∥2

2

)
−λ

T (W𝑓 − p)+
µ

2
· ‖W𝑓 − p‖2

2 . (10)

Dk (𝑓) is a quadratic function, and its gradient is

dk (𝑓) = ∑
i

(
βiDT

i

(
Di𝑓 −uk+1

i

)
−DT

i νi

)
+µW T (W𝑓 − p)−W T

λ . (11)

Setting dk (𝑓) = 0 gives us the exact minimizer of Dk (𝑓) as
follows:

𝑓 k+1∗ =

(
∑

i
βiDT

i Di +µW TW
)+(

∑
i

(
DT

i νi +βiDT
i uk+1

i

)
+W T

λ +µW T p
)
. (12)

Here, M+ denotes the Moore–Penrose pseudo inverse of
matrix M. The augmented Lagrangian function (5) is ex-
pected to be minimized by solving u-subproblem (8) and f -
subproblem (10) alternately.

It is noticeable that this iteration is a kind of TV regular-
ization algorithm which is based on the idea of alternating di-
rection minimization to solve subproblems. Thus, the above it-
erative is called alternating direction total variation minimiza-
tion (ADTVM) method in this paper.

3. Experimental results

To demonstrate and validate the presented ADTVM
method of the image reconstruction, we implemente it and
evaluate it with both numerical simulation data and real CT
data. All experiments are performed in the C programming
language under Visual Studio 2005 running on a Lenovo
ThinkStation D20 with Intel Xeon E5620 CPU 2.40 GHz (only
one processor was used) and 24 GB of memory. And it is noted
that we partly refer to the Rice Matlab solver of “TVAL3”[23]

in the implementation.
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3.1. Simulation studies

To bring forth the advantages of the presented ADTVM
method, we perform the following numerical experiments.
Two kinds of configurations are simulated: one segment for
an angle range of 90◦ and two segments for each angle range
of 45◦. The benefits from the second configuration are that not
only each angle of X-ray beam coverage can be small but also
the total length of the detector array can be short.

The scanning and reconstruction parameters are listed in
Table 1, and detector elements are equidistantly spaced with
10 mm. The sampling step in source translation is 2 mm. The
perpendicular distances from the source to the object center
and to the detector are 512 nm and 1280 mm in the configu-
ration 1 (618.4 mm and 1546 mm in configuration 2), respec-
tively. Hence, the equivalent sample interval on the equivalent
detector is 4 mm.

Table 1. Parameters in an LCT scan.

Parameters Configuration 1 Configuration 2
Number of segments 1 2
Detector elements in one segment 256 256
Detector length in one segment 2560 mm 1280 mm
Source to axis distance 512 mm 618.4 mm
Source to detector distance 1280 mm 1546 mm
Source to equivalent detector distance 512 mm 618.4 mm
Equivalent detector length in one segment 1024 mm 512 mm
Views of projection data 128 64×2
Projection data 256×128 256×64×2
Reconstruction size 256×256 pixels 256×256 pixels
Pixel size 22 mm2 22 mm2

To validate how the ADTVM method can be applied to
LCT scanning, we make a comparison with the ASD-POCS
algorithm. Different choices of parameters of ASD-POCS al-
gorithm have been tried, and at the end we pick out the ones
that provide the best performance measured by recovery qual-
ity and running time.

In the first configuration, we use one detector for data ac-
quisition by taking 128 angular samples distributed over an an-
gle range of only 90◦. For this scan, the sampling data in the
Fourier space is in a two-opposite-triangular region (shown in
Fig. 2). For this study, the projection data are generated for
the Shepp–Logan phantom at 128 views in a coverage of 90◦.
The size of the phantom simulation is set as follows: the im-
age size is 256×256 = 65536 voxels, and the projection data

size is 128 views with 256 detectors or 32768 measured rays.

ξ2

ξ1

Fig. 2. Sampling points of a 90◦ scan in the Fourier space.

