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A steady solution of the gasar eutectic growth in directional
solidification”
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This paper presents the general mathematical model on gasar eutectic growth in directional solidification. Using
multiple scale expansion and matching method, we obtain the global steady solution of gasar eutectic growth as the Peclet
number € < 1, where € is defined as the ratio of half an inter-pore spacing and solutal diffusion length. We also give the
interfacial shape and predict the porosity of gasar eutectic growth. Results show that porosity is mainly dependent on gas
pressure above the metal melt, but independent of pulling velocity. Our predicted results are in agreement with experimental

data.
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1. Introduction

A metal-gas solution may be prepared by melting vari-
ous metals in an atmosphere containing gas at certain pres-
sure to give a desired gas concentration. Then, porous mate-
rials can be produced by solidifying the melts dissolving gas.
Gas pores form mainly due to volumetric shrinkage and differ-
ences in gas solubility in liquid phase and solid phase. Based
on the higher solubility in liquid phase compared with that in
solid phase, Shapovalov!! first produced ordered porous met-
als named gasars under unidirectional solidification. Later,

s> did similar experiments and prepared

many researcher
gasars with desirable gas morphology. A review the fabrica-
tion, properties, and applications of porous metals is given in
Ref. [4].

Solidification of metal-gas materials is generally ac-
knowledged to be controlled by a diffusion-limited process
and obeys the equilibrium phase diagram shown in Fig. 1.
For example, a copper—hydrogen system is similar to eutectic
transformations. In order to reveal the essence of gasar forma-
tion, diffusion of gas dissolved in metal melt into pores and
solidification of metal are considered simultaneously. To un-
derstand the formulation of ordered porous metallic materials,
some theories are developed to determine porosity and inter-

g.133-71 Especially, Liu et al.!®! presented simple

pore spacin
analytical results derived from the eutectic growth theory de-
veloped by Jackson and Hunt.!®! However, they only consid-
ered the planar liquid—solid and gas-liquid interfaces in their
models.

Interfacial morphology formed in the process of solidifi-
cation has very important effects on the final material struc-

g [9-13

ture and propertie: I'In the present work, we will present

a general mathematical formulation and give the global steady
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analytical solution using the multiple scale expansion and
matching method. %171 The present paper is arranged as fol-
lows. In Section 2, we give the mathematical formulation of
gasar eutectic growth under directional solidification. In Sec-
tion 3, we present a dimensionless mathematical formulation
of steady gasar eutectic growth and derive the solution of the
system. We discuss the effects of control conditions on poros-
ity, and further conduct the numerical calculations for a steady
solution based on the system of Cu—H,. In Section 4, we give
our conclusions.

L+G

S+G

Fig. 1. Schematic phase diagram of a metal-gas system (S: solid, L:
liquid, G: gas).

2. Mathematical formulation of gasar eutectic
growth

Experimental results show that gas pores form cylinders
embedded in the solid metal under directional solidification.
Hence, for system of gasar eutectic growth under continu-
ous casting technics, we adopt the cylindrical coordinate sys-
tem (r,z,0) moving with pulling speed V in the z direction,
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as shown in Fig. 2(a). In coordinate system (r,z,0), the r
axis passes through tri-junctions. Considering a system of di-
rectional solidification, we can assume that heat conductivity
is the same for all phases and the temperature field is only
fixed by the experimental setup. The temperature field obeys
Laplace’s equation

V2T =0. ey

In a frame which uniformly translates along the z axis at the
pulling velocity V of sample, this quasi-steady state approx-
imation of temperature field is justified on the basis that the
thermal diffusion length is large compared to the solutal dif-
fusion length. More detail about the process has been given
in Ref. [18]. For directional solidification experiments, a hot
zone and a cold zone induce a temperature gradient G to the
system directed along the z direction. Hence, the temperature
is given by

gasar eutectic temperature. Gasar eutectic temperature 7; and
concentration C, in unit of mole/m> are dependent on gas pres-
sure, which are the roots of the following equations:

