
Chin. Phys. B Vol. 22, No. 7 (2013) 078101

A steady solution of the gasar eutectic growth in directional
solidification∗
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This paper presents the general mathematical model on gasar eutectic growth in directional solidification. Using
multiple scale expansion and matching method, we obtain the global steady solution of gasar eutectic growth as the Peclet
number ε � 1, where ε is defined as the ratio of half an inter-pore spacing and solutal diffusion length. We also give the
interfacial shape and predict the porosity of gasar eutectic growth. Results show that porosity is mainly dependent on gas
pressure above the metal melt, but independent of pulling velocity. Our predicted results are in agreement with experimental
data.
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1. Introduction
A metal–gas solution may be prepared by melting vari-

ous metals in an atmosphere containing gas at certain pres-
sure to give a desired gas concentration. Then, porous mate-
rials can be produced by solidifying the melts dissolving gas.
Gas pores form mainly due to volumetric shrinkage and differ-
ences in gas solubility in liquid phase and solid phase. Based
on the higher solubility in liquid phase compared with that in
solid phase, Shapovalov[1] first produced ordered porous met-
als named gasars under unidirectional solidification. Later,
many researchers[2–4] did similar experiments and prepared
gasars with desirable gas morphology. A review the fabrica-
tion, properties, and applications of porous metals is given in
Ref. [4].

Solidification of metal–gas materials is generally ac-
knowledged to be controlled by a diffusion-limited process
and obeys the equilibrium phase diagram shown in Fig. 1.
For example, a copper–hydrogen system is similar to eutectic
transformations. In order to reveal the essence of gasar forma-
tion, diffusion of gas dissolved in metal melt into pores and
solidification of metal are considered simultaneously. To un-
derstand the formulation of ordered porous metallic materials,
some theories are developed to determine porosity and inter-
pore spacing.[3,5–7] Especially, Liu et al.[6] presented simple
analytical results derived from the eutectic growth theory de-
veloped by Jackson and Hunt.[8] However, they only consid-
ered the planar liquid–solid and gas–liquid interfaces in their
models.

Interfacial morphology formed in the process of solidifi-
cation has very important effects on the final material struc-
ture and properties.[9–13] In the present work, we will present
a general mathematical formulation and give the global steady

analytical solution using the multiple scale expansion and
matching method.[14–17] The present paper is arranged as fol-
lows. In Section 2, we give the mathematical formulation of
gasar eutectic growth under directional solidification. In Sec-
tion 3, we present a dimensionless mathematical formulation
of steady gasar eutectic growth and derive the solution of the
system. We discuss the effects of control conditions on poros-
ity, and further conduct the numerical calculations for a steady
solution based on the system of Cu–H2. In Section 4, we give
our conclusions.
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Fig. 1. Schematic phase diagram of a metal–gas system (S: solid, L:
liquid, G: gas).

2. Mathematical formulation of gasar eutectic
growth
Experimental results show that gas pores form cylinders

embedded in the solid metal under directional solidification.
Hence, for system of gasar eutectic growth under continu-
ous casting technics, we adopt the cylindrical coordinate sys-
tem (r,z,θ) moving with pulling speed V in the z direction,
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as shown in Fig. 2(a). In coordinate system (r,z,θ), the r
axis passes through tri-junctions. Considering a system of di-
rectional solidification, we can assume that heat conductivity
is the same for all phases and the temperature field is only
fixed by the experimental setup. The temperature field obeys
Laplace’s equation

∇2T = 0. (1)

In a frame which uniformly translates along the z axis at the
pulling velocity V of sample, this quasi-steady state approx-
imation of temperature field is justified on the basis that the
thermal diffusion length is large compared to the solutal dif-
fusion length. More detail about the process has been given
in Ref. [18]. For directional solidification experiments, a hot
zone and a cold zone induce a temperature gradient G to the
system directed along the z direction. Hence, the temperature
is given by

T = Te +G(z− z∗). (2)

