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Critical exponents of ferroelectric transitions in modulated SrTiO3:
Consequences of quantum fluctuations and quenched disorder∗
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The ferroelectric transitions of several SrTiO3-based ferroelectrics are investigated experimentally and theoretically,
with special attention to the critical scaling exponents associated with the phase transitions, in order to understand the
competition among quantum fluctuations (QFs), quenched disorder, and ferroelectric ordering. Two representative systems
with sufficiently strong QFs and quenched disorders in competition with the ferroelectric ordering are investigated. We
start from non-stoichiometric SrTiO3 (STO) with the Sr/Ti ratio deviating slightly from one, which is believed to maintain
strong QFs. Then, we address Ba/Ca co-doped Sr1−x(Ca0.6389Ba0.3611)xTiO3 (SCBT) with the averaged Sr-site ionic
radius identical to the Sr2+ ionic radius, which is believed to offer remarkable quenched disorder associated with the Sr-
site ionic mismatch. The critical exponents associated with polarization P and dielectric susceptibility ε , respectively,
as functions of temperature T close to the critical point Tc, are evaluated. It is revealed that both non-stoichiometric
SrTiO3 and SCBT exhibit much bigger critical exponents than the Landau mean-field theory predictions. These critical
exponents then decrease gradually with increasing doping level or deviation of Sr/Ti ratio from one. A transverse Ising
model applicable to the Sr-site doped STO (e.g., Sr1−xCaxTiO3) at low level is used to explain the observed experimental
data. It is suggested that the serious deviation of these critical exponents from the Landau theory predictions in these
STO-based systems is ascribed to the significant QFs and quenched disorder by partially suppressing the long-range spatial
correlation of electric dipoles around the transitions. The present work thus sheds light on our understanding of the critical
behaviors of ferroelectric transitions in STO in the presence of quantum fluctuations and quenched disorder, whose effects
have been demonstrated to be remarkable.
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1. Introduction
The critical phenomena associated with the second-order

phase transitions in condensed matters occupy a central place
for understanding their nature and for developing related tech-
nological applications. The critical scaling behaviors around
the critical point (Tc) of the phase transitions imply a diver-
gence of the spatial correlation length (Lc) of the local order
parameters, and this divergence initiates the phase transitions
at Tc when temperature T is close to Tc at the high-T side. The
divergence is characterized by a set of critical exponents which
may fall into various universality classes in the scaling the-
ory framework of phase transitions and critical phenomena.[1]

From the 1960s to the 1980s, a tremendous amount of the-
oretical and experimental studies on these scaling behaviors
in various systems and models were performed, including the
universal scaling hypothesis and renormalization group theory,
with repeated and delicate experimental verifications in well-
designed phase transition systems.[2–8]

It is widely believed that the critical scaling theory is ap-
plicable to the second-order ferroelectric (FE) transitions in a
series of displacement-type ferroelectrics. Upon decreasing T
down to Tc, FE polarization (P) emerges, and its dependence

on T can be described by the scaling law in the T range very
close to Tc. Concomitantly, the variation of dielectric suscepti-
bility ε(T ) at T close to Tc exhibits similar scaling behaviors.
These scaling laws can be written as{

∆ε−1 ∼ (T −Tc)
γ+ , T > Tc,

∆ε−1 ∼ (Tc−T )γ− , T < Tc,
(1a)

P∼ (Tc−T )β , T < Tc, (1b)

where γ± and β are the critical exponents which are
dimension-dependent but otherwise universal. For second-
order phase transitions in ferroic systems, one may simply
consult to the Landau phenomenological theory in the mean-
field approximations (in short the Landau mean-field theory),
due to its simplicity and applicability, rather than the univer-
sal scaling hypothesis and renormalization group theory. In
this framework, γ± = 1 and β = 1/2 are predicted and often
cited in literatures.[2,4,6] This Landau mean-field theory has
been extraordinarily useful and in fact is still the workhorse
for understanding the second-order phase transitions, and not
only in ferroic systems. In fact, the case with γ+ = 1 is equiv-
alent to the well-known Curie–Weiss law.

In parallel to theoretical progress, experimental measure-
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ment of these critical exponents in FE systems has not yet
been very popular and most of available data were collected
from 1960s to 1980s, although the Curie–Weiss law is exten-
sively used (γ+ = 1).[6–10] Beyond that, Kleemann and his col-
laborators carried out a series of theoretical and experimen-
tal studies on the dielectric properties and critical exponents
of SrTiO3 (STO) and Sr1−xCaxTiO3 (SCT) during 1990s and
2000s,[9,11–20] noting that STO is a typical emergent ferroelec-
tric with the simplest lattice structure and shows quite remark-
able quantum fluctuations (QFs) while SCT shows remarkable
quenched disorder in competing respectively with FE order-
ing at low T . While most reported experiments have focused
on measurement of critical exponents γ+ (or γ−), an accurate
evaluation of critical exponent β seems to be technically chal-
lenging. The major issue is that polarization P as the order
parameter is not easily measured without involving external
electric field during the measurement, e.g., using the stan-
dard hysteresis loop method. Moreover, electric field induces
the FE phase transitions even at T > Tc, which is definitely
not preferred for better evaluating the critical exponents.[21]

Therefore, earlier experiments on the critical phenomena in FE
phase transitions concentrated on measuring dielectric suscep-
tibility, while experiments on exponent β are rare.[6,8]

Highlighting the experiments that have been published so
far on the second-order FE phase transitions, one sees that
the Landau mean-field theory still suffers several problems.[22]

The most basic issue is that it just does not properly treat fluc-
tuations of the order parameter, nor does it properly treat the
short range ordering slightly above Tc. By taking into account
the fluctuations of the order parameter appearing at T > Tc

(probably at T < Tc too), exponents γ+ = 4/3 and β = 1/3
are predicted by the modified Laudau theory considering the
sixth order of the first non-vanishing derivatives of the thermo-
dynamic potential µ ,[23,24] while the short range correlation
gives a tail on the specific heat above Tc, which is not avail-
able in the Landau mean-field theory. In fact, currently avail-
able experimental data give γ+ > 1, accounting for the con-
tribution of the order parameter fluctuations and short-range
ordering above Tc. This physics becomes particularly signif-
icant for relaxor ferroelectrics in which the short-range fluc-
tuations of the order parameter associated with local chemi-
cal/domain inhomogeneities have already come into being at
the Burn point much higher than Tc.[25,26] Consequently, it
was argued that no true critical exponents are available due
to the existence of nano-domain freezing and defect dynamics
in relaxor ferroelectrics.[27,28] It is well known that the Curie–
Weiss law has to be modified by a critical exponent γ± much
bigger than one.