T =Tn+mC,

Co %emzm N/ )
g
where A; and A, are fixed constants, subscripts s and g repre-
sent the solid and gas phase, C is the concentration in liquid
phase, M, is the mole mass of gas, p is the density of metal
melt, Tp, is the solidification temperature of pure metal, my is
the liquidus slope, and P is the pressure of gas dissolving in a
metal melt. The first expression of Eq. (3) approximately de-
notes the liquidus line, while the second one is the solubility
line. %!
The temperature of a solid-liquid interface is given by the
Gibbs—-Thomson condition!!#

T =T.+G(z—z). (2)
Here, T, is the gasar eutectic temperature, corresponding to T=T+T %ﬂf +ms(C—Ce), “
the intersection of liquidus line and solubility line, as shown ’
in Fig. 1, and the undetermined constant z, is the location of =~ where
|
[r2+ (8h>2]r82h 5, 0h dh 9’ —l—r[l N <8h)2] (rah N 82h) L (ah>2
26) | arr T 9rde arae ar ar ' 962)  “ar\oe
Ak} = Q)

8h 2 8h 2 23/2
a6) "\'ar) 7

is twice the mean curvature of the interface, and we designate
that Z~ < 0 when interfacial finger points to liquid phase side,
7% is the surface tension of solid-liquid interface, and AHj is
the latent heat of fusion per unit volume.

Temperature at the gas—liquid interface meets the follow-
ing condition:

YgROTez

T=T.
e+PaAHg

H +mg(C—Ce), ©6)

where the solubility line slope m, taken at the gasar eutectic
point can be denoted as follows:

A
Ce[In(MyCe) —In(2pA1/Py)]>’

The second term on the right-hand side of Eq. (6) rep-

(N

mg = —

resents the effect of interfacial curvature on the saturation
temperature,®) where 7, is the surface tension of gas-liquid
interface, AH, is the heat of reaction at which gas dissolves
into the liquid metal, and Ry is the gas constant. The total
pressure of gas mixture P, is expressed as

Pa:Pg+P0a 3

where P, is the pressure of other gas that does not dissolve in
metal melts.

For the gasar eutectic system, the growth process is con-
trolled by solute transport to be much slower than that of heat.
The solute diffusion flux at the interface can be denoted by
solute mass balance conditions. At the gas—liquid interface,

e (%)

dC Jdhy dC 1 dhg AC
- _KD(az_arar_ﬂ&e&e)’ ©)
and at the solid-liquid interface,
ohg
(1-x)C (at +V>
d0C JhydC 1 dhsdC
- _KD(&z_arW_rzae%) (19)

where C, is the concentration in gas pore, Kp is the solute dif-
fusivity, and x; is the partition coefficient.

It is noted that we neglect the diffusion in the gas phase
in Eq. (9). Using the ideal gas law, we can approximatively
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denote the concentration in a gas pore as

Co = w%. (11)
Here, we neglect hydrostatic pressure and an extra pressure
caused by the curvature of the gas—melt interface, which are
very smaller than the external pressure F,. The w is the modi-
fied factor, and we will discuss it in next section. For simplic-
ity, we also neglect the diffusion in the solid phase in Eq. (10)

because its diffusion coefficient is much smaller than one in

liquid phase.
The concentration field in the liquid phase meets
aC dC
kpVIC+V — = —. 12
A T (12)

At the tri-junctions, local equilibrium requires that the surface
tensions balance as expressed by Young’s law

{ygsin6g+9/ssines:ygs, (13)

Ye €08 O — ¥ cos 6 = 0,

where ¥, is the surface tension of solid—gas interface. The
contact angles 6, and 6; are determined by this condition.

Another important condition is that the initial concentra-
tion of melt C.. meets!?!

C. = MeO‘lz/Th)\/}Tg7 (14)
My

where T, is the temperature of the hot zone.