(a) (b) (c)

Fig. 3. Image reconstructions of the Shepp–Logan phantom in 90◦ LCT scan. Display window [0.1, 0.35]. Panel (a) shows the original
image, panel (b) the result of ASD-POCS algorithm, and panel (c) the result of ADTVM algorithm.
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Fig. 4. Image profiles in Fig. 3, showing (a) horizontal profiles along the center of the ASD-POCS result, (b) vertical profiles along
the center of the ASD-POCS result, (c) horizontal profiles along the center of the ADTVM result, and (d) vertical profiles along the
center of the ADTVM result.

The images reconstructed from this set of data by using
the ADTVM and ASD-POCS algorithms are shown in Fig. 3.
The profiles of these images along the central horizontal and
vertical rows are displayed in Fig. 4. The numbers of iterations
for ADTVM and ASD-POCS reconstructions are both 1000.

The profiles in Fig. 4 show that the ADTVM reconstruc-
tion contains a little deviation from the true phantom near the
bottom of the image and the ASD-POCS reconstruction has
some distortions, which is evident in the shown profile plots.

To demonstrate the reconstruction accuracy quantita-
tively, we use the root-mean-squared error (RMSE) as a mea-
sure of the reconstruction error. The RMSE is defined as

RMSE =

√√√√∑
i

∑
j
| f (i, j)−g(i, j)|2

N
,

where f and g mean the ideal phantom and the reconstruction,
respectively. And N is the total pixels of the image. The RM-
SEs of the reconstructions of the Shepp–Logan phantom are
calculated and showed in Fig. 5 for two different methods. We
can see that the ADTVM algorithm is obviously more accurate
and effective.

0 400 800 1200
0

0.1

0.2

R
M

S
E

Iteration number

ASD POCS

this paper

Fig. 5. Root-mean-squared errors each as a function of iterations for
different methods in a 90◦-LCT scan.

In the second set of configuration, the detector is split
into two segments, which are arranged in a vertical distribu-
tion (shown in Fig. 6). A scanning object is moved linearly

and the angle coverage is 45◦ in each segment. For this scan,
the sampling points of the object in the Fourier space are de-
scribed in Fig. 7. We can see that there exists a lack of four
45◦ ranges in the frequency domain.

segment 2

source
object

segment 1
entry

exit

φ

Fig. 6. Trajectories of two segments.

ξ2

ξ1

Fig. 7. Sampling points of a two-segment scan in the Fourier space.
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(a) (b) (c)

Fig. 8. Image reconstructions of the Shepp–Logan phantom in a two-segment LCT scan. Display window [0.1, 0.35]. Panel (a) shows
the original image, panel (b) the result of ASD-POCS algorithm, and (c) the result of ADTVM algorithm.
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Fig. 9. Image profiles in Fig. 8, showing (a) horizontal profiles along the center of the ASD-POCS result, (b) vertical profiles along
the center of the ASD-POCS result, (c) horizontal profiles along the center of the ADTVM result, and (d) vertical profiles along the
center of the ADTVM result.

The reconstructed image results for both the ADTVM and
ASD-POCS algorithms are shown in Fig. 8. The profiles of
these images along the central horizontal and vertical rows are
displayed in Fig. 9. The number of iterations for each recon-
struction is 1000. As one can see, the ADTVM reconstruc-
tion is very close to the true phantom. On the other hand, the
images obtained by use of the ASD-POCS algorithm are also
reasonably accurate with only small distortions. We also study
the root-mean-squared error as a function of iteration number.
The result is displayed in Fig. 10. In a way the same as that in
the first study, the accuracy of ADTVM method is better than
the ASD-POCS method for the second scan.

Table 2 shows the RMSE of the reconstructions from the
above projection data with different TV minimization algo-

rithms. The run-time for our current implementation of the

ADTVM algorithm is 0.14 s per loop for the phantom results

in configuration 1.
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Fig. 10. Root-mean-squared errors each as a function of iterations for
different methods in a two-segment LCT scan.

Table 2. The RMSE for the different methods.