Here, Te is the gasar eutectic temperature, corresponding to
the intersection of liquidus line and solubility line, as shown
in Fig. 1, and the undetermined constant z∗ is the location of

gasar eutectic temperature. Gasar eutectic temperature Te and
concentration Ce in unit of mole/m3 are dependent on gas pres-
sure, which are the roots of the following equations:

T = Tm +msC,

C =
2ρA1

Mg
e(A2/T )√Pg,

(3)

where A1 and A2 are fixed constants, subscripts s and g repre-
sent the solid and gas phase, C is the concentration in liquid
phase, Mg is the mole mass of gas, ρ is the density of metal
melt, Tm is the solidification temperature of pure metal, ms is
the liquidus slope, and Pg is the pressure of gas dissolving in a
metal melt. The first expression of Eq. (3) approximately de-
notes the liquidus line, while the second one is the solubility
line.[2]

The temperature of a solid–liquid interface is given by the
Gibbs–Thomson condition[14]

T = Te +Te
γs

∆Hs
K +ms(C−Ce), (4)

where

K {h}=

[
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r
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∂ r

)2

+ r2

]3/2 (5)

is twice the mean curvature of the interface, and we designate
that K < 0 when interfacial finger points to liquid phase side,
γs is the surface tension of solid–liquid interface, and ∆Hs is
the latent heat of fusion per unit volume.

Temperature at the gas–liquid interface meets the follow-
ing condition:

T = Te +
γgR0T 2

e

Pa∆Hg
K +mg(C−Ce), (6)

where the solubility line slope mg taken at the gasar eutectic
point can be denoted as follows:

mg =−
A2

Ce[ln(MgCe)− ln(2ρA1
√

Pg)]2
. (7)

The second term on the right-hand side of Eq. (6) rep-
resents the effect of interfacial curvature on the saturation
temperature,[5] where γg is the surface tension of gas–liquid
interface, ∆Hg is the heat of reaction at which gas dissolves
into the liquid metal, and R0 is the gas constant. The total
pressure of gas mixture Pa is expressed as

Pa = Pg +Po, (8)

where Po is the pressure of other gas that does not dissolve in
metal melts.

For the gasar eutectic system, the growth process is con-
trolled by solute transport to be much slower than that of heat.
The solute diffusion flux at the interface can be denoted by
solute mass balance conditions. At the gas–liquid interface,

(C−Cg)

(
∂hg

∂ t
+V

)
= −κD

(
∂C
∂ z
−

∂hg

∂ r
∂C
∂ r
− 1

r2
∂hg

∂θ

∂C
∂θ

)
, (9)

and at the solid–liquid interface,

(1−κs)C
(

∂hs

∂ t
+V

)
= −κD

(
∂C
∂ z
− ∂hs

∂ r
∂C
∂ r
− 1

r2
∂hs

∂θ

∂C
∂θ

)
, (10)

where Cg is the concentration in gas pore, κD is the solute dif-
fusivity, and κs is the partition coefficient.

It is noted that we neglect the diffusion in the gas phase
in Eq. (9). Using the ideal gas law, we can approximatively
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denote the concentration in a gas pore as

Cg = w
2Pa

R0Te
. (11)

Here, we neglect hydrostatic pressure and an extra pressure
caused by the curvature of the gas–melt interface, which are
very smaller than the external pressure Pa. The w is the modi-
fied factor, and we will discuss it in next section. For simplic-
ity, we also neglect the diffusion in the solid phase in Eq. (10)
because its diffusion coefficient is much smaller than one in
liquid phase.

The concentration field in the liquid phase meets

κD∇
2C+V

∂C
∂ z

=
∂C
∂ t

. (12)

At the tri-junctions, local equilibrium requires that the surface
tensions balance as expressed by Young’s law{

γg sinθg + γs sinθs = γgs,

γg cosθg− γs cosθs = 0,
(13)

where γgs is the surface tension of solid–gas interface. The
contact angles θg and θs are determined by this condition.

Another important condition is that the initial concentra-
tion of melt C∞ meets[2]

C∞ =
2ρA1

Mg
e(A2/Th)

√
Pg, (14)

where Th is the temperature of the hot zone.