3. Steady solution of gasar eutectic growth

In the previous section, we have given the general math-
ematical formulation of gasar eutectic growth. We will obtain
the steady solution of the above mathematical model in this
section. One can use half of inter-pore spacing, R, as the length
scale and pulling velocity V as the velocity scale. The scales of
temperature 7' and concentration C are set as AH,/(cpp) and
Ce, respectively. The c, is the specific heat. We define the non-
dimensional temperature field as T = (T —T¢) ((cpp) /AHs),
and the dimensionless concentration field as C = (C — C) /Ce.
Substituting these dimensionless parameters into the above
system, one can easily obtain the dimensionless form. Due to
the steady solution of gasar eutectic growth given in this paper,
we only present the dimensionless mathematical formulation
of steady gasar eutectic growth. Obviously, as gasar eutectic
grows steadily, the pulling velocity will be equal to the growth
velocity of the interface.

For a system of axi-symmetric gasar eutectic growth, due
to periodicity of the solution, we may only consider a cell
in cylindrical coordinate system (7,Z) as shown in Fig. 2(a).
Following the theory of eutectic growth given by Jackson and

Hunt, ¥ we replace a hexagon boundary by a circle of equiva-
lent area shown in Fig. 2(b). In this case, the problem is equiv-
alent to gasar eutectic growth in a channel with fixed cylinder
r=1.

(a)

1
liquid 1

gas solid

W

3!

Fig. 2. Geometry model of gasar eutectic growth. (a) Axi-symmetric
gasar eutectic growth with fixed cylinder 7 = 1 in cylindrical coordinate
system (7,Z,0); (b) transversal surface of gasar eutectic structure.

The dimensionless concentration field C(F,z) is subjected
to the following system in cylindrical coordinate system (7,7):

d’C 19C 9*C dC

- JE— E— = O 15
R trar o e Y (1)
where the Peclet number € is defined as
RV
£E=—. (16)
KD

The boundary conditions are given as follows:

1) as 7 — oo,
C—C.: a7
i)asr=0,1,
aC oh
—=——=0; 18
Jor  OF (18)
iii) at the interface, 7 = i(F), the Gibbs—Thomson condi-

tion is given by

- G .- _ r _..

C=—egp(h-2)+ m%{h}, (19)
and the solute mass balance condition is given by

dC dhsdC -

— - =—=c 1— 1)= 2

S GE e rel-R)C+) =0, 0

€ OhgdC .

TZ—WE-Fs(C—Cg)—O, 21)
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where

RocopT2V
= BROGPY T g r o,
PAHAH K 22)
YscppTeV
I—S‘ - 2 )
(AHS) KD

{ Mg = — g Ce
M= -,

AHs /(¢pp)
Rq

G— kpG
R’ VAH/(cpp)’

Fo<F<1,

—— 0<TF< Ty,
AI—IS/(CPP) (23)

mC,
s—¢ Fo<F<1,

Fe = 24)
and R, is the radius of gas pore;

iv) at the tri-junctions, 7 = 7, h(#.) = 0, and

I
o
o,
o

= —tan 6, 05

= tan 6;.

3.1. Steady state solution in region far from interface

We will obtain the steady asymptotic solution of the
above system using multiple scale expansion and matching
method. Mostly, eutectic spacing is very small compared with
the length of the solute diffusion, so we can let the small pa-
rameter € < 1. That is to say, the boundary of solute diffusion
is much larger than R. As Z>> O(1), the diffusion in the region
far from the solute diffusion boundary is not effected by the in-
terface shape, so the concentration field is independent of the
variable 7, and the interface may be considered as planar. We
will divide the liquid region into two sub-regions: outer region
far from interface; inner region. One can obtain solutions in
different sub-regions, then match these two solutions, and fi-
nally derive the global solution in the whole system. In this
subsection, we first attempt to find the solution in the outer
region.

We introduce the outer variable as

Z=¢€z, (26)
then Eq. (15) is changed into
d*Co dC
2+
ks ks

with the following boundary conditions:

=0, 27
Co— Coy, 7,200, (28)

We expand the outer solution in the following asymptotic
form, as € — 0O:

C(7,2) = Co(2) = Co1(8) + €Con(8) + - . (29)
The solution of the above system can be easily derived as
Co = Cu[1 — Doexp(—2)] + €Djexp(—2) +---,  (30)

where Dy and D; are undetermined constants.