On the other hand, possible random fluctuations and re-
laxations against the phase transitions below T < Tc are sub-
stantial as well, but much less emphasized so far, and their

influences on the critical exponents have not yet been well un-
derstood. The dipole–dipole interaction, ubiquitous quenched
disorder, defect inhomogeneity, lattice mismatch, stress field
pinning, etc., in the testing samples, which can never be neg-
ligible in the phase transition regime, influence the critical
behaviors. These influences are, however, difficult to be ex-
plained in the Landau mean-field theory, due to the fact that a
well-defined description of these events is challenging. These
events may be the sources of inconsistency between the mea-
sured data and theoretical predictions, and therefore the mea-
sured critical exponents γ± and β would be different from the
ones predicted by the Landau theory. In this sense, it is signif-
icant to perform profound investigations along these lines.

Comprehensively, the critical phenomena of FE phase
transitions in the low-T limit can be of more signifi-
cance, where the quantum fluctuations (QFs) as an intrinsic
ingredient[29] possibly have major impact on the critical be-
haviors. The quenched disorder is on the other hand an im-
portant source inevitably existing in doped systems. Taking
STO as an example again, the doped systems such as SCT,
Sr1−xBaxTiO3 (SBT), etc., where the Sr2+ site is partially re-
placed with smaller Ca2+ or larger Ba2+, accommodate site-
mismatched disorder in addition to the variation of the site
ionic radius.[30,31] Fortunately, unlike the random fluctuations
and relaxations mentioned above, the QFs and quenched dis-
order in these systems are at least reachable experimentally,
allowing a tentative and quantitative investigation of this ef-
fect associated with the critical phenomena.

Theoretically, the QFs are approached by the quantum
zero-point vibration model[5] and the well-known Barrett
equation was derived to describe the dielectric response at low
T ,[32,33] while the transverse Ising model (TIM) Hamiltonian
accounts for the competition between the quantum tunneling
across the two degenerate ground states, and the FE order-
ing was proposed.[34,35] This model reproduces quite well the
low-T dielectric plateau in STO and related doped STO. Ex-
perimentally, the critical exponents γ± (> 1) in these materi-
als were measured, demonstrating the substantial role of the
QFs in competition with the FE ordering.[11–20] Furthermore,
a series of other scenarios in modulating this competition by
quenched disorder, non-stoichiometry, pressure, stress, etc.,
have been developed too,[11–20,36–38] but the competing conse-
quence in terms of the critical behaviors associated with the FE
phase transitions has not yet been recognized. It is expected
that the existence of QFs and quenched disorder may balance
the FE ordering to some extent, and thus the long-range FE
order may be broken, partially suppressing the divergence of
susceptibility ε(T ) at Tc and the dependence of P on T below
Tc. This would result in an enhancement of γ± and β with
respect to the case of pure FE phase transitions alone.

The above descriptions are tentatively illustrated in
Fig. 1(a), where P as a function of T for three cases at T < Tc is
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plotted, with critical exponent β < 0.5, β = 0.5, and β > 0.5.
For the last case, three more specific cases, 0.5< β < 1, β = 1,
and β > 1, are included. The Landau mean-field theory gives
β = 0.5. The cases β > 0.5 and β < 0.5 represent the ap-
pearance of fluctuations or disorder against the FE ordering
below Tc and the order parameter fluctuations at T > Tc, re-
spectively. Similar plots can be given for γ± in the presence
of QFs. Figure 1(b) shows the schematic phase diagram of a
quantum paraelectric system where the QFs are characterized
by the tuning parameter g, and gc labels the quantum critical
point (QCP).[38] The following scaling laws yield:

∆ε
−1 ∼

{
(T −Tc), g→ 0,
(T −Tc)

2, g→ gc,
(2)

which is consistent with Eq. (1) with γ+ = 1 for the case of
g→ 0 and Tc → 0. However, upon increasing QFs, i.e., with
increasing g toward gc, critical exponent γ+ evolves from 1
to 2. Quite a number of experimental reports indicating the
applicability of Eq. (2) have been published.[9,16–20] Similar
expectations may be applied to other cases to be addressed in
the present work, such as quenched disorder.
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Fig. 1. (color online) (a) A schematic drawing of ferroelectric
phase transitions around the critical point Tcp with different val-
ues of the critical exponent β . (b) Schematic phase diagram of the
ferroelectric quantum phase transitions where the QFs are charac-
terized by tuning parameter g (here x is the proposed substitution
level at the Sr site in STO) and the critical behaviors of dielectric
susceptibility ε are highlighted. The quantum critical point is gc
(xc) and the scaling relations in various regimes are inserted for
reference.

Consequently, in the present work, we are in a good posi-

tion to address two major issues associated with the critical
phenomena of the second-order FE phase transitions in the
presence of QFs and quenched disorder. First, we focus on
an evaluation of critical exponent β by carefully measuring P
as a function of T below Tc using highly sensitive pyroelectric
current method developed recently for improper multiferroics
at low T .[39,40] This exponent has rarely been measured using
this method in literatures. Second, we shall investigate the ef-
fects of QFs and quenched disorder on the critical behaviors in
various STO-based FE systems in order to see the evolution of
the critical scaling behaviors in response to tuning of the QFs
and quenched disorder. These data collected in the present
work raise questions about the Landau mean-field theory and
thus on coupling of the QFs plus quenched disorder into the
modern theory of FE phase transitions and critical phenom-
ena.