3. Steady solution of gasar eutectic growth
In the previous section, we have given the general math-

ematical formulation of gasar eutectic growth. We will obtain
the steady solution of the above mathematical model in this
section. One can use half of inter-pore spacing, R, as the length
scale and pulling velocity V as the velocity scale. The scales of
temperature T and concentration C are set as ∆Hs/(cpρ) and
Ce, respectively. The cp is the specific heat. We define the non-
dimensional temperature field as T̄ = (T −Te)((cpρ)/∆Hs),
and the dimensionless concentration field as C̄ = (C−Ce)/Ce.
Substituting these dimensionless parameters into the above
system, one can easily obtain the dimensionless form. Due to
the steady solution of gasar eutectic growth given in this paper,
we only present the dimensionless mathematical formulation
of steady gasar eutectic growth. Obviously, as gasar eutectic
grows steadily, the pulling velocity will be equal to the growth
velocity of the interface.

For a system of axi-symmetric gasar eutectic growth, due
to periodicity of the solution, we may only consider a cell
in cylindrical coordinate system (r̄, z̄) as shown in Fig. 2(a).
Following the theory of eutectic growth given by Jackson and

Hunt,[8] we replace a hexagon boundary by a circle of equiva-
lent area shown in Fig. 2(b). In this case, the problem is equiv-
alent to gasar eutectic growth in a channel with fixed cylinder
r̄ = 1.

0 1

Rg

R

(a)

(b)

liquid

gas solid

r

z
-

-

Fig. 2. Geometry model of gasar eutectic growth. (a) Axi-symmetric
gasar eutectic growth with fixed cylinder r̄ = 1 in cylindrical coordinate
system (r̄, z̄,θ); (b) transversal surface of gasar eutectic structure.

The dimensionless concentration field C̄(r̄, z̄) is subjected
to the following system in cylindrical coordinate system (r̄, z̄):

∂ 2C̄
∂ r̄2 +

1
r̄

∂C̄
∂ r̄

+
∂ 2C̄
∂ z̄2 + ε

∂C̄
∂ z̄

= 0, (15)

where the Peclet number ε is defined as

ε =
RV
κD

. (16)

The boundary conditions are given as follows:
i) as z̄→ ∞,

C̄→ C̄∞; (17)

ii) as r̄ = 0,1,

∂C̄
∂ r̄

=
∂ h̄
∂ r̄

= 0; (18)

iii) at the interface, z̄ = h̄(r̄), the Gibbs–Thomson condi-
tion is given by

C̄ =−ε
Ḡ
M

(h̄− z̄∗)+
Γ

εM
¯K
{

h̄
}
, (19)

and the solute mass balance condition is given by

∂C̄
∂ z̄
− ∂ h̄s

∂ r̄
∂C̄
∂ r̄

+ ε(1−κs)(C̄+1) = 0, (20)

∂C̄
∂ z̄
−

∂ h̄g

∂ r̄
∂C̄
∂ r̄

+ ε(C̄−C̄g) = 0, (21)
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where

Γ =


Γg =

γgR0cpρT 2
e V

PI∆Hg∆HsκD
, 0 < r̄ < r̄∗,

Γs =
γscpρTeV
(∆Hs)2κD

, r̄∗ < r̄ < 1,
(22)

M=


Mg =−

mgCe

∆Hs/(cpρ)
, 0 < r̄ < r̄∗,

Ms =−
msCe

∆Hs/(cpρ)
, r̄∗ < r̄ < 1,

(23)

r̄∗ =
Rg

R
, Ḡ =

κDG
V ∆Hs/(cpρ)

, (24)

and Rg is the radius of gas pore;
iv) at the tri-junctions, r̄ = r̄∗, h̄(r̄∗) = 0, and

∂ h̄g

∂ r̄
=− tanθg,

∂ h̄s

∂ r̄
= tanθs.