3.2. Solution in inner region

In the inner region, the system is given by

d’C 19C 9*C oC

mtrar o e Y Gl
with the following boundary conditions.
i) AsZ — oo,
C—0. (32)
ii) As7=0,1,
oC oh
—=—=0. 33
oF  OJF 33)

iii) At the interface, Z = h(F), and the Gibbs—Thomson

condition is given by

and the solute mass balance condition is given by

dC 0JhsdC _
72— afg—l—&‘(l—lcs)(c-kl)—(), (35)
dC dhy dC - .
5 gy TEC—Cy)=0. (36)
iv) At the tri-junctions, 7 = 7,, h(7,) = 0, and
% = —tan 6,
r 37
ohs = tan 6,
oF b

It is very difficult to obtain the exact solution of above system.
Here we will obtain the asymptotic solution. Generally, Ml and
I' are small parameters. For example, for system of Cu—Hj,
0.001 <M <0.1,and 1077 <I" < 107*. As usual, we write
I as follows: ]

r=¢r, (38)

where I' = O(1). We also assume that the amplitude of the
interface |A| is small, and

|]7l| = O(M).

We expand the concentration field C(F, 7), interface func-
tion /(7), and Z, in the following form:

C(r2)=Gi(7,2) = ,LL1( )Cu (7, Z)—i—uz( €)Cn(F,2)+--,
h(F) = 81(&)hn (F) + 82(€)hy () ; (39)
Z=vi(e )Z*1+V2( Vo + -

andas € — 0,

1> pi(e) > tr(g)> -,
1> 81(e) > &(e) > -
1> vi(e) > w(e) >
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By substituting Eq. (39) into systems (31)—(37), we can derive
approximate solutions of each order. Next, we will give the
first-order approximation.

The first approximation of the solute diffusion equation is

82611 1 8C'11 82611

Z =0 40

orr  F JoF 072 ' “0)
with the following boundary conditions.

i)At7F=0,1,
dCy  dhy
= = 41
ar or “h)

From Egs. (35) and (36), we can derive that u;(€) = €, and
01(e) =vi(e) =M.

ii) At the interface, we have Z = h(7) = O(6;). There-
fore, the interface conditions can be linearized at 7 = 0. The

Gibbs—Thomson condition is given by

= G - f 82/7111 18/7111
G =—=(hn —Zz« 7(7 f—), 42
1l M( 1 Z1)+M 52 v 5z (42)
where
. —E 0<F<F,
M=1{ M (43)
1, re<F<l1,
and the solute mass balance condition is given by
G
=+ (1-K) =0, (44)
9z
aCn -
—— —Cy=0. 45
9z F @)
iii) As 7 = 7.,
ljlilg(’:*) = ®g’
() = O, (46)

hng(F:) = hns(F) =0,

where tan 6, = —M;0,, and tan 6; = M;0;. The general solu-
tion of Eq. (40) is

Cii =D+ D3z+ Y. CuJo(AF)exp(—A,2),

n=1

(47)

where J,(x) is the Bessel function of the first kind, 4, is the
positive root of J; (x), D, and D3 are undetermined constants.

Substituting Eq. (47) into Egs. (44) and (45) by integrat-
ing the above equations and using the orthogonality of Jo(x),
we obtain the Fourier coefficients é,, as

A 2(1 — ks + Co) 71 (Fu
6= 2RI ER)
anO(lﬂ)
1— D
Fo— |t D5 49)
1 —-x5+C;
Next, we determine the interfacial function Ay. From the
Gibbs—-Thomson condition (34), we have
r 82/311 18/7111 G - > A
——=+-—==)—=0n—2za)=D CJo (A7),
M( o F af) g 11— ) 2+ﬂ; nlo(A7)
or
0%h oh
2 11 11 27
AF) hy = 50
ot Pt — (AR = f(7), (50)
where A> = G/I" and
M G <
f(F)==PDr— =z + Y Co(A7)]. (51)
r M n=1
The general solution of Eq. (50) is
hui (F) = dolo(AF) 4+ d Ko (AF) + g(F), (52)

where I, (x) and K,,(x) are the modified Bessel functions of the
first and second kind, and