The remaining part of this article is organized as follows.
In Section 2, we describe two experimental objects chosen for
the present study and illustrate the reason for such choices, fol-
lowed by detailed description of the experimental procedures.
The main results and discussion will be presented in Section
3. In Section 4, we apply the modified transverse Ising model
to calculate the critical behaviors around the critical point in
the framework of mean-field approximation, while the effect
of quenched disorder still remains open in terms of theoretical
description. The theoretical consideration of the QFs and their
incorporation into the model for the critical scaling behaviors
will be given in Section 5. The summary and conclusion will
be given in Section 6.

2. Materials and experimental procedures
Without losing generality, we choose two sets of FE sys-

tems for the present experimental investigation, so that the
conclusion to be made offers general significance to some
extent. These systems can be STO-based and modified by
either non-stoichiometry of Sr2+ or Ti4+, or Ca2+/Ba2+ co-
substitution of Sr2+. Relevant experiments and theoretical
calculations on the ferroelectric phase transitions themselves
have been extensively reported.[31,35–37]

The objects in the first set are non-stoichiometric STO for
which the Sr/Ti atomic ratio (x) deviates from one and varies
from x = 0.93 to 1.06. While STO is believed to exhibit re-
markable QFs at low T , this non-stoichiometry results in a
slight deviation from the quantum paraelectric state (QPE), ac-
companied by weak FE ordering, which allows a tuning of the
QFs so that an evaluation of the critical scaling behaviors in
the presence of strong QFs can be made. The advantage of
this system over conventional SCT or SBT is the absence of
additional species in non-stoichiometric STO, excluding rele-
vant complexity.[34–37] Since ratio x is limited within a narrow
range (0.93 < x < 1.06) centered at one, the quenched disor-
der, if any, is not significant. Therefore, the effect of QFs on
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the critical phenomena can be relatively isolated from other
processes.

The second set of the FE systems are Ca2+/Ba2+co-
substituted STO. Noting that the Sr2+ ionic radius is 〈rSr2+〉=
0.112 nm, we choose the co-substitution of Ca2+ and Ba2+

to be smaller and larger than Sr2+, respectively (〈rCa2+〉 =
0.099 nm, 〈rBa2+〉= 0.135 nm). Our strategy is to keep the av-
erage A-site ionic radius identical to that of Sr2+. This leads to
a set of samples Sr1−x(Ca0.6389Ba0.3611)xTiO3 (SCBT, 0.002≤
x ≤ 0.10). Based on this strategy, we can define the Sr-site
size-mismatch disorder by parameter σ2 = ∑

i
xir2

i −〈rSr2+〉2,

where xi and ri are the atomic fraction and ionic radii of i-type
ions at the Sr site, respectively, while all the samples have the
identical average Sr-site size 〈rSr2+〉. Alternatively, one can
simply use doping level x to scale the degree of disorder. Our
earlier investigation indicated that such a disorder leads to FE
transition behaviors different from those in SCT and SBT.[31]

In consequence, local disorder and local lattice distortion ap-
pear, as well as weak FE dipole interaction embedded in the
STO matrix. By this scenario, the quenched disorder and its
competition against the FE ordering can be modulated tenta-
tively.

2.1. Non-stoichiometric SrTiO3

High-quality polycrystalline non-stoichiometric STO
samples with different Sr/Ti ratio x (from 0.93 to 1.1) were pre-
pared by the two-step molten salt method.[36,37] First, highly
purified SrCO3, TiO2, and NaCl powder were mixed, ground,
and calcined at 880 ◦C for 7 h in air. Then, the products were
washed repeatedly with hot deionized water to remove NaCl.
After that, additional NaCl powder was added to the resultant
products, and the mixtures were calcined again at 950 ◦C for
10 h in air. Finally, the fully washed powders were pressed un-
der 20 MPa into disks of 20-mm diameter and 1.5-mm thick-
ness and then sintered at 1150 ◦C for 20 h in air. All of sam-
ples in this series were prepared with an identical procedure,
and the measured x values fit well with the nominal compo-
sitions within ±0.5% uncertainties of energy dispersive X-ray
spectrometry.

The microstructural characterization of this set of samples
was reported in our earlier work.[36,37] It was demonstrated
that the samples offer high quality and homogeneity, qualified
for obtaining highly reliable data in the critical exponent mea-
surement.

2.2. Sr1−x(Ca0.6389Ba0.3611)xTiO3

A series of polycrystalline Sr1−x(Ca0.6389Ba0.3611)xTiO3

(SCBT) samples were prepared by the conventional solid-state
reaction method. Reagent grade SrCO3, CaCO3, BaCO3, and
TiO2 were weighed according to the chemical stoichiometric
ratio. The as-prepared powders were dried and then calcined

at 1150 ◦C for 10 h. The resultant powders were reground and
pelletized under 20 MPa pressure into disks of 2 cm in diam-
eter and then sintered at 1400 ◦C in air for 6 h. Similarly, the
microstructural characterization of this set of samples was re-
ported in our earlier work.[31] The dielectric measurements of
these samples were performed by the standard procedure using
the HP 4294A impedance analyzer in connection with a Quan-
tum Design physical property measurement system (PPMS).

2.3. Pyroelectric current measurement

In order to exclude the influence of electric field on FE
phase transitions as is usually done in the hysteresis loop
method, we employ the low-T pyroelectric current method to
evaluate the polarization. The thin plate-like samples (with
thickness down to 0.2 mm) were coated with top and bot-
tom Au electrodes and the measurement was performed in the
cryogenic vacuum chamber of a PPMS. The sample was first
cooled down to T = 2 K under a poling electric field (about
10 kV/cm) using a Keithley 2400 electro source, followed by
a short-circuit procedure of sufficiently long duration until the
current (in-situ monitored by a Keithley 6514) was below 1.0
pA. Then, the pyroelectric current I (measured by a Keith-
ley 6514) was recorded in the warming sequence at a fixed
warming rate. Similar measurements were performed at three
different warming rates so that any contribution from sources
other than the pyroelectric current can be excluded. Finally,
the measured I(T ) data were used to obtain P(T ) by a sim-
ple integration scheme. This method has been demonstrated
repeatedly in Refs. [36], [37], [39], and [40].