(25)

3.1. Steady state solution in region far from interface

We will obtain the steady asymptotic solution of the
above system using multiple scale expansion and matching
method. Mostly, eutectic spacing is very small compared with
the length of the solute diffusion, so we can let the small pa-
rameter ε� 1. That is to say, the boundary of solute diffusion
is much larger than R. As z̄�O(1), the diffusion in the region
far from the solute diffusion boundary is not effected by the in-
terface shape, so the concentration field is independent of the
variable r̄, and the interface may be considered as planar. We
will divide the liquid region into two sub-regions: outer region
far from interface; inner region. One can obtain solutions in
different sub-regions, then match these two solutions, and fi-
nally derive the global solution in the whole system. In this
subsection, we first attempt to find the solution in the outer
region.

We introduce the outer variable as

ẑ = ε z̄, (26)

then Eq. (15) is changed into

∂ 2C̄O

∂ ẑ2 +
∂C̄O

∂ ẑ
= 0, (27)

with the following boundary conditions:

C̄O→ C̄∞, z̄, ẑ→ ∞. (28)

We expand the outer solution in the following asymptotic
form, as ε → 0:

C̄(r̄, ẑ) = C̄O(ẑ) = C̄O1(ẑ)+ εC̄O2(ẑ)+ · · · . (29)

The solution of the above system can be easily derived as

C̄O = C̄∞[1−D0exp(−ẑ)]+ εD1exp(−ẑ)+ · · · , (30)

where D0 and D1 are undetermined constants.

3.2. Solution in inner region

In the inner region, the system is given by

∂ 2C̄
∂ r̄2 +

1
r̄

∂C̄
∂ r̄

+
∂ 2C̄
∂ z̄2 + ε

∂C̄
∂ z̄

= 0, (31)

with the following boundary conditions.
i) As z̄→ ∞,

C̄→ 0. (32)

ii) As r̄ = 0,1,

∂C̄
∂ r̄

=
∂ h̄
∂ r̄

= 0. (33)

iii) At the interface, z̄ = h̄(r̄), and the Gibbs–Thomson
condition is given by

C̄ =−ε
Ḡ
M

(h̄− z̄∗)+
Γ

εM
¯K
{

h̄
}
, (34)

and the solute mass balance condition is given by

∂C̄
∂ z̄
− ∂ h̄s

∂ r̄
∂C̄
∂ r̄

+ ε(1−κs)(C̄+1) = 0, (35)

∂C̄
∂ z̄
−

∂ h̄g

∂ r̄
∂C̄
∂ r̄

+ ε(C̄−C̄g) = 0. (36)

iv) At the tri-junctions, r̄ = r̄∗, h̄(r̄∗) = 0, and
∂ h̄g

∂ r̄
=− tanθg,

∂ h̄s

∂ r̄
= tanθs.

(37)

It is very difficult to obtain the exact solution of above system.
Here we will obtain the asymptotic solution. Generally, M and
Γ are small parameters. For example, for system of Cu–H2,
0.001 ≤M ≤ 0.1, and 10−7 ≤ Γ ≤ 10−4. As usual, we write
Γ as follows:[15]

Γ = ε
2
Γ̂ , (38)

where Γ̂ = O(1). We also assume that the amplitude of the
interface |h̄| is small, and

|h̄|= O(Ms).

We expand the concentration field C̄(r̄, z̄), interface func-
tion h̄(r̄), and z̄∗ in the following form: C̄(r̄, z̄) = C̄I(r̄, z̄) = µ1(ε)C̄I1(r̄, z̄)+µ2(ε)C̄I2(r̄, z̄)+ · · · ,

h̄(r̄) = δ1(ε)h̄I1(r̄)+δ2(ε)h̄I2(r̄)+ · · · ,
z̄∗ = ν1(ε)z̄∗1 +ν2(ε)z̄∗2 + · · · ,

(39)

and as ε → 0,

1� µ1(ε)� µ2(ε)� ··· ,
1� δ1(ε)� δ2(ε)� ··· ,
1� ν1(ε)� ν2(ε)� ··· .
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By substituting Eq. (39) into systems (31)–(37), we can derive
approximate solutions of each order. Next, we will give the
first-order approximation.