o " Ko(Agr) fe(r)
&(7) = AgIO(Agr)/o (Aer P [Ko(Agr)Ti (Agr) + o(Agr)Kn (Agr)] "
N IO(Ag")fg(r)
_AgKO(Ag’)/O (A2 Ko (A (Agr) + o (Agr K (Agr)] (53)
Ko(Asr) f5(r)
8s(7) = Ado(4s ’")/ (AP [Ko (A )Ty (Acr) + To (Aur) Ky (Aur)] O
To(Asr) £s(r)
—AsKo(As /1 Ko(Asr)I; (Asr) +1o(Agr)K (Agr)] dr. 54
From Eq. (41), we can determine that
dy =0, dsozdsllfll((js)), (55)
and from Eq. (46), we also obtain
de Oy — g, (7) dr 11 (As) [0 — g4 (7:)]
O AL AR T AKI (AL (AT — Al (A)K (AgF)
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s MM (Dag — Das) _ MgDag — MDos 56)
G(My — M) M, — ¥,
where
Dy, = O IO(AgF*) Pg2
¢ N g QgZ[IO(Agf*)Kl(Agf*) +KO(Ag7*)Il (Agf*)] Qg2
Dy, = O, s KI(AS)IO(ASF*)+II(AS)KO(ASF*) . PslIl(As)+P52K1(As)
’ IWs [Qslll(AS)“"QsZKl (AS)HKI (Asf*)IO(As’_’*)+11(Asf*)K0(As’_’*)] Qslll(As)+Q52K1 (As)’
\
, Z Codo(1nr) gas pressure and temperature of hot zone on porosity. Equa-
n
P / A dr tion (49) determines the dimensionless radius of gas pore. This
2= Ko(Agr)Ii (A r) +10(A rKi(Agr) equation is derived based on the solutal mass conservation
condition. Porosity of gas is equal to 72. Equation (49) shows
O = / Io(Agr) dr that porosity is independent of the pulling speed, which is in
Ko(Agr)Li(Agr) +1lo(Agr)Ki (Agr) agreement with the experimental results,! and is determined
. by C and C,. For fixed gasar eutectic temperature, we cannot
Z ensure that the concentration in the gas pore derived by using
Py = / n=1 dr ideal gas law is the one in actual experiment of unidirectional
1 Ko(Asr)Li (Agr) +To(Asr)K (Agr) solidification due to the none-fixed temperature. Hence, we
Ko(A, introduce a modified factor w in definition of equivalent con-
Os1 = / Ko (AT (A, ()):—Ir)(A K (A )dr centration in gas pore. We can fix the value of w by using ex-
L ROETAT) 0 i perimental data given in Ref. [3]. The parameters used in our
o theoretical calculation are shown in Table 1. For P, = 1 MPa,
o(Asr Z Cndo(Har) we calculate the average value for all of the experimental data
P, : d . . . . . .
2 | Ko(A)T (Aer) + To(Asr)K, (Asr) T, given in Ref. [3.], then substitute 1.t into Eq. .(49), and. obtain
w = 2.1. For this fixed constant given by using experimental
0 To(Agr) ‘ data, we then present relationship of 72 with control condi-
7. .
Y7 Ko(A T (Asr) + Io(Asr)K (Agr) tions.

So far, only constants Dy, D, and D3 are not determined. We
can fix them by matching the outer solution (30) with the in-
ner solution (39). The matching condition is that as Z — 0 and
Z—> oo,

Co(2) <= Gi(7,2). (57)
= Cuw[1 — Doexp(—

2)]+ eDyexp(—2) + O(h.o.)

= Cw[l — Doexp(—¢€z)] +eDexp(—¢€z) + O(h.o.t)
= Cw[l — Dy] + €DyCuz + €Dy + O(h.0.1), (58)
and as 7 — oo,
Ci(7,z) = €[Dy+D3z+ iénlo(lnf)exp(—lnz)]
+O(h.o.t). - (59)
Thus, Dg =1, D3 = Cw, and D| = D».
3.3. Results and analysis

We now analyze the steady solution of gasar eutectic
growth that we have obtained. We first focus on the effect of

Table 1. The thermodynamic characteristics of Cu—Hj.