It should be mentioned that one of the major advantages
of the pyroelectric current method is that polarization P can be
evaluated without involving an electric field during the prob-
ing. However, the drawback is that this method may induce
some errors if Tc is high (> 100 K), where current sources
other than the pyroelectric effect may no longer be negligible.
This is the reason why we choose STO-based materials with a
low doping level for the present investigation.

2.4. Evaluation of critical exponents

A reliable procedure to evaluate the critical exponents is
the top priority. In fitting to the critical exponents, we take
different fitting procedures for the dielectric susceptibility and
polarization as a function of T , respectively. For P(T ), we take
the data within the T range of (0.7TP=0,TP=0), where TP=0 is
the point where P = 0, i.e., the critical point Tcp defined from
the polarization data, and perform the fitting procedure with
Eq. (1b). In fact, narrowing or extending the lower limit does
not cause much difference in the exponents.

For evaluating exponents γ±, the fitting is done within the
T range of (0.7Tcε ,1.3Tcε ), where Tcε is the point of the peak
of function ε(T ), i.e., the critical point Tcε defined from the
dielectric data.

077701-4



Chin. Phys. B Vol. 22, No. 7 (2013) 077701

The ε–T fitting is performed using the method of
Ménoret,[10] namely,

1
ε
− 1

εc
=


(Tcε −T )γ−

C−
, T ≤ Tcε ,

(T −Tcε)
γ+

C+
, T ≥ Tcε ,

(3)

where εc is the value of ε at Tcε , and it works very well for the
dielectric data in the vicinity of the phase transition, giving the
critical exponents γ+(T ≥ Tcε) and γ−(T ≤ Tcε).

It should be mentioned that the evaluated Tcε from Eq. (3)
is usually different from Tcp. This difference becomes partic-
ularly remarkable if the P–T data are measured using the hys-
teresis method with an external electric field. Fortunately, for
normal FE systems, the measured Tcε is only slightly lower
than Tcp, and the difference is within 2 K. The main reason
is that the P–T data here are measured using the pyroelectric
current method, without involving an external electric field. In
this case, the big difference between Tcε and Tcp, if any, im-
plies the appearance of additional physical factors, such as the
disorder-induced fluctuations of the order parameter in SCBT,
to be addressed below.

3. Experimental results and discussion
3.1. Non-stoichiometric SrTiO3

Our earlier experiments on high-quality non-
stoichiometric STO samples with different Sr/Ti ratios (0.93≤
x ≤ 1.10) revealed weak ferroelectricity at low T , indicating
the appearance of FE ordering in competition with the QFs
with increasing |1− x|.[36,37] Given the well-known fact that
STO is an incipient ferroelectric (quantum paraelectric) in
which ferroelectricity is suppressed by strong QFs, this series
of slightly non-stoichiometric STO samples allows us a pos-
sibility to evaluate the response of the critical exponents to
the QFs, noting again that the quenched disorder in this set of
samples is relatively weak.

Figure 2(a) shows the measured P–T data at several x val-
ues as labeled in the plot. The corresponding fitting curves us-
ing Eq. (1b) near Tcp are also presented. It is shown that the
measured P is very small, which would be impossible to probe
using the hysteresis method in the current state, and the fitting
curves reproduce the measured data very well. Prior to ana-
lyzing the critical behaviors near Tcp, we need to mention that
the sample with x=1.0 also exhibits small P at low T . This can
probably be ascribed to the tiny deviation of the Sr/Ti from
one, although the nominal value is one.[36,37] In addition, even
stoichiometric STO is in a marginal state, delicately balanced
by the incipient ferroelectricity and QFs. The inevitable de-
fects and grain boundaries in the samples may contribute to
the inhomogeneity. As a result, it is not surprising to detect a
small non-zero polarization of 2×10−4 µC/cm2.

Along these lines, Fig.2(b) plots the evaluated Tcp and ex-
ponent β against x, noting that the value of Tcp at x = 1.0 is

12.5 K instead of zero in the ideal case, due to the very long tail
of the P–T curve and other reasons mentioned above. Anyway,
it is found that Tcp increases rapidly with increasing |1−x| for
both sides. This effect is more significant for x < 1.0 than that
for x> 1.0, indicating stronger ferroelectricity at x< 1.00 side.
Since Ti2+ is smaller than Sr2+, anti-site interstitial Ti2+ may
prefer a bigger off-center ionic displacement in the tilted-TiO6

octahedron, thus more easily stabilizing the FE phase against
the QFs.[41–43] Regarding the critical exponent β as a function
of x, as shown in Fig. 2(b), one observes the gradual decrease
of β upon |1− x| from both sides, and the maximal value of
2.79 appears at x = 1.0, in an opposite way from Tcp(x).

As shown in Fig. 2(b), a β value much bigger than 0.5
reveals that the FE phase transition deviates from the second-
order type and the QFs are very strong. This exponent de-
creases gradually with increasing tendency toward FE order-
ing rather than the QFs as |1− x| increases. It is expected that
this tendency would continue, eventually reaching the state of
β = 0.5, if the QFs are sufficiently suppressed. Unfortunately,
over the whole x range or the biggest off-stoichiometry limit
that can maintain a pure single-phase perovskite structure in
the present work, the minimal β is 1.94, still much bigger than
0.5. Similar data were reported in Sr1−xCaxTiO3 at x = 0.002
and in 18O isotope-exchanged STO.[9,19]
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Fig. 2. (color online) (a) Measured P–T data (dots) around the crit-
ical points Tcp for a series of non-stoichiometric STO samples with
the Sr/Ti ratio x labeled numerically. The solid lines are the fitted
curves. (b) Evaluated critical point Tcp and exponent β as functions
of x.

In addition, we evaluate the critical exponents γ± by fit-
ting the dielectric susceptibility as a function of T around Tcε

using Eq. (3). Figure 3(a) plots the measured data close to Tcε

and the fitting curves for a series of samples. The as-evaluated
exponents γ± as functions of x are presented in Fig. 3(b). As
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expected, both γ±(x) show the dependencies on x similar to
that of exponent β . Their values at x = 1.0 are much bigger
than the Landau theory predicted value 1.0, and they decrease
with increasing |1−x| for both sides. This again demonstrates
the substantial role of QFs in competition with the ferroelec-
tric ordering in STO, although this role decays gradually along
with |1− x|, corresponding to the enhanced ferroelectricity.
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Fig. 3. (color online) (a) Measured ε − T data (dots) around the
critical points for a series of non-stoichiometric STO samples with
the Sr/Ti ratio x labeled numerically. The frequency of the AC sig-
nals is 1.0 kHz. The solid lines are the fitting curves. (b) Evaluated
critical exponents γ+ and γ− as functions of x.