The first approximation of the solute diffusion equation is

∂ 2C̄I1

∂ r̄2 +
1
r̄

∂C̄I1

∂ r̄
+

∂ 2C̄I1

∂ z̄2 = 0, (40)

with the following boundary conditions.
i) At r̄ = 0,1,

∂C̄I1

∂ r̄
=

∂ h̄I1

∂ r̄
= 0. (41)

From Eqs. (35) and (36), we can derive that µ1(ε) = ε , and
δ1(ε) = ν1(ε) =Ms.

ii) At the interface, we have z̄ = h̄(r̄) = O(δ1). There-
fore, the interface conditions can be linearized at z̄ = 0. The
Gibbs–Thomson condition is given by

C̄I1 =−
Ḡ
M̂

(h̄I1− z̄∗1)+
Γ̂

M̂

(
∂ 2h̄I1

∂ r̄2 +
1
r̄

∂ h̄I1

∂ r̄

)
, (42)

where

M̂=


Mg

Ms
, 0 < r̄ < r̄∗,

1, r̄∗ < r̄ < 1,
(43)

and the solute mass balance condition is given by

∂C̄I1

∂ z̄
+(1−κs) = 0, (44)

∂C̄I1

∂ z̄
−C̄g = 0. (45)

iii) As r̄ = r̄∗,
h̄′I1g(r̄∗) =Θg,

h̄′I1s(r̄∗) =Θs,

h̄I1g(r̄∗) = h̄I1s(r̄∗) = 0,
(46)

where tanθg =−MsΘg, and tanθs =MsΘs. The general solu-
tion of Eq. (40) is

C̄I1 = D2 +D3z̄+
∞

∑
n=1

ĈnJ0(λnr̄)exp(−λnz̄), (47)

where Jn(x) is the Bessel function of the first kind, λn is the
positive root of J1(x), D2 and D3 are undetermined constants.

Substituting Eq. (47) into Eqs. (44) and (45) by integrat-
ing the above equations and using the orthogonality of J0(x),
we obtain the Fourier coefficients Ĉn as

Ĉn =−
2(1−κs +C̄g)r̄∗J1(r̄∗λn)

λ 2
n J2

0(λn)
, (48)

r̄∗ =

√
1−κs +D3

1−κs +C̄g
. (49)

Next, we determine the interfacial function h̄I1. From the
Gibbs–Thomson condition (34), we have

Γ̂

M̂

(
∂ 2h̄I1

∂ r̄2 +
1
r̄

∂ h̄I1

∂ r̄

)
− Ḡ

M̂
(h̄I1− z̄∗1) = D2 +

∞

∑
n=1

ĈnJ0(λnr̄),

or

r̄2 ∂ 2h̄I1

∂ r̄2 + r̄
∂ h̄I1

∂ r̄
− (Ar̄)2h̄I1 = f (r̄), (50)

where A2 = Ḡ/Γ̂ and

f (r̄) =
M̂
Γ̂

r̄2[D2−
Ḡ
M̂

z̄∗1 +
∞

∑
n=1

ĈnJ0(λnr̄)]. (51)

The general solution of Eq. (50) is

h̄I1(r̄) = d0I0(Ar̄)+d1K0(Ar̄)+g(r̄), (52)

where In(x) and Kn(x) are the modified Bessel functions of the
first and second kind, and

gg(r̄) = AgI0(Agr̄)
∫ r̄

0

K0(Agr) fg(r)
(Agr)2[K0(Agr)I1(Agr)+ I0(Agr)K1(Agr)]

dr

−AgK0(Agr̄)
∫ r̄

0

I0(Agr) fg(r)
(Agr)2[K0(Agr)I1(Agr)+ I0(Agr)K1(Agr)]

dr, (53)

gs(r̄) = AsI0(Asr̄)
∫ r̄

1

K0(Asr) fs(r)
(Asr)2[K0(Asr)I1(Asr)+ I0(Asr)K1(Asr)]

dr

−AsK0(Asr̄)
∫ r̄

1

I0(Asr) fs(r)
(Asr)2[K0(Asr)I1(Asr)+ I0(Asr)K1(Asr)]

dr. (54)