A 0.722 x 1070121
Ay —5324.0121

K 0.3181

Ti/K 1573.083
Tm/K 1357.0
Kp/m?-s~! 1.0x 107701
mg/K-m3-mol~! —0.010261%
0, 61°

0y 35°

Ye/J-m—2 0.3

Y/J-m=2 0.17816!
M,/kg-mol ! 2.016 x 1073
Ro/T-mol~1.K~! 8.3145
p/kg-m~3 8.0 x 103161
AH,/J-mol ! 7.78 x 1045
AH/J-m~3 1.695 x 10716
cp/Tkg K1 470181

Porosity is mainly dependent on the external pressure and
the temperature of the hot zone shown in Fig. 3. Figure 3(a)
presents relationship of 72 with P; for the case of T, = 1573 K
and P, =0, 0.5, 1, and 2 MPa, respectively. In this figure,
we also present the average value of the experimental data for
the case of P, =2 MPa. It is seen that the experimental point
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is on our theoretical curve. It is obvious that the porosity de-
creases with increasing P, without other gas pressure, and has
a maximum for different values of P,. Figure 3(b) presents
relationship of 72 with P, for the case of Py, =1,2,3 MPa. It
is seen that the increase of other gas pressure that not dissolv-
ing metal melt leads to decreasing of porosity. In Fig. 3(c),
we show the relationship of porosity with 7;. It is seen that
porosity increases with increasing Ty,.

In Fig. 4, we give shapes of vertical section through sym-
metry axis 7 = 0 for fixed control conditions. It is seen that
solid-liquid interface first changes from convex to concave
with the increase in the part pressure Py, and then gas—liquid
interface follows. In Fig. 5, we give the relationship of the in-
terfacial tip point location with P. It is seen that /(0) and (1)

decrease as P, increases.

0.8 1.0
E (a) — P,=0.0 MPa 0.6 (b) — F,=1.0 MPa
--- P,=0.5 MPa --- P,=2.0 MPa
o6E\ - P,=1.0 MPa > 08
-= P,=2.0 MPa
3 m experimental data 0.6
c\\]&* CI“* c‘\l*
0.4
0.2
0 2 46 8 10 0 ' : : ' R ' ' '
0 1 2 3 4 5 1400 1500 1600 1700 1800
P,/MPa P,/MPa Ti/K

Fig. 3. (color online) Relationship of porosity with (a) Py for the case of T;, = 1573 K; (b) with F, for the case of T;, = 1573 K; and (c)

with T, for the case of P, = 0 MPa.

0.6

0.4

—0.2

—0.4

0.2

0.4

T

0.6 08 1.0

0.6

0.4
F

0.6 08 1.0

Fig. 4. (color online) Typical shapes of vertical section through symmetry axis 7 = 0 for the case of 7, = 1573 K, P, = 0 MPa,
V=1x10"*m/s, G=1x10> K/m, R=3x 1075 m, and (a) P, = 2 MPa, (b) P, = 3 MPa, (c) Py = 4 MPa, (d) P, = 5 MPa,

respectively.

0.6

(a) — P,=0.0 MPa
---- P,=1.0 MPa
04F N e P,=2.0 MPa
0.2
S
=
0
—0.2
—04 2 4 6 8 10
P,/MPa

(1)

—0.61

4 6

P,/MPa

10

Fig. 5. (color online) Relationship of (a) 2(0) and (b) (1) with Py for the case of T;, = 1573 K,V =1 x 1074 m/s,G=1x 103 K/m,

and R=3x107> m.
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4. Conclusions

Considering the nonzero surface tension, we develop a
general mathematical formulation for gasar eutectic growth in
directional solidification. As the Peclet number € is a small pa-
rameter, we obtain the asymptotic steady solution using multi-
ple scale expansion and a matching method. Effects of exter-
nal pressure and temperature of the hot zone on the porosity
of gasar eutectic growth under unidirectional solidification are
predicted. Morphologies of both gas—liquid and gas—solid in-
terfaces are presented for given control conditions. The results
obtained also show that the steady system allows a family of
solutions with a free parameter, inter-pore spacing R. In or-
der to determine R, we are going to study the stability of gasar
eutectic growth, considering unsteady gasar eutectic growth.
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