The most unusual characteristic of the present systems
is the fact that β ≥ γ > 1.00. Similar extraordinary behav-
iors were found in an earlier investigation of SCT, where
γ = β = 1.65 at x = 0.002, γ = 1.2 and β = 1.3 at x =

0.007, satisfying the relation β ≥ γ > 1.00.[9] It was argued
that a novel approach involving dimensionalities higher than
those of conventional magnetic, dipolar, or percolative sys-
tems is needed. Nevertheless, it was also reported that β =

1.2 and γ = 1.9± 0.1 in 18O isotope-exchanged STO (i.e.,
SrTi(16O18

0.06O0.94)3),[18] contrary to this relation. A reason-
able explanation of these contradictory results is required.

3.2. Sr1−x(Ca0.6389Ba0.3611)xTiO3

We come to the effect of quenched disorder on the crit-
ical phenomena in the SCBT sample set, noting that the QFs
in these samples are also non-negligible, in particular at low
x levels. It was found that the FE transition point Tcε (or Tcp)
exceeds ∼ 30 K at x > 0.02, indicating that the QFs, if any,
in these cases are no longer very remarkable. The dominant
process is the quenched disorder.

The measured ε(T ) data near Tcε for several samples
with x ≥ 0.02 are plotted as dots in Fig. 4(a) in the format

of (1/ε − 1/εc) against T , and the corresponding best fitting
curves using Eq. (3) are plotted as solid lines, showing the ex-
cellent consistency between them. While it is seen that Tcε

shifts remarkably with increasing x, the dielectric peak be-
comes much sharper too. This indicates that the FE ordering
is gradually enhanced, approaching the normal FE state when
the doping level is higher than ∼ 0.10.

Based on these data, the two exponents γ± as functions
of x are both evaluated and presented in Fig. 4(b). It is ob-
served that both exponents remain roughly constant over the
whole range covered in the present experiment, and their val-
ues are ∼ 2.0, much bigger than the value (1.0) predicted by
the Landau mean-field theory. Since the degree of disorder
is enhanced with increasing x (scaled by σ2), while the FE
ordering tendency is enhanced too, it seems that the competi-
tion between the FE ordering and quenched disorder-induced
fluctuations of order parameter takes a balanced state, allow-
ing a dominant role of the disorder in partially suppressing the
long-range order established at the critical point.
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Fig. 4. (color online) (a) Measured ε − T data (dots) around the
critical points for a series of SCBT samples with the co-doping
level x labeled numerically. The frequency of the AC signals is 1.0
kHz. The solid lines are the fitted curves. (b) Evaluated critical
exponents γ+ and γ− as functions of x.

To further reveal this feature, we investigate the P–T be-
haviors for a series of SCBT samples and the data are plot-
ted in Fig. 5(a). These curves can be very well fitted using
the scaling relation (Eq. (2)), and both the evaluated critical
point Tcp and exponent β as functions of x are presented in
Fig. 5(b). It is clearly seen that Tcp is much higher than Tcε and
the gap between them is 10–30 K. The evaluated exponent β is
from 3.0 to 5.0, much bigger than 0.5 predicted by the Landau
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mean-field theory. These facts demonstrate that the quenched
disorder significantly influences the critical behaviors.

To understand these behaviors qualitatively, one consults
the scenario of phase transitions. For a conventional FE phase
transition, an order parameter develops as a collective effect of
the entire system, as characterized by a diverging correlation
length of the order parameter fluctuations and singularities of
the thermodynamic observables at Tc. However, upon a low
impurity doping, the QPE state may evolve into spatial regions
with impurities centered, which are coupled with the matrix
via an overdamped dynamics and undergo phase transitions at
different values of the control parameter, such as T here, while
the correlation between these regions may not be negligible.
As long as the system permits the so-called rare regions with
quenched random fields, which are locally in the ordered phase
and whose order parameters can be aligned by an infinitesi-
mally small interaction, a true phase transition independent of
the bulk would occur. A true static order will develop in these
rare regions. Therefore, the global order develops inhomoge-
neously over a finite T range, i.e., such quenched and locally
ordered regions can lead to a smeared global phase transition
and a non-zero polarization.[44]
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Fig. 5. (color online) (a) Measured P–T data (dots) around the crit-
ical points Tcp for a series of SCBT samples with the co-doping
level x labeled numerically. The solid lines are the fitted curves.
(b) Evaluated critical point Tcp and exponent β as functions of x.

If the above scenario is applied to SCBT samples here,
and the non-zero P will appear at Tcp which is above Tc, be-
cause of the over-damping of the dynamics due to the coupling
of the order parameter with the quenched disorder. Therefore,
one observes a remarkable gap between Tcp and Tcε . The con-
sequence of this scenario is the unusual critical behavior close
to Tcp indicated by an exponent β much bigger than 0.5. In

fact, similar results in relaxor ferroelectrics and SCT may orig-
inate from the same scenario.[9,25,26]

4. Transverse field Ising model and numerical
calculations
Our data on the two sets of STO-based systems show

clearly the substantial influences of QFs and quenched dis-
order on the critical phenomena. While the effect of the
quenched disorder remains an issue in terms of theoretical de-
scription, one is in a position to deal with the effect of QFs
by means of the transverse field Ising model (TIM), which has
been extensively employed to investigate the physics of QFs
in quantum ferroelectrics.[11–14,35–37] In this section, we start
from this model and perform a mean-field calculation on the
FE phase transitions in SCT or SBT at low doping level, so
that the critical exponents can be evaluated as a function of the
doping level.