ASD-POCS ADTVM
Configuration 1 segment 2 segments 1 segment 2 segments

Iteration numbers 1000 1000 1000 1000
RMSE 1.138×10−2 9.912×10−3 1.925×10−3 6.496×10−4
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3.2. Reconstruction using real data

To further check the capability of the proposed algorithm,
we carry out the experiments to reconstruct a spark plug from
real data. The real data are acquired with the CT system which
is composed mainly of the X-ray source (YXLON FXE-225,
Germany) and the flat-panel detector (Varian 4030E, USA)
with a pixel size 0.127 mm. Because the effective angle cover-
age of source is nearly 30◦, the scanning is split into four parts.
The scanning trajectory is schematically illustrated in Fig. 11.
The spark plug is moved linearly in each part, and rotates 30◦

between every two parts. Therefore, the total angle range is
120◦ experimentally. In each part of the scanning, the perpen-
dicular distances from the source to the object center and to
the detector are 86.88 mm and 484.47 mm, respectively. The
sampling interval in the object trajectory is 0.6 mm and the
total number of projections is 96×4 = 384.

We compare the proposed algorithm with LFBP,[7] SART,
and ASD-POCS algorithms, the numbers of iterations for
SART, ASD-POCS, and ADTVM reconstructions are all 200.
The size of the reconstructed region is 200×200×170 with a
voxel size of 0.15 mm×0.15 mm×0.15 mm. Figures 12 and
13 show the 110-th and 160-th z-axial reconstructed slice by
the four methods, respectively, and figure 14 displays the 100-
th x-axial reconstructed slice by the ASD-POCS and ADTVM
methods.

source
object

part 1

φ=30O

part 2

part 3

part 4

φ

Fig. 11. Scan configuration of four parts.

From the reconstruction results using real data, it is found

that the distortions and streaking artifacts are clearly seen in

both LFBP reconstruction and SART reconstruction. Com-

pared with these two methods, the ASD-POCS method and the

proposed ADTVM method can effectively restrain the artifacts

and improve the image quality, though the reconstruction im-

ages still have some artifacts on the edge of the missing data

regions. Furthermore, it is interesting to note that the image

artifacts are significantly less severe in the image reconstruc-

tion of ADTVM. The ADTVM appears to have less artifacts

than the ASD-POCS reconstructions.

(a) (b) (c) (d)

Fig. 12. The 110-th z-axial slices in three-dimensional (3D) image reconstruction of the spark plug. Panel (a) shows the result of
LFBP, panel (b) the result of SART, panel (c) the result of ASD-POCS, and panel (c) the result of ADTVM.

    

(a) (b) (c) (d)

Fig. 13. The 160-th z-axial slices in 3D image reconstruction of the spark plug. Panel shows (a) the result of LFBP, panel (b) the result
of SART, panel (c) the result of ASD-POCS, and panel (c) the result of ADTVM.
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(a)

(b)

Fig. 14. The 100-th x-axial slices in 3D image reconstructions of the
spark plug. Panel (a) shows the result of ASD-POCS, and panel (b) the
result of ADTVM.

4. Discussion and conclusion
LCT is useful in the fields of online industrial scan-

ning and security inspection due to its features of straight-line
source trajectory and high scanning speed. However, because
of the limitation of the ray-beam flare angle, the projection
data sets are not sufficient for exact reconstruction. To cope
with the limited-angle problem, we develop in this work an
alternating direction TV minimization algorithm for LCT re-
construction based on augmented Lagrangian function. We
evaluate and demonstrate the performance of the proposed al-
gorithm in addressing both numerical simulation and real data
reconstruction. To validate how the ADTVM algorithm can
be applied to the LCT scanning and limited-angle problem,
we make a comparison with the ASD-POCS algorithm. The
experimental results show that both algorithms are able to ef-
fectively reconstruct quantitatively accurate images from im-
perfectly sampled data, in particular, ADTVM shows much
faster convergence when applied to limited-angle data. The

advantage of our new method is that the TV model is decom-
posed to two simple subproblems with closed form solution.
Therefore, the ADTVM is efficient and practical for the low
cost in each iteration.

Although this article presents the algorithm only in the
context of linear scan CT, it is clear that the algorithm here is
directly applicable to other tomographic imaging modalities.
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