From Eq. (41), we can determine that

dg1 = 0, ds0 = ds1
K1(As)

I1(As)
, (55)

and from Eq. (46), we also obtain

dg0 =
Θg−g′g(r̄∗)
AgI1(Agr̄∗)

, ds1 =
I1(As)[Θs−g′s(r̄∗)]

AsK1(As)I1(Asr̄∗)−AsI1(As)K1(Asr̄∗)
,
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z̄∗1 =
M̂gM̂s(D2g−D2s)

Ḡ(M̂g−M̂s)
, D2 =

M̂gD2g−M̂sD2s

M̂g−M̂s
, (56)

where

D2g = Θg
Γ̂g

M̂g

I0(Agr̄∗)
Qg2[I0(Agr̄∗)K1(Agr̄∗)+K0(Agr̄∗)I1(Agr̄∗)]

−
Pg2

Qg2
,

D2s = Θs
Γ̂s

M̂s

K1(As)I0(Asr̄∗)+ I1(As)K0(Asr̄∗)
[Qs1I1(As)+Qs2K1(As)][K1(Asr̄∗)I0(Asr̄∗)+ I1(Asr̄∗)K0(Asr̄∗)]

− Ps1I1(As)+Ps2K1(As)

Qs1I1(As)+Qs2K1(As)
,

Pg2 =
∫ r̄∗

0

I0(Agr)
∞

∑
n=1

ĈnJ0(µnr)

K0(Agr)I1(Agr)+ I0(Agr)K1(Agr)
dr,

Qg2 =
∫ r̄∗

0

I0(Agr)
K0(Agr)I1(Agr)+ I0(Agr)K1(Agr)

dr,

Ps1 =
∫ r̄∗

1

K0(Asr)
∞

∑
n=1

ĈnJ0(µnr)

K0(Asr)I1(Asr)+ I0(Asr)K1(Asr)
dr,

Qs1 =
∫ r̄∗

1

K0(Asr)
K0(Asr)I1(Asr)+ I0(Asr)K1(Asr)

dr,

Ps2 =
∫ r̄∗

1

I0(Asr)
∞

∑
n=1

ĈnJ0(µnr)

K0(Asr)I1(Asr)+ I0(Asr)K1(Asr)
dr,

Qs2 =
∫ r̄∗

1

I0(Asr)
K0(Asr)I1(Asr)+ I0(Asr)K1(Asr)

dr.

So far, only constants D0,D1, and D3 are not determined. We
can fix them by matching the outer solution (30) with the in-
ner solution (39). The matching condition is that as ẑ→ 0 and
z̄→ ∞,

C̄O(ẑ)⇐⇒ C̄I(r̄, z̄). (57)

As ẑ→ 0,

C̄O(ẑ) = C̄∞[1−D0exp(−ẑ)]+ εD1exp(−ẑ)+O(h.o.t)

= C̄∞[1−D0exp(−ε z̄)]+ εD1exp(−ε z̄)+O(h.o.t)

= C̄∞[1−D0]+ εD0C̄∞z̄+ εD1 +O(h.o.t), (58)

and as z̄→ ∞,

C̄I(r̄, z̄) = ε[D2 +D3z̄+
∞

∑
n=1

ĈnJ0(λnr̄)exp(−λnz̄)]

+O(h.o.t). (59)

Thus, D0 = 1, D3 = C̄∞, and D1 = D2.

3.3. Results and analysis

We now analyze the steady solution of gasar eutectic
growth that we have obtained. We first focus on the effect of

gas pressure and temperature of hot zone on porosity. Equa-
tion (49) determines the dimensionless radius of gas pore. This
equation is derived based on the solutal mass conservation
condition. Porosity of gas is equal to r̄2

∗. Equation (49) shows
that porosity is independent of the pulling speed, which is in
agreement with the experimental results,[3] and is determined
by C∞ and Cg. For fixed gasar eutectic temperature, we cannot
ensure that the concentration in the gas pore derived by using
ideal gas law is the one in actual experiment of unidirectional
solidification due to the none-fixed temperature. Hence, we
introduce a modified factor w in definition of equivalent con-
centration in gas pore. We can fix the value of w by using ex-
perimental data given in Ref. [3]. The parameters used in our
theoretical calculation are shown in Table 1. For Pg = 1 MPa,
we calculate the average value for all of the experimental data
given in Ref. [3], then substitute it into Eq. (49), and obtain
w = 2.1. For this fixed constant given by using experimental
data, we then present relationship of r̄2

∗ with control condi-
tions.