4.1. Model and mean-field calculations

The TIM and its mean-field theory on the competi-
tion between the FE ordering and QFs in SCT and SBT
were reported by good consistency between the calculations
and experiments.[11,12,14,34,45] Here, the calculation is fo-
cused on Sr1−xCaxTiO3 (SCT), while a similar calculation on
Sr1−xBaxTiO3 (SBT) can be done too.[35] In description, we
assume that the CaTiO3 (CTO) unit cells are distributed ran-
domly in the host STO lattice. It is noted that Ca2+ in a CTO
cell would take a certain off-center displacement inducing a
tilting of the TiO6 octahedra.

This TIM considers two types of dopant occupancy in
SCT: case I is an isolated CTO unit cell surrounded by host
STO cells; case II is opposite tilted-TiO6 octahedra rotation of
the two or more neighboring CTO unit cells, inducing antipo-
lar clusters and a local antiferrodistortive (AFD) effect. Con-
sidering the competition between FE ordering and the AFD
effect plus the role of QFs in SCT, this modified TIM describ-
ing the quantum phase transitions of SCT takes the following
Hamiltonian:[35]

H =−∑
<i>

Ωhisx
hi− ∑

<i j>
Jhh

i j sz
his

z
h j−∑

<i>
µ

h
i Eisz

hi−∑
<i>

Ωdisx
di

− ∑
<i j>

Jhd
i j sz

his
z
d j−∑

<i>
µ

d
i Eisz

di−∑
<i>

Jdd
i j sz

dis
z
d j, (4)

where Jdd is the interaction between the dopant pseudospins
and Jdd < 0 is assumed, favoring the anti-polar alignment be-
tween two neighboring CTO cells. The configuration 〈i j〉 in
the equation refers to the interactions between one pseudospin
and its q neighbors.

Considering an N-pseudospin three-dimensional lattice,
the numbers of the dopant pseudospins for the two cases,
nd(I) and nd(II), are given by nd(I) = Nx(1− x)q and nd(II) =
Nx[1− (1− x)q]. The number of CTO unit cells is the sum
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of nd(I) and nd(II) and the number of inter-pseudospin bonds
is f = Nq/2 which can be sub-divided into four types: i)
number of host-host bonds is fhh = Nq(1− x)2/2, ii) num-
ber of host-dopant bonds in case I is fhd(I) = Nqx(1− x)q,
iii) number of host-dopant bonds in case II is fhd(II) =

Nqx[1− (1− x)q]−Nqx2, and iv) number of dopant-dopant
bonds in case II is fdd = Nqx2/2. In total, we have f =

fhh + fhd(I)+ fhd(II)+ fdd. Then, four-order parameters 〈sh〉,
〈sI〉, 〈sIIA〉, and 〈sIIB〉 can be defined to count the numbers of
the four types of pseudospins in this scenario. The effective
field for each of the four order parameters Fh, FI, FIIA, and
FIIB can be obtained. On this basis, the self-consistent equa-
tion set for the four-order parameters is obtained in the form
〈Sµ〉= (Fµ/2|Fµ |) tanh(|Fµ |/2kBT ), µ = h, I, IIA, IIB, where
kB is the Boltzmann constant.

Finally, polarization P and dielectric susceptibility ε can
be expressed as

P=2µ
hnh〈sh〉+2µ

dnd(I)〈sI〉+µ
dnd(II)(〈sIIA〉+〈sIIB〉), (5a)

ε =
1
ε0

dP
dE
≈ 1

ε0

∆P
∆E

=
1
ε0

P(E = E0)−P(E = 0)
E0

. (5b)

We calculate the mean-field polarization P and static di-
electric susceptibility ε as a function of T for a series of x,
focusing on the data around the critical point, so that the criti-
cal exponents can be evaluated with sufficient accuracy.

4.2. Results and discussion

While the full-scale phase diagram of Sr1−xCaxTiO3 over
x up to 0.40 was given in our earlier work,[35] we show here
the calculated data for a very low x range so that the influ-
ence of the QFs in competition with the FE ordering can be
representatively illustrated. It is noted that similar results are
obtained for Sr1−xBaxTiO3 at very low x range.

The as-evaluated data are presented in Figs. 6(a) and 6(b),
where the dots are calculated data and the solid lines are the
fitting results, noting that the lowest nonzero x value for the
calculation is 0.002. For x = 0, the very small P value at
T → 0 is not true for real STO and may come from TIM it-
self. These calculated P(T ) data slightly below Tcp at various
x are fitted using Eq. 1(b) to obtain parameters β and Tcp, as
given in Fig. 6(c) as functions of x. Taking the phase diagram
(Fig. 1(b)) as a reference and noting that tuning factor g should
decrease with increasing x, one easily observes from the eval-
uated Tcp–x curve that the region at extremely low x ≤ 0.003
accommodates the typical QPE state where Tcp (here it is the
boundary T ∗ between the QPE region and quantum critical re-
gion as shown in Fig. 1(b)) decreases rapidly with increasing
x. In this region, the QFs are very strong, leading to high Tcp

and much bigger exponent β than that predicted by Landau
mean-field theory, i.e., 1/2.

Upon passing across x = 0.003 and up to x ∼ 0.01, the
system enters the quantum critical region (QC state), where

the evaluated Tcp reaches its minimum and the exponent β

falls to ∼ 1/2, consistent with the Landau mean-field theory
prediction. This implies that the QFs are seriously suppressed
by the FE ordering, and thus the system transforms into the
normal FE state as x increases further, exceeding 0.01. In this
normal FE region, the typical feature of FE transitions is re-
vealed by the fact that Tcp keeps increasing with increasing x
(see Fig. 6(b)). Consequently, exponent β is well described
by the Landau mean field theory, i.e., β = 0.5, as shown in
Fig. 6(c).

0 10 20 30 40 50

0

10

20

30

40

T/K

(b)

0.004

0.12

0.06

0.02

0.016
0.008

0.005

10-3 10-2 10-1
0

20

40

60

x

normal FE 

Tcp

(c)

0

1

2

3

4

xC

QPE

QC

β
β

state

0.0

0.5

1.0

1.5

2.0

0.0

0.002

0.003
(a)

P
/
C
Sm

-
2

P
/
C
Sm

-
2

T
c
p
/
K

0 10 20 30 40 50

T/K

Fig. 6. (color online) (a), (b) Calculated P–T data (dots) around
the critical points Tcp for a series of SCT samples with the Ca sub-
stitution level x labeled numerically. The solid lines are the fitted
curves. (c) Evaluated critical point Tcp and exponent β as functions
of x. Here, the QPE denotes the quantum paraelectrics state, and
the QC denotes is the quantum critical state.

Here, it should be mentioned that the evaluated Tcp sepa-
rating the QPE region and the QC state may be too high to be
reasonable. For x= 0.002, the fitted Tcp is as high as 50 K. This
difficulty may be ascribed to the fact that the critical fluctua-
tions of the local order parameter do appear at much higher T
than the widely believed value of∼ 10 K at which STO begins
to enter the QPE state with decreasing T . On the other hand,
TIM itself and its mean-field approximations may also con-
tribute to the over-high Tcp as evaluated in due course. There-
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fore, the Tcp boundary between the QPE state and QC state
remains questionable in any quantitative sense.

We look at the dielectric permittivity ε(T ) as calculated
from Eq. (5b), as shown in Figs. 7(a) and 7(b). The evalu-
ated critical exponents γ± as functions of x are presented in
Fig. 7(c). One can see that γ+ shows a variation trend similar to
that of exponent β , i.e., an upward tendency in the QPE region
and a dramatic drop from x = 0.003 (γ+ = 4.254) to x = 0.005
(γ+ = 1.32), corresponding to a transition across the boundary
between the QPE state and the QC state. As x increases up
to 0.005–0.016, one observes γ+ ∼ 1.0, which then keeps al-
most constant over the higher doping levels in the normal FE
state. Reasonably, it is tough to evaluate the exponent γ− at
extremely low x by fitting since the QPE state and even the
QC state may not follow the power law near the critical point
(Tc and T ∗ in Fig. 1(b)). On the other hand, it is reasonable
to observe almost constant γ− ∼ 1.0 in the normal FE region
where the Landau mean field theory predicts γ = 1.0.
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Even though the mean-field calculations given here would
somehow reduce the range of the local order parameter fluc-
tuations, the TIM model seems to reproduce well the mea-
sured exponents quantitatively. The much bigger exponents in

the QFs-dominant region are demonstrated experimentally and
confirmed here by the calculations based on the TIM. Never-
theless, a microscopically descriptive theory of the underlying
physics in terms of the critical phenomena is desirable. We
present a preliminary discussion of this issue in the next sec-
tion.

5. Remarks and quantum-classical mapping
We again start from the schematic phase diagram in

Fig. 1(b) for the following discussion. It is obvious that the
FE phase transitions in the STO-based systems here belong to
the shaded region near g = gc with Tc > 0 K and more impor-
tantly with Tc→ 0 K. This is quite different from the conven-
tional phase transitions in typical ferroelectrics where Tc can
be as high as several hundreds of Kelvin. The finite T region in
the vicinity of a quantum critical point therefore offers a fas-
cinating interplay of effects driven by QFs and thermal fluc-
tuations together, leading to nontrivial crossover phenomena
absent in conventional FE phase transitions. These crossover
behaviors include critical exponents γ ≥ 2 and β ≥ 2 for the
non-stoichiometric STO, and β ≥ 2 for slightly doped SCBT,
which are different from classical and quantum phase transi-
tions. Here, we discuss how the QFs exert their influence on
the critical exponents in the vicinity of the phase transition for
the STO-based systems with Tc ≥ 0 K. It is believed that the
quenched disorder in such as SCT, SBT, and SCBT may exert
crossover behaviors similar to those in QFs-dominant systems.

In the scaling hypothesis of second-order phase transi-
tions, the critical exponents display the universality property,
i.e., they are the same for entire classes of phase transitions
which may occur in very different physical systems. These
classes, the so-called universality classes, are determined only
by the dimension d depending on the range of interactions.[1]

In classical systems, the dynamics and the statics are usually
decoupled, and thus the dynamic critical exponent is com-
pletely independent of the thermodynamic ones. Therefore,
the spatial dimension d is equal to the effective dimension deff.
However, for quantum phase transitions, it is known that the
Hamiltonian H and its parts Hkin and Hpot serve as the opera-
tors, where Hkin is the kinetic energy term and Hpot is the po-
tential energy term. The two parts in general do not commute.
Consequently, the partition function Z = Tr exp(−H/T ) does
not factorize and one must solve the dynamics together with
the thermodynamics, which is thus extremely challenging.[46]

These quantum systems are space- and time-dependent, and
the imaginary time variable τ effectively acts as an additional
coordinate and the quantum phase transition is described by
an effective theory in a space of higher dimension deff.[47–49]

Therefore, the quantum phase transitions would be in a differ-
ent universality class from the classic phase transitions, so the
critical exponents are in different universality classes too.
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It is known that QFs can be coherent over an arbitrarily
long scale. For this reason, the effective dimension for the
order parameter fluctuations is given by deff = d + z, where
d is the spatial dimension and z is the dynamic exponent
which characterizes the scaling of energies of the QFs. In the
present case, only the choice z = 1 leaves the velocity of light
c invariant.[47–49] The contribution of the QFs therefore has
a profound impact on the critical exponents of the thermody-
namic phase transitions.

Since the phase transitions in classical models are driven
only by thermal fluctuations, classical systems usually freeze
into a fluctuationless ground state at T → 0 K. In contrast,
quantum systems have fluctuations driven by the Heisenberg
uncertainty principles even in the ground state. Nevertheless,
for a finite T > 0 and in the vicinity of a quantum phase tran-
sition, the interplay between the classical and quantum fluc-
tuations leads to nontrivial crossover phenomena. Using the
equivalence between imaginary time and an additional dimen-
sion, the homogeneity law for free energy can be in principle
generalized to the quantum case, and the scaling behavior of
a quantum phase transition in d dimensions can be mapped
onto that of some classical transitions in a (d + 1) spatial
dimension.[47–50] For the second-order quantum phase transi-
tions, we can let ∆ represent a scale characterizing some sig-
nificant spectral density of fluctuations at T = 0 K for g 6= gc

(or say ∆ is the energy of the lowest excitation above the
ground state if it is nonzero). In most cases, as g approaches
gc, ∆ vanishes as ∆ ∼ J|g−gc|zν , where J is the energy scale
of a characteristic microscopic coupling, and zν is a criti-
cal exponent.[46] In addition to a vanishing energy scale, the
second-order quantum phase transitions invariably have a di-
verging characteristic length ξ . This length thus diverges as
ξ−1 ∼ κ|g− gc|ν , where ν is the critical exponent and κ is
the inverse length scale of the inverse lattice spacing. The
characteristic energy scale vanishes as the z-th power of the
characteristic inverse length scale ∆ ∼ ξ−z (z = 1), i.e., ∆ is
inversely proportional to the interaction length. This means
that the higher the QFs, the smaller the ξ , and by extension,
the more rounded the phase transitions and the more notable
the difference between the critical exponents and the Landau
mean-field theory prediction.