Table 1. The thermodynamic characteristics of Cu–H2.

A1 0.722×10−6 [2]

A2 −5324.0[2]

κs 0.31[3]

Th/K 1573.0[3]

Tm/K 1357.0
κD/m2·s−1 1.0×10−7 [3]

ms/K·m3·mol−1 −0.01026[6]

θg 61◦

θs 35◦

γg/J·m−2 0.3
γs/J·m−2 0.178[6]

Mg/kg·mol−1 2.016×10−3

R0/J·mol−1·K−1 8.3145
ρ/kg·m−3 8.0×103 [6]

∆Hg/J·mol−1 7.78×104 [5]

∆Hs/J·m−3 1.695×109 [6]

cp/J·kg−1·K−1 470[8]

Porosity is mainly dependent on the external pressure and
the temperature of the hot zone shown in Fig. 3. Figure 3(a)
presents relationship of r̄2

∗ with Pg for the case of Th = 1573 K
and Po = 0, 0.5, 1, and 2 MPa, respectively. In this figure,
we also present the average value of the experimental data for
the case of Pg = 2 MPa. It is seen that the experimental point
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is on our theoretical curve. It is obvious that the porosity de-
creases with increasing Pg without other gas pressure, and has
a maximum for different values of Po. Figure 3(b) presents
relationship of r̄2

∗ with Po for the case of Pg = 1,2, 3 MPa. It
is seen that the increase of other gas pressure that not dissolv-
ing metal melt leads to decreasing of porosity. In Fig. 3(c),
we show the relationship of porosity with Th. It is seen that
porosity increases with increasing Th.

In Fig. 4, we give shapes of vertical section through sym-

metry axis r̄ = 0 for fixed control conditions. It is seen that

solid–liquid interface first changes from convex to concave

with the increase in the part pressure Pg, and then gas–liquid

interface follows. In Fig. 5, we give the relationship of the in-

terfacial tip point location with Pg. It is seen that h(0) and h(1)

decrease as Pg increases.
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Fig. 3. (color online) Relationship of porosity with (a) Pg for the case of Th = 1573 K; (b) with Po for the case of Th = 1573 K; and (c)
with Th for the case of Po = 0 MPa.
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Fig. 4. (color online) Typical shapes of vertical section through symmetry axis r̄ = 0 for the case of Th = 1573 K, Po = 0 MPa,
V = 1× 10−4 m/s, G = 1× 103 K/m, R = 3× 10−5 m, and (a) Pg = 2 MPa, (b) Pg = 3 MPa, (c) Pg = 4 MPa, (d) Pg = 5 MPa,
respectively.
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Fig. 5. (color online) Relationship of (a) h̄(0) and (b) h̄(1) with Pg for the case of Th = 1573 K, V = 1×10−4 m/s, G = 1×103 K/m,
and R = 3×10−5 m.
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4. Conclusions
Considering the nonzero surface tension, we develop a

general mathematical formulation for gasar eutectic growth in
directional solidification. As the Peclet number ε is a small pa-
rameter, we obtain the asymptotic steady solution using multi-
ple scale expansion and a matching method. Effects of exter-
nal pressure and temperature of the hot zone on the porosity
of gasar eutectic growth under unidirectional solidification are
predicted. Morphologies of both gas–liquid and gas–solid in-
terfaces are presented for given control conditions. The results
obtained also show that the steady system allows a family of
solutions with a free parameter, inter-pore spacing R. In or-
der to determine R, we are going to study the stability of gasar
eutectic growth, considering unsteady gasar eutectic growth.
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