Based on the above discussion and just as manifested in
the present experiments, one understands that the QFs play a
decisive role. The dynamics and the statics are intricately cou-
pled and the imaginary time direction becomes important for
the critical fluctuations, and then the fluctuations of the order
parameter makes sense in an effective four dimensional space:
deff = d + z = 3+1 = 4. This mapping does not represent an
exact equivalence in general, but it does become quantitatively
precise in the vicinity of the second-order quantum phase tran-
sition, i.e., the time axis is the (d+1)-th dimension of the cor-
responding classical model. It is noted that the quantum crit-

ical scaling law holds everywhere in the vicinity of the quan-
tum critical point, including at or close to any finite-T phase
transition lines that may be approaching the quantum critical
point. Although strictly speaking, quantum phase transitions
occur only at T = 0 K, all realistic experiments are necessarily
at T > 0 K even very low and close to 0 K. Therefore, for non-
stoichiometric STO without strong defects, we can naively ar-
gue, according to the quantum critical theory, the critical ex-
ponent α , which describes the divergence of the specific heat
at constant field, is equal to −deff =−4.[3] Given the fact that
γ ≥ 2 was found experimentally earlier[34] and confirmed in
the present work, as well as predicted by the quantum spheri-
cal model and quantum criticality theory,[38,50,51] plus the TIM
calculation here, one has naturally β ≥ 2 from the scaling re-
lation α +2β + γ ≥ 2 (i.e., the Rushbrooke identity). Our ex-
periments sufficiently confirm this prediction.

We report a set of experiments on several STO-based sys-
tems which offer significant QFs and quenched disorder. For
these systems, the Rushbrooke equality α + 2β + γ = 2 may
not work out. The result of β ≥ 2 and γ ≥ 2 does appear for the
extreme quantum region x≤0.003 in SrTiO3: Ca and SrxTiO3

(where x slightly deviates from stoichiometric ratio 1). In this
special doping ratio range or for such slight deviation of x from
1, the system gradually changes phase from quantum PE state
to quantum FE state and QFs are very strong, i.e., either FE
ordering is not dominant or only some scattered polar clus-
ters exist. Such high values of β and γ makes the Rushbrooke
equality α +2β + γ = 2 unlikely.

Although the Rushbrooke scaling relation α +2β +γ ≥ 2
actually holds as an equality in some experiments and in ex-
actly solved models, these experiments and models may not
fully take the QFs into account in a comprehensive way. So
far, in such high QFs cases, we have no reason or evidence
that the Rushbrooke equality holds. Moreover, we observe that
γ− 6= γ+ for the two systems investigated in our work and this
γ− 6= γ+ inequality is believed to be reasonable considering
the strong QFs or quenched disorder below Tc, noting that the
strength of QFs is intimately related to temperature and that
the QFs have a remarkable effect on dielectric susceptibility.

On the other hand, the equality γ− = γ+ is a prerequisite
for the Rushbrooke equality. Thus, in our opinion, it is still
an issue to claim the Rushbrooke equality in a general sense,
especially for the cases where the QFs play noteworthy roles.

It comes to our attention that Prof. Kleemann reached the
conclusion that 1 < γ ≤ β < 2 in an earlier report by the scal-
ing relation β = ∆ − γ , based on the curve-fitting parameters
γ and ∆ over a wide T range on the high temperature side of
the dielectric peak, where ∆ describes the dependence of di-
electric susceptibility ε(E) upon applied field E.[11,12] Since β

only exists below Tc, one has reason to argue that the equality
α +2β + γ− = 2 should be an issue too.
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Furthermore, it is noted that the T -range chosen for fit-
ting parameters γ and ∆ for SrTiO3: Ca in the extreme quan-
tum region is far above the Tc,[11,12] similar to the case that
Muller considered for SrTiO3,[53] where the fitting of param-
eter β was questioned in the literature by Scott.[54] Reliable
fitting of the critical exponents should be performed on data
in the very vicinity of the critical point.[6–8] In this sense, we
claim that the Rushbrooke equality may be an issue for addi-
tional investigation, in particular for the cases with remarkable
QFs and other quenched disorder sources.

6. Conclusions
In conclusion, we have performed extensive and careful

investigations of the critical phenomena associated with the
ferroelectric phase transitions in slightly non-stoichiometric
STO and Ba/Ca co-doped STO. The former displays the com-
peting QFs and FE ordering and the latter has dominant
quenched disorder in competition with the FE ordering. In
particular, the critical exponent β describing the scaling be-
havior of polarization around the critical point has been eval-
uated by the pyroelectric current technique at low tempera-
ture. Much bigger critical exponents than those predicted by
the Landau mean field theory have been observed in both non-
stoichiometric STO and Ba/Ca co-doped STO, demonstrating
the substantial role of either the strong QFs or the remarkable
quenched disorder in the critical exponents’ positive deviation
from the mean-field theory predicted values. We have also per-
formed the TIM calculations which confirm the measured re-
sults. A qualitative discussion based on the quantum-classical
mapping approach suggests that the crossover between the
classical FE phase transitions and the quantum phase tran-
sitions is accompanied with the enhanced effective dimen-
sion for describing the order parameter fluctuations, leading to
much bigger critical exponents in these materials. The present
work represents a comprehensive approach to the critical phe-
nomena in second-order FE phase transitions against the back-
ground of strong QFs and quenched disorder